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Abstract

In this article we obtain bounds for large deviations processes in
dynamical systems, in which non-additive sequences are considered.

More specifically, for sequences ® = {p,, : X — R} and dynamical maps

f:X — X such that ¢,,1 — ¢, o f converges uniformly we estimate
the growing rate of v(x : %cpn(x) € Ij, where v is a finite Borel measure

on X and [ is a real interval. We consider also a particular case in which

the process description easily follows from Ellis theorem.

1. Introduction

By large deviations processes involving dynamical systems is

understood the probability that some dynamical quantity is in a given set
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after a large number of iterations of the dynamics. An interesting

situation is the following: Let X be a compact metric space, [ : X — X

be a continuous map and v be finite Borel measure on X. For a potential ¢

n-1 .
let us consider the statistical sum S,,(¢)(x) := z o(f"(x)). Assuming that
=0
1 . — _
— S, (p) converges v — a.e. in X to a constant y the large deviation
n

problem concerns with the estimation, within an accepted margin of error

5 >0, of

lSn((p) -y ‘ More precisely, for E, = {x : lSn((p) (x) e I},
n n

where I = (y -8, y +38) or I =(y, ©)U (-0, —y), ie., V(E,) > 0,n — x,

we wish to know if v(E,,) has exponential convergence.

Sequences like {S,(p)} have the property of additivity: S, ,(¢)(x)

= S,(0)(x)+ S,,(0)(f"*(x)). Estimates of large deviations for these kinds

of sequences were studied by Young [14]. In (Kifer [7]) Kifer gave a more
general approach than in (Young [14]) unifying results of large deviations
in stochastic process and dynamical systems. However in the framework

of dynamics an additive case was treated.

A natural extension in this context is to consider more general
sequences, in particular sequences for which the additivity property has
been relaxed. The interest on the non-additive sequences 1is their
relationship with Dimension Theory. Indeed, a non-additive version of
the thermodynamic formalism, due to Barreira [1], allows to compute the
dimension of a great class of Cantor like-sets, which appears from

geometric constructions, like Moran ones.

We consider sequences of continuous functions {¢p, : X — R} such

that ¢, — 9, o f converges uniformly to v in X. For any x € X the
1 . .

value — @, (x) is called the time average for the sequence. We also
n

assume that the time average is convergent v — a.e. in X.



ESTIMATES OF LARGE DEVIATIONS ... 3
In order to obtain a large deviation process description we must find

the so-called rate function. For E,,, now defined E, = {x : l(pn (x) e I},
n

the rate function is a semi-continuous map g : R — [0, ] such that:

- If I is a closed subset of R, then lim sup%log v(E,) < —inf{g(s)

n—»o

:sel},

- If I is an open subset of R, then lim inf%log v(E,) = —inf{g(s)

n—w

:sel}.

One of the objectives of this article is to relate the large deviations
processes to multifractal analysis. We have shown in an already
published article (Mesén and Vericat [8]) that, for the multifractal

decomposition X = U K, UY with K, = {x : lim l(pn(x) = s}

n—owo n
se[~ow, +]

and Y is the set in which the limit does not exist, the rate function g(s) is
a characteristic dimension of K, in the sense of Pesin [9] theory. In this
work we prove that g(s) is essentially the Legendre transform of the

topological non-additive pressure of the sequence {¢,,}.

A related issue we consider here is some description of periodic
points. This could be taken as a particular case of the problem of large

deviations. Actually, in this case we have additive sequences {S, ()}

with particular conditions imposed on the potential ¢ and on the
dynamics. However the solution of the large deviations problem is here
derived, by the application of Ellis theorem, in a more direct way than
Young approach (Young [14]).

2. Definitions and Previous Results

A. Non-additive thermodynamic formalism

As we commented in the introduction a non-additive version of the

Ruelle thermodynamic formalism was presented by Barreira [1]. In that
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context general sequences of potentials ® = {p,, : X — R} are considered.
Let us recall that, in particular, a sequence ® will be additive if o, ,(x)
= ¢,(x)+ ¢,,(f"(x)), for every x, n, m. This condition is fulfilled, for

instance, by the sequence ® = {S, (o)}

Let f: X - X be a continuous map and (X, d) be a compact
metrizable space. Let U = {Uy, ..., Uy} be a finite covering of X and a

string be defined as a sequence
L= {go, fl, veey anl} such that {U[O, veey Uénfl}c Z/I, fl S {1, 2, veey N}
The length of the string

L={(y, (1, ..., {,_1} is denoted by n(L) = n. Let call W,(U) the set
of the strings L with length n for the covering U.

Let
X(L)=U, N U )N--N Uy, ), 6))

if Z < X itsaysthat IT = {L = (¢, {1, ..., {,_1)} covers Z if

Z c UX(L). @

For a general sequence ® and a covering U it is defined the number

v, (@, U) = sup{ ¢,(x) - ¢,(y)| : x, y € L, forsome L € W, (U)}. (3)

For the definition is assumed that lim suplim supM =0
AU)>0 n-oowo n
(A(U) = diameter of U).

sup ¢,, if X(L) * J,

If L is a string let ¢(L) := < X(L)
—o0, if X(L)=@.

For any real number s:

M(®, s, Z, U) = inf " exp(-sn(L) + o(L)), )

r

Lell
where the infimum is taken over all the collections of strings TT < W, (i)

which covers Z.
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Let
MU, Z, s) = lim MU, Z, s, n). (5)
n—oo

There is a unique number s such that M (U, Z, -) jumps from +o to

0, now let
P(®, Z, U) =5 =sup{s : M(U, Z, s) = +wo} = inf{s : M(U, Z, s) = 0}. (6)
Finally the number

P(®,Z)= lim P(®, Z, U) @)
AU)—>0

is the topological pressure of @ restricted to Z. The limit does exist
(Barreira [1]).

The non-additive version of the classical variational principle is
established in the following manner: let M;(X) be the set of f-invariant
probability measures on X, for any Z ¢ X with M(Z) is denoted the
set of measures u € My (X) with p(Z) = 1. Let x € X be a generic point
1

n

2Oy

l

. 1
for a measure u e Ms(X), ie., the sequence p, , = — where
’ n

3, 1s the unit measure in x, is weakly convergent (with n — o) to p.
With V(x) is denoted the sets of weak limit points of the sequence
{uy, n}, it holds that V(x) = &, and V(x) c M;(X) (Barreira [1]). Let

L(Z)=1{x e Z : V(x)N My(Z) # O}
Theorem (Barreira [1]). Let ® = {p, : X - R} be a sequence of

continuous potentials, if there exists a continuous map y : X — R such

that ¢, — ¢, o f converges uniformly toy in Z. Then

Prz)(®) = sup {hu(f)+_[wdu}-

neMp(X)

We shall consider term y as the “limit of the family ®”.

This Theorem generalizes the variational principle of Pesin and

Pitskel [10] for noncompact sets. For compact sets and @ = {S, (¢)} the
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traditional variational principle (Walters [15]), (Ruelle [11]) is obtained.
In this case P(®) is directly denoted by P(o).

Remark. If Z is compact and f-invariant, then £(Z) = Z.

The Bowen topological entropy definition (Bowen [3]), a special case
of characteristic dimensions, is recovered from the topological pressure in
case of ® = 0. It is denoted by Ay, (f, Z).

B. Multifractal analysis

Let a sequence ® = {¢,,} and dynamics f : X — X, let us consider
the sets K, = {x: lim l(pn(ac) = s}. In this way a partition X =
n—owo N

U K, UY is obtained. If Y is the set of points for which

se[-o0, +mo]

1 . . .
lim — o, (x) does exist, then Y is known as the “irregular part”. When
n—wo n

X\Y is negligible in some sense, the partition of X in the level sets
K, is called a multifractal decomposition. A function G defined on the
sets K, which have in addition some special properties, is called a

characteristic dimension in the sense of Pesin [9]. Examples of
characteristic dimensions are the Hausdorff dimension and the
topological entropy, mentioned above. A multifractal spectrum, specified
by the sequence ® and the function G, or simply a (®, G)-spectrum is the

map F(s) = G(K,). This function is which captures the main information

about the multifractal structure.

We recall main facts about the multifractal formalism developed in
(Takens and Verbitski [13]). This is done in the additive case ¢, = S, (¢)

and with the dynamics satisfying the conditions of specification and

expansiveness and the potential belonging to a special class:

The specification property for a map f : X — X intuitively says that,
for specified orbit segments, a periodic orbit approximating the trajectory
can be found. This condition ensures abundance of periodic points and it

is a concept introduced by Bowen in (Bowen [2]). This condition is indeed
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stronger than the existence of Markov partitions (Takens and Verbitski
[13]), (Schmeling [12]). Its formal definition is:

A homeomorphism [ : X — X has the specification property if:
I, ..., I, is a finite disjoint collection of integer intervals Iy, ..., I, then
for € > 0, there is an integer M(g) and a function @ : [ = UI; —» X,
such that:

(i) dist (I;, I;) > M(e) (Euclidean distance),

i) fM7"2(0(ny)) = O(ng),

(i) d(f"(x), ®(n)) <&, for some x:f™(x)=x, with m > M(e)
+ length(7) and for every n € I.

A homeomorphism f:X — X 1is called expansive if there is a
constant & > 0, such that d(f"(x), f"(y)) < 8, for any integer n implies
x =y

We consider the following metric in X, which is derived from the

original one d:

d,(x, v) = max{d(f'(x), f'(y) : i = 0,1, ..., n—1}, 8)
and we denote by B, .(x) the ball of centre x and radius ¢ in the metric
d,,.

A potential ¢ belongs to the class v/(X) if this condition is fulfilled:

there are constants ¢, K > 0 in such a way that

dn(x, ¥) < & = [ S,(0) (%) = Sy () (¥)] < K. ©
Let T(q):= P(q¢p), with g € R, here P(¢p) is the usual topological

pressure, which is obtained in the Barreira definition considering

® ={S,,(¢)}. The function 7T'(¢) is convex, non increasing and continuously

differentiable with 7"(q) = J.X‘Pd“q’ where p, is the Gibbs state (see

below) for the potential ¢, = g¢.



8 ALEJANDRO MESON and FERNANDO VERICAT

Let &(s) = ;Ielg {sa. + T'(q)} the Legendre transform 7'(q), so &(s(q)) =
T(q) +qs(q) (s(g) = T'(g)). Let s = qlin:w s(q) = ;Eﬁ {s(q)}, 5= qlir?w s(q)

= sup{s(q)}. Then K, = &, if s € (s, §), so that the domain of definition
geR

of &(s) is the range of T'(g). From the variational relationship between
&(s) and T(q) is derived that £(s) is concave, continuously differentiable

in (s, 5) and &'(s) = ¢, such that s = T'(q).
C. Gibbs states

A measure p on X is called a Gibbs measure, or a Gibbs state associate
to the potential ¢, if for sufficiently small ¢ > 0, there are constants

A, B, > 0, such that for any x € M and for any positive integer n:
Ag(exp(S,,(9) (x)) — nP(9)) < W(B, (x)) < B;(exp(S,(9) (x)) — nP()).

Let P,(f) = {x : f"(x) = x}, set for a potential ¢:

%m—Nm¢mn2%ﬁp®Awumw 10)
where
N(f,o.n)= D exp(S,()(x)

xePy(f)

and §, is the unit measure at x.

Let p, be the weak limit of the sequence iy, ,}, i.e.,

lim [ g()dug,n = [ g(x)duy,

n—oo
for every continuous g(x) (Katok and Hasselblatt [5] and Ruelle [11]).

Theorem (Katok and Hasselblatt [5] and Ruelle [11]). Let f be an
expansive homeomorphism which have the specification property and ¢
be a potential belonging to the class v¢(X). Then u, is a Gibbs state

assoctated to ¢. Besides i, is unique and also it is ergodic.
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If ¢ belongs to the class vf(X) and f 1s an expansive homeomorphism

with the specification property, then the topological pressure associated

to ¢, f can be computed in the way:

Plo) = lim —log > exp(S,(0)(x) an
e xeP,(f)

(Katok and Hasselblatt [5]), (Proposition 20.3.3).

Because f is expansive the set of periodic points P,(f) is n,

d-separated with & the expansiveness constant (Katok and Hasselblatt

[5D.
3. Estimates of Large Deviations

For our study of large deviation processes we work with sequences

® = {p,} for which the hypothesis of the non-additive variational

principle are satisfied, i.e., they must have a limit and

lim sup lim sup M =0

AU)>0 n—oo n
(c.f. Eq. (3) and below).

Let us denote
M?(X) =1{v e My(X): v(B; ,(x)) < Cexp(-nh), for some C, & > 0}.

Here h 1s the usual topological entropy of f. The dynamics are continuous
maps [ : X —» X with X a compact metric space.

Theorem 1. Let ® = {p,} be a sequence which fulfills the above

conditions with a limit y in X, and let ve/\/l}q(X). If E, =

{x : l(pn(x) > s}, then
n

lim supllog v(E,) < sup{hu(f) -h: J\udp > s}.
n—ow n
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Proof. We must find a measure m such that I\ydpz s and

lim sup % log m(E,,) < h,(f) - h. Let see the following:

n—o0

—

n—

On = Sp(W) = Y (@41 — @5 o f —w)o f77 4 gy o 7],

N
1l
—

therefore

~ 0n(®) = S, (w) ()

n-1
1
< ;[Z"(Pm oo f =y, +lorl, |
i-1
with
lol, = sup{| o)}
xeX

Since ¢,,1 — ¢, o f converges uniformly to v in X, for any 8 > 0

there exists a natural N such that

[ 0is1—@;of—w| <8 and|e|, <nd, forany n > N.

So that

~ on(®) = S, (w) (@)

n-1
1
< ;@{(H—N)M E | @iv1 — @ © f—\vlloo] < 28.
=1

Now we proceed to find the measure p : let A, be a maximal (n, €)-

separated contained in E,. The set A, is finite because X is compact.

1
For any x € X, set ==
y Hn n z

xeA,

n-1
BL ngi (x)}, where §, is the point

n =0

measure in x and B,, = card(4,,) x exp(nh).

Let p be a weak limit of n,,, we have J\ydun = %Sn(\u) (x), because

L, is a linear combination of averages of point measures § i (x). Besides

-2 < -0, (x) — S, (v) () < 28, (12)
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Now, since E, c U B ,(x), we have log v(E,) < Z V(B (%))

xeA, xeA,
< C x card(A,,) x exp(nh). Following the proof of the classical variational

principle (Walters [15]) can be established that A, (f) > log card(A,).

Therefore

lim sup%log v(E,) < igr;o sup% Z V(B ,(x))

n—»0
xeA,

< lim sup%Bn < hy(f) - h,

n—w

where the third inequality is due to v e M?(X ).

It remains to prove that jwdp. > s, this is immediately seen from
deun = %Sn(\u)(x) > s—25, with & arbitrary small. Because p is
defined as a weak limit of p,, we have J.\ydp. > s. 0

Consequently with Theorem 1 the rate function for the large

deviation process considered in this above result is

g(s) = —sup{hu(f) ~h: [ ydu - s}.

Next we give a multifractal description of this function. In (Mesén and
Vericat [8]) was proved that sup{hu(f) : _[\Vdu = S} = G(Ky) = hyop(f, Ks),

with

K, = {x : lim l(pn(x) = s}.

n—o n

We set Tg(g) = P(q®), this function is convex (Mesdén and Vericat [8]),

and so its Legendre transform T (s) = in£ {P(q®) - gs} is defined.
qge

Proposition 2. Let us consider a dynamical system in which the
entropy map p — h,(f) is upper-semi-continuous, for any n e My(X)
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(this space endowed with the weak topology). If Tq(s) is the Legendre

transform of the map Ty (q), then Hg(s)= sup{hp(f) : deu = S} =T (s).
Proof. We have, using the non-additive variational principle,

Hg(s)= supuer(X){hu(f) + qudu : deu =5 } -gs

< supuer(X){hu(f) + s_[ ydu } —qs = P(q®) - gqs < Ty (s).

For proving the other inequality is used that the entropy is upper
semi-continuous. This condition is equivalent that Tg(q) is of class ct.

Proofs of this fact for the additive case can be seen in (Katok and
Hasselblatt [5], Ruelle [11] and Keller [6]), the non-additive version is

obtained following similar lines of demonstration.

Let & be a positive number chosen such that inf{P(q®) - ¢s — 3} = 0,
by the part 3 of Theorem 4 in (Mesén and Vericat [8]), there exists an
ergodic measure p in M;(X) such that deu =s and hy(f) 2 8. In the

part 4 of the demonstration of the above mentioned theorem is

established that the Hg(s) attains its supremum on ergodic measures.

Therefore we have Hg(s) > 8.

In the proof of the parts of the theorem in which relies Proposition 2

is where was used the differentiability of the pressure function Tg(g). [

4. Large Deviations of Periodic Points

This section is devoted to describe periodic points as a particular case

of Theorem 1 in the sense that the sequences considered are {S, (¢)} with

particular conditions imposed on the potential and the dynamics. They

are:

- ¢ is a potential belonging to the class v/(X),

- f 1s a homeomorphism with specification and expansiveness (see
Subsection 2.B).
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The interesting point in this situation is the possibility of getting
a large deviation description from a direct application of a result of
Theoretical Probability (Ellis [4]). More precisely we estimate the

lim lim sup%log[vn{x eP,(f): %Sn((p)(x) > SH,

20 oo

where

Oys (13)

. 1
Vn = card P, (f) xePZ(f)

with 8, the point mass measure in x. This is known as the Bowen

measure. It equidistributes the periodic points (Bowen [2]).

Let Z, be measurable functions defined on probability spaces

(Q,,,v,) and let denote by E, expectation with respect to v,. If

C,(q) = llog E, (exp(¢Z,)) converges to a function C(g) convex and
n

differentiable for every g, then Ellis theorem (Ellis [4]) claims that, for

any closed subset F' < R and for any open subset U < R,

lim sup%log vn{% € F} < —inf I(2),

n—»w teF

lim infllogvn[% e U] > inf 1(t),

n—owo N teU

where I(t) = ?ullg{qt - C(q)}-

In our case we take Z,(x) = S,,(¢)(x), and

By (ex0(aZ,)) = rapy ;(f)expwn (q0)(x)).

The probabilities v, will be the measures ng , (c.f. Eq. (10) with

¢ = 0), whose weak limit is the Bowen measure (Bowen [2]).
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To show that the Ellis theorem is applicable for our purposes let us
note (recall the results of Takens-Verbitski formalism in Subsection 2.B
and Eq. (11)) that:

lim Cn(q) = P(gp)-h =T(q)-T(0),

where T'(q) is a convex differentiable function.

Now the description of the large deviation process is obtained in:

Theorem 3. If ¢ € v;(X) with equilibrium state W, # Wymax (the

measure of maximal entropy), then

lm limmsup -og | {x & Py (£): % Sy()() 2 5} | < ~H (o)

620 now

lim lim inf L log uo,n[{x e P,(f): %sn (0)(x) > SH > _H(s),

e>0 noo NI

where

{T(O) - &(s), if s < s(0),
T(0) - &£(s(0)), if s> s(0).

Proof. By the above proposition the hypothesis of the Ellis theorem is

fulfilled with C,(q) := %log{ﬁ 3 exp(Sn(qcp)(x))], Clq) = T(q)

xeP,(f)
—T(0) and I(t)=sup{qt — C(q)} = supf{qt - T'(q) + T(0)}. We consider, for
teR teR

any s, the sets F = [-s, o), U = (s, o).

Thus I(-t) = sup{~qt — T(q) + T(0)} = T(0) — £&(-t), and recall that
teR

&(s) is concave, continuously differentiable and has a maximum in

s(0) = —-T"(0). By using these properties

&(s), if s < 5(0),

£(s(0)), if s > s(0).

inf I(s) = inf I(s) =
inf, 1) = Inf 116) {
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Now applying the Ellis theorem

lim lim sup%log po’on e P,(f): %Sn((p) (x) e FH < - ;2£ I(s),

620 now

lim lim inf%log Ho,on e P,(f): %Sn((p) (x) e UH > _inf I(s).

e—>0 n—o© seU

Therefore

lm lim sup - log o, {x € Pa(): - S,(0)(x) = s} | < ~Hs),

620 now

lim lim inf%log uo,on e P,(f): %Sn((p) (x) > SH > _H(s). 0

e—>0 now

Remark. The result of the above theorem gives large deviations from

an interval I = [s, »). For intervals I = [-s, s] a similar demonstration

leads to obtain the same rate function.
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