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Abstract

In this paper, we introduce the concepts of fuzzy pairwise almost

(r, s) -continuous, fuzzy pairwise almost (r, s)-open and fuzzy pairwise

almost (r, s)-closed mappings in smooth bitopological spaces and then

we investigate some of their characteristic properties.
1. Introduction

Chang [2] introduced fuzzy topological spaces and other authors
continued the investigation of such spaces. Azad [1] introduced the
concepts of fuzzy regular open set and fuzzy almost continuous mappings
in fuzzy topological spaces. Chattopadhyay et al. [3] introduced another
definition of smooth topology as a generalization of fuzzy topology. Kandil
[4] introduced and studied the notion of fuzzy bitopological spaces as a
natural generalization of fuzzy topological spaces. Lee [5] introduced the
concept of smooth bitopological spaces as a generalization of smooth
topological spaces and Kandil’s fuzzy bitopological spaces.
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In this paper, we introduce the concepts of fuzzy pairwise almost

(r, s)-continuous, fuzzy pairwise almost (r, s)-open and fuzzy pairwise
almost (r, s)-closed mappings in smooth bitopological spaces and then we

investigate some of their characteristic properties.
2. Preliminaries

In this paper, we denote by I the unit interval [0, 1] of the real line

and I, = (0, 1]. A member p of IX is called a fuzzy set of X. By 0 and 1
we denote constant mappings on X with value 0 and 1, respectively. For
any pel X n¢ denotes the complement 1 — p. All other notations are

the standard notations of fuzzy set theory.

A Chang’s fuzzy topology on X is a family T of fuzzy sets in X which

satisfies the following properties:
1) 0,1eT.
@) If py, ug € T, then py Apg € T.
3) If np € T for all k,then V g € T.

The pair (X, T') is called a Chang’s fuzzy topological space. Members of T

are called T-fuzzy open sets of X and their complements T-fuzzy closed
sets of X.

A system (X, Ty, Ty) consisting of a set X with two Chang’s fuzzy
topologies 77 and Ty on X is called a Kandil's fuzzy bitopological space.

A smooth topology on X is a mapping 7 : [ X', I which satisfies the

following properties:
(1) 7(0) = 7(1) = 1.
2) T(u Anz) 2 T(uy) A T ().

@) T(V 1) 2 AT (1)
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The pair (X, 7) is called a smooth topological space. For r € I, we call
wa 7 -fuzzy r-open set of Xif 7(u) > r and pa 7 -fuzzy r-closed set of X

if 7(u¢)>r.

A system (X, 7;,75) consisting of a set X with two smooth
topologies 77 and 75 on X is called a smooth bitopological space.

Throughout this paper the indices i, j take values in {1, 2} and i # j.

Let (X, 7) be a smooth topological space. Then it is easy to see that
for each r € I, an r-cut
T, ={peI*|T(z=r}
is a Chang’s fuzzy topology on X.
Let (X, T) be a Chang’s fuzzy topological space and r € I. Then the
mapping 77 : IX — I is defined by
1 ifpu=0,1
T (u) =<r ifueT—{a, T}
0 otherwise
becomes a smooth topology.

Hence, we obtain that if (X, 77, 79) is a smooth bitopological space
and r, s € Iy, then (X, (77),,(T3),) is a Kandil's fuzzy bitopological

space. Also, if (X, T}, Ty) is a Kandil’s fuzzy bitopological space and
r, s € Iy, then (X, (T1)", (Ty)%) is a smooth bitopological space.
Definition 2.1 [5]. Let (X, 7) be a smooth topological space. For

each r € Iy and for each p e IX, the 7 -fuzzy r-closure is defined by

T-Clu, )= Afp e I* |p < p, T(p°) 2 1}
and the 7 -fuzzy r-interior is defined by

T-Int(n, ) = \Vip e I* [n 2 p, T(p) = 7).
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Lemma 2.2 [5]. Let u be a fuzzy set of a smooth topological space
(X, T) and r € Iy. Then we have

(1) T-Cl(u, r)° = T-Int(u, r).

2) T-Int(y, r)¢ = 7-Cl(u, r).

Definition 2.3 [5]. Let p be a fuzzy set of a smooth bitopological
space (X, 77, T9) and r, s € I;. Then p is said to be

(1) a (7;, Tj)-fuzzy (r, s)-semiopen set if there is a T;-fuzzy r-open
set p in X such that p < p < 7;-Cl(p, s),

() a (T, Tj)-fuzzy (r, s)-semiclosed set if there is a T;-fuzzy
r-closed set p in X such that Tj-Int(P, s)<u<p.

Definition 2.4 [5]. Let (X, 77, 75) be a smooth bitopological space.
For each r,se I, and for each pe IX, the (7;, T;)-fuzzy (r,s)-
semiclosure is defined by

(T;, T;)-sCl(y, r, s)
=ApeIX|n<p pis(T; T ;)-fuzzy (r, s)-semiclosed }
and the (7;, T ;)-fuzzy (r, s)-semiinterior is defined by
(T;, Tj)-sInt(u, r, s)
=VipeIX|u=p pis (T;, T ;)-fuzzy (r, s)-semiopen .

Lemma 2.5 [5]. Let u be a fuzzy set of a smooth bitopological space
(X, T1, T9) and r, s € Iy. Then the following statements are equivalent:

(D wisa (T;, T;)-fuzzy (r, s)-semiopen set.
() u¢ isa (T;, T;)-fuzzy (r, s)-semiclosed set.
(3) u < T;-CU(T;-Int(y, r), s).

(4) T;-Int(T;-Cl(n°, r), s) < p°.
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Definition 2.6 [6]. Let u be a fuzzy set of a smooth bitopological
space (X, 71, 79) and r, s € I,. Then p is said to be

(1) a (7;, T;j)-fuzzy (r, s)-preopen set if p < T;-Int(7 ;-Cl(y, s), 1),
(2) a (T;, T;j)-fuzzy (r, s)-preclosed set if T;-CI(T ;-Int(u, s), r) < p.

Definition 2.7 [6]. Let (X, 77, 73) be a smooth bitopological space.
For each r,sel, and for each pelIX, the (7 T;)-fuzzy (r,s)-
preclosure is defined by

(Th T])'pCI(uv r, 3)
=ApelXu<p pis(T; T ;)-fuzzy (r, s)-preclosed }
and the (7;, T;)-fuzzy (r, s) -preinterior is defined by

(7;, T;)-pInt(y, r, s)

=VipeIX|uzp, pis(T;, T ;)-fuzzy (r, s)-preopen }.

Definition 2.8 [5, 6]. Let [ : (X, 77, 79) = (Y, U;, Us) be a mapping

from a smooth bitopological space X to a smooth bitopological space Y and
r, s € Iy. Then fis said to be

(1) a fuzzy pairwise (r,s)-continuous mapping if the induced

mapping f : (X, 7;) — (Y, U;) is a fuzzy r-continuous mapping and the
induced mapping f(X, 79) — (Y, Uy) is a fuzzy s-continuous mapping,

(2) a fuzzy pairwise (r, s)-semicontinuous mapping if f1(u) is a
(77, Tg)-fuzzy (r, s)-semiopen set of X for each U; -fuzzy r-open set p
of Yand fl(v) is a (Ty, T7)-fuzzy (s, r)-semiopen set of X for each

U4 -fuzzy s-open set v of Y,
(3) a fuzzy pairwise (r, s)-precontinuous mapping if f'(n) is a
(77, T3) -fuzzy (r, s)-preopen set of X for each U -fuzzy r-open set pof Y

and f7Y(v) is a (Ty, T1)-fuzzy (s, r)-preopen set of X for each Uy -fuzzy

s-open set v of Y.
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3. Fuzzy Pairwise Almost (7, s)-continuous, Fuzzy Pairwise
Almost (r, s)-open and Fuzzy Pairwise Almost (r, s)-closed

Mappings

Definition 3.1. Let p be a fuzzy set in a smooth bitopological space
(X, 71, T9) and r, s € Iy. Then pis said to be

(D) (73, T;)-fuzzy (r, s)-regular open if T;-Int(7;-Cl(y, s), r) = u,
(@) (T;, T;)-fuzzy (r, s)-regular closed if T;-C(7 ;-Int(y, s), r) = p.

Theorem 3.2. Let p be a fuzzy set in a smooth bitopological space
(X, T1, Tg) and r, s € Iy. Then pis (T;, T;)-fuzzy (r, s)-regular open if
and only if n© is (T;, T;)-fuzzy (r, s)-regular closed.

Proof. It follows from Lemma 2.2. 0

Theorem 3.3. (1) The intersection of two (T;, T;)-fuzzy (r,s)-
regular open sets is a (T;, T j)-fuzzy (r, s)-regular open set.

(2) The union of two (T;, T;)-fuzzy (r, s)-regular closed sets is a

(T;, T;)-fuzzy (r, s)-regular closed set.

Proof. (1) Let p and p be any (7;, 7;)-fuzzy (r, s)-regular open sets
in a smooth bitopological space (X, 77, T9). Then p and p are 7, -fuzzy
r-open sets and hence T;(uAp)>T;(u)A7;(p)>r. Thus pAp is a
T, -fuzzy r-open set. Since u A p < 7;-Cl(u A p, s),

T;-Int(T;-Cl(u A p, 5), 1) 2 T;-Int(u A p, 7) = n A p.
Now, pAap <p and pAp < p imply

T;-Int(T ;-Cl(u A p, ), 1) < T;-Int(7 ;-Cl(y, ), r) = p

and
T;-Int(T ;-Cl(u A p, 5), 1) < T;-Int(7;-Cl(p, s), 1) = p.

Thus 7;-Int(7 ;-Cl(n A p, 8), 7) < p A p. Therefore
T;-Int(T;-Cl(u A p, 8), 7) = u A p

and hence w A p is a (7;, 7;)-fuzzy (r, s)-regular open set.
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(2) Let p and p be any (7;, 7;)-fuzzy (r, s)-regular closed sets in a
smooth bitopological space (X, 77, 79). Then u and p are 7;-fuzzy

r-closed sets and hence p° and p° are 7;-fuzzy r-open sets. So,

Ti((wvp)) = Ti(w" A p°) 2 T;(n) A T;(p°) 2 r and hence pvp is a
T, -fuzzy r-closed set. Since 7 ; -Int(u v p, s) < pu v p,

T;-CUT j-Int(u v p, ), r) < T;-Cl(u v p, 7) = p v p.

Now, pvp>p and pvp = p imply

T;-CUT j-Int(u v p, 5), 1) > T;-CT j-Int(y, s), 1) = n
and

T;-CI(T j-Int(u v p, s), r) > T;-CI(7 ;-Int(p, 5), 7) = p.
Thus 7;-CU(T ;-Int(u v p, s), 7) > p v p. Therefore

T;-CIT j-Int(u v p,s), r)=pvop

and hence w v p is a (7;, 7;)-fuzzy (r, s)-regular closed set. 0

Theorem 3.4. (1) The T;-fuzzy r-interior of T ;-fuzzy s-closed set is a

(T;, T;)-fuzzy (r, s)-regular open set.

(2) The T,;-fuzzy r-closure of T j-fuzzy s-open set is a (T;, T;)-fuzzy

(r, s)-regular closed set.

Proof. (1) Let p be a T -fuzzy s-closed set in a smooth bitopological
space (X, 77, Ty). Then clearly 7 ;-CI(7;-Int(u, r), s) > 7;-Int(u, r) implies
that

T;-Int(7 ;-CT;-Int(y, 1), s), r) > T;-Int(7;-Int(w, ), )
= 7;-Int(y, r).
Since u is a 7 -fuzzy s-closed set, u =7 ;-Cl(u, s). Also since 7;-Int(y, r)
<y, T;-CIT;-Int(y, r), s) < T;-Cl(w, s) = p. Thus

T;-Int(7 ;-CU(7;-Int(y, r), s), r) < T;-Int(y, 7).
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Therefore
T;-Int(p, r) = T;-Int(7 ;-CI(7;-Int(y, 1), s), 7)
and hence 7;-Int(u, r) is a (7;, 7;)-fuzzy (r, s)-regular open set.
(2) Let p be a 7 ;-fuzzy s-open set in a smooth bitopological space
(X, T1, Tg). Then clearly 7 ;-Int(7;-Cl(p, r), s) < 7;-Cl(p, r) implies that
T;-C(T ;-Int(7;-Cl(p, r), s), r) < T;-CI(T;-Cl(p, 1), 7)
= T;-Cl(p, 1).
Since p is a 7; -fuzzy s-open set, p = Tj-Int(p, s). Also since p <
T;-Cl(p, ), p = T -Int(p, s) < 7 ;-Int(7;-Cl(p, r), s). Thus
7;-Cl(p, r) < T;-CN(T ;-Int(T;-Cl(p, r), 5), ).

Therefore
7;-Cl(p, r) = T;-CU(T ;-Int(7;-Cl(p, r), 5), )

and hence 7;-Cl(p, r) is a (7;, 7;)-fuzzy (r, s) -regular closed set. 0

Definition 3.5. Let [ : (X, 7;, 79) - (Y, Uy, Uy) be a mapping

from a smooth bitopological space X to a smooth bitopological space Y and
r, s € Iy. Then fis called

(1) a fuzzy pairwise almost (r, s)-continuous mapping if f~(u) is a
T, -fuzzy r-open set of X for each (U;, U ;)-fuzzy (r, s)-regular open set p
of Y,

(2) a fuzzy pairwise almost (r, s)-open mapping if f(p) is a U; -fuzzy
r-open set of Y for each (7;, 7;)-fuzzy (r, s) -regular open set p of X,

(3) a fuzzy pairwise almost (r, s)-closed mapping if f(p) is a U; -fuzzy
r-closed set of Y for each (7;, 7;)-fuzzy (r, s)-regular closed set p of X.

Theorem 3.6. Let f : (X, 71, T9) > (Y, Uy, Us) be a mapping and

r, s € Iy. Then the following statements are equivalent:
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(1) f is a fuzzy pairwise almost (r, s) -continuous mapping.

@ )< Ti-Int(f_l(Z/li-Int(uj-Cl(u, s), r)), r) for each U;-fuzzy
r-open set pof Y.

3) Ti-Cl(f_l(Z/li-Cl(Uj-Int(u, s), 7)), r)< fHu) for each U;-fuzzy
r-closed set pof Y.

Proof. (1) = (2) Let f be a fuzzy pairwise almost (r, s)-continuous
mapping and p be a U; -fuzzy r-open set of Y. Since p is U; -fuzzy r-open

and p < U;-Cl(y, s),
w=U;-Int(y, r) < U;-Int(U ;-Cl(u, s), 7).

By Theorem 3.4(1), U;-Int(U ;-Cl(y, ), r) is a (U;, U ) -fuzzy (r, s)-regular
open set of Y. Since f is a fuzzy pairwise almost (r, s)-continuous

mapping, f! (U;-Int(U j-Cl(y, s), 1)) is a T;-fuzzy r-open set of X. Hence
fHw) < £ (U -Int(U 5-Cl(y, $), 7))
= TL _Int(f_l(ul_:[nt(u]_CI(H, 8)7 7')), 7').

(2) = (3) Let p be a U; -fuzzy r-closed set of Y. Then p¢ is a U, -fuzzy

r-open set of Y. By (2),
FH ) < Ti-Int(f 7 (Us-Int(U ;-CL(u, s), 7)), 7).
Hence
FHW) = (F () = (T-Tnt(f~ (U-Int(U j-CL (S, 5), 7)), 7))
= Ti-Cl(fil(ui'CI(uj'Int(u’ S)’ l")), l").

(8) = (1) Let pbea (U;, Uj)-fuzzy (r, s) -regular open set of Y. Then

w=U;-Int(U j-Cl(y, s), 7). Since u° is a (U;, U;)-fuzzy (r, s)-regular

closed set of Y, u¢ is a U; -fuzzy r-closed set of Y. By (3),

T;-CUf ™ (Uy-CUU j-Int(n®, 5), 7)), 7) < f7H(uE).
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Hence
FH0) = (FH ) < (73-CUf 7 (Uy-CLU - Int(wS, ), 7)), 7))
= ’Ti-Int(ffl(ui-lnt(uj-CI(u, s), 1)), )
= T;-Int(f~" (). r)
< ().
Thus f~(u) = 7;-Int(f 1 (n), 7) and hence f(u) is a 7; -fuzzy r-open set
of X. Therefore f is a fuzzy pairwise almost (7, s) -continuous mapping. [

Theorem 3.7. Let f:(X, 7T, 73)— (Y, Uy, Uy) be a mapping
and r,s € Iy. Then f is a fuzzy pairwise almost (r, s)-open mapping
if and only if f(T;-Int(p, r)) < U;-Int(f(p), r) for each (T;, T;)-fuzzy

(s, r) -semiclosed set p of X.

Proof. Let f be a fuzzy pairwise almost (r, s)-open mapping and p be

a (T, T;)-fuzzy (s, r)-semiclosed set of X. Then

T;-Int(p, r) < T;-Int(7 ;-Cl(p, s), r) < p.
Note that 7;-Cl(p, s) is a 7 ;-fuzzy s-closed set of X. By Theorem 3.4(1),
T;-Int(7 ;-Cl(p, s), ) is a (T}, T;)-fuzzy (r, s) -regular open set of X. Since
fis a fuzzy pairwise almost (r, s) -open mapping, f(7;-Int(7;-Cl(p, s), r))
is a U; -fuzzy r-open set of Y. Thus we have

f(Ti-Int(p, 7)) < f(7;-In(7 ;-Cl(p, s), 7))

U;-Tnt(F(T;-Int(T;-Cl(p, 5), 7)), 7)

U;-Int(f(p), ).

IA

Conversely, let p be a (7}, 7;)-fuzzy (r, s)-regular open set of X. Then
p is T; -fuzzy r-open and hence 7 ;-Int(p, r) = p. Since 7;-Int(7 ;-Cl(p, s), r)
=p, pisa (7, T;)-fuzzy (s, r)-semiclosed set of X. So,

f(p) = f(T;-Int(p, ) < U;-Int(f(p), 7) < f(p)-
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Thus f(p) = U;-Int(f(p), r) and hence f(p) is a U, -fuzzy r-open set of Y.

Therefore f is a pairwise almost (r, s) -continuous mapping. 0
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