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Abstract

We establish a relationship between compositions of rotations with an

angle that is an integer multiple of 2n/n about centers zg, 21, ..., 2,_1

and the discrete Fourier transform of (z¢, 21, ..., 25_1) € C".

Applications of a geometrical flavor are discussed, as well as a

connection with quasi-random subsets of Z,,.

1. Introduction

Let n be a positive integer and let @ = exp(2ni/n). The discrete Fourier
transform D,, is the linear endomorphism of C" which maps an n-tuple

Z = (20, ..., Z,_1) € C" into the n-tuple Z = D,(Z) = (3¢, ..., 2,_1) € C",

where

n-1
Z, = erw_kr (1)
r=0
for k =0,1, ..., n—1. This is an invertible endomorphism. To invert it,
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one can use the relation

1 n-1
zp ==Y 20 2
n
r=0
for R =0,1, ..., n —1. Alternatively, the discrete Fourier transform can

be viewed as a linear endomorphism of the finite dimensional Hilbert
space L (Z/nZ) of complex functions defined on the ‘discrete circle’ Z/nZ.

An excellent presentation of the basic properties of the discrete Fourier

transform can be found, for example, in the Chapter 2 of [10].

The discrete Fourier transform or, in its computationally-efficient
version, the fast Fourier transform [2], [3] has numerous applications in
areas such as fast multiplication of large integers [9], numerical methods
in partial differential equations [6], numerical methods in difference
equations [4], numerical optimization of integral equations [8], data
compression, digital signal processing [7], spectral analysis, and many

others.

In the present paper we will derive, inspired by the Problem B4 in the
2004 William Lowell Putnam Mathematical Competition, an interesting
connection between the discrete Fourier transforms and plane geometry.
It is known that the rotations together with the translations form (the
group of) all orientation-preserving isometries, or rigid motions, of the
Euclidean plane [5]. By using complex numbers we can write the

equation of a plane rotation around the center z;, with (counterclockwise)

angle 0 as
w-zp =e%(z-2p) = ez +(1-e)z. 3)

By using (3), a well known, but very important property of plane rotations
can be derived:

Theorem 1. If Ry, Ry, ..., R,,_; are n plane rotations with angles
09, 01, ..., 0,,_1, respectively, then the composition R,, 1 o R,,_g o---o R is
either a rotation of angle 69 + 61 +---+0,_1,if 09 +0; + -+ 0,1 ¢ 2nZ,

or a translation, if 69 + 01 + -+ 0,,_; € 2nZ.
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2. Formulating the Main Problem

We will now use Theorem 1 to formulate our main problem. Let

20, 21, ---» 2,—1 be n complex numbers, not necessarily distinct. Let us

pick an integer k such that 0 < k2 < n -1, and let
k k k
Ry, Ry, ..., R4

be the rotations with 2kn/n around the centers zg, 21, ..., Z,_1,

respectively. According to Theorem 1, the composition
k
Ry y o Ry g0 oR) 4)

is a plane translation. Let ¢;, be the complex number representing the

translation vector associated to (4). We will be interested in the following
problem:

Problem 2. Find a meaningful algebraic relation between the n-tuple

of centers (zg, 21, ..., 2,.1) and the n-tuple of translation vectors

(tgy b1y woer Ep1)-

Problem B4 in the 2004 William Lowell Putnam Mathematical

Competition gives, with the above notations, z,, =m+1 for 0 < m <

n —1, and asks for #;.

3. Discrete Fourier Transform and the Answer to
the Main Problem

In what follows we will show that in the transition from (z,, 2,

z,.1) to (g, t, ..., t,_1), the discrete Fourier transform plays an

important role. Let o = o = o2k ", and let z € C be arbitrary. Let w,
be the complex point obtained after a rotation of z with 2kn/n around z.

Then, by (3),
wy =0z + (1 -a)zg.

Next, we rotate wy with 2kn/n around z; and we will get w;, given by
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w; = awy + (1 —a)z, or

w = oz +al-a)zg +(1-a)z.

Further, rotating w; with 2kn/n around z5 will lead to wy = aw; +
(1-a)zy, or

wy = a’z+a?(l-a)zg + ol —a)z; + (1 - a)zs.

By induction, it can be easily shown that, for 0 < r < n — 1, the complex
point w, obtained out of z after a composition of rotations with 2kn/n

around 2q, 21, ..., 2, (in this order) is given by

w, = Mzt a"1-a)zg + 0" 1 —a)z +-+(1-a)z,.

Going through all the centers z, ..., 2,,_1 corresponds to r =n -1, so

that the composition R,lf_l ° R,’f_z 0.0 R(]}" will map z into
w, 1 =a"z+o" T1-a)zg +a" 21 -a)zy + -+ (1 -a)z, 1. (5)

Since a” =1 and a = cok, (5) represents a translation in the complex
plane, with a vector represented by

n-1
th =1 —a)(@" tzg + a2z 4+ 2, 1) = (1- mk)z 2,001,
r=0

By using the above relation together with ®” =1, and in conjunction

with (1), we can rewrite ¢; in terms of the discrete Fourier transform
Z =D,(Z) = (30, ..., 2,.1) of the vector of centers of rotation, Z =

(205 215 v Zp-1):
th =(1-0"o™) 2,0 = (0% -1)3,. (6)

Thus, we can state our main result:
Theorem 3. Let zg, 21, ..., 2,1 be complex numbers. For all k and r

with 0 <k, r<n-1, let Rf be the rotation around z, with 2kn/n.
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Then for each k, the composition R,}f_l ° R,}f_z 00 R(]f is a translation by
a vector represented by the complex number t), = (u)_k —-1)2;,, where o =
exp(2ni/n) and Z = (g, ..., 3,.1) is the discrete Fourier transform of
Z = (20, - Zp-1)-

The following examples illustrate Theorem 3 in some concrete cases.

1. The case of n centers of rotation, equally spaced. Consider

the special case z, = r+1 for 0 < r < n—1. Then (6) becomes

n

n-1
t=(©F -1+ = 1-o")D ro )
r=0

r=1
From (7), and the identity

n

ZrXr _X"(nX®-nX-X)+ X
r=1 (X - 1)2

in which we set X = o * with & = 0, we get

n -2k -k
t, :(l—oak)Zrco_kr —1-oh)e _—n0 - e _ g (8)
(" -1)
r=1

for all £ # 0. Note that the case & = 0 always gives ¢; = 0. ¢{; =n is
the answer to Problem B4 in the 2004 Putnam Exam.
2. Centers of rotation are the vertices of a regular n-gon. Let us

now assume that the centers of rotation are the vertices of the standard

regular n-gon inscribed in the circle | z | = 1, that is,

zZ =0 (C))
for r =0,1,2, .., n—1. Then
n-1 .
0, if k=1
2, = o R~y =17 ) (10)
g rZ; " i k=1

Thus, from (6) and (10) we get

tk = n((ufk — 1)61k
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This has a nice geometrical meaning. Thus, for a fixed k = 1, if we apply
to any complex point z, a sequence of rotations with angles 2kn/n about
the centers zg, 21, ..., 2,_1 (in this order) given by (9), we will get back to
z. In the case k =1, however, the net effect of the sequence of rotations
with angles 2n/n each about the centers zg, zj, ..., 2,1, will be a

translation of the form

w=z+no?!-1)=z-2n sin(%) (cos(%) -1 sin(%D (11)

which is a point at a distance 2n sin(ﬂ) from z. Note that when n — oo,
n
the translation difference w — z, with w given by (11), approaches —2ni.

3. Quasi-random subsets of Z,. In this class of examples we will

have only two distinct centers of rotation, O and 1. We can generate

sequences 2, 27, ..., 2,1 Of zeros and ones by using characteristic
functions yg : Z, — {0,1} of subsets of S c Z,: z, = yg(r) for r =
0,1, .., n-1. In [1], a list of equivalent definitions of quasi-randomness
for subsets of S < Z, are provided. One of them is the ‘EXP’ criterion,

which identifies quasi-randomness by using incomplete exponential sums
over S with nontrivial additive characters. These need to be ‘small’ in
order for S to be quasi-random: thus, according to the ‘EXP’ criterion,

quasi-random subsets are precisely those satisfying

> s (r)exp 2R )~ ofm) (12

n
rely,

for k=1, 2, ..., n—1. In the case of quasi-random subsets & = S # Z,
and sequences of centers of rotation z, € {0, 1} defined by z, =1 if
resS and z, =0 if r ¢ S, (12) in conjunction with Theorem 3 implies
that the translation vectors ¢, are all ‘small’ when compared to n:

n

n-1 .
b= (@ 12, = @ 1) 1s0)exr - 2] on)
r=0

forall k=0,1, .., n—1.
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