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Abstract 

In this article we obtain bounds for large deviations processes in 
dynamical systems, in which non-additive sequences are considered. 

More specifically, for sequences { }R→ϕ=Φ Xn :  and dynamical maps 

XXf →:  such that fnn Dϕ−ϕ +1  converges uniformly we estimate 

the growing rate of ( ) ,1: 




 ∈ϕν Ix

n
x n  where ν is a finite Borel measure 

on X and I is a real interval. We consider also a particular case in which 
the process description easily follows from Ellis theorem. 

1. Introduction 

By large deviations processes involving dynamical systems is 

understood the probability that some dynamical quantity is in a given set 
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after a large number of iterations of the dynamics. An interesting 

situation is the following: Let X be a compact metric space, XXf →:  

be a continuous map and ν be finite Borel measure on X. For a potential ϕ 

let us consider the statistical sum ( ) ( ) ( ( )).:
1

0
∑
−

=
ϕ=ϕ

n

i

i
n xfxS  Assuming that 

( )ϕnS
n
1

 converges ν − a.e. in X to a constant ψ  the large deviation 

problem concerns with the estimation, within an accepted margin of error 

,0>δ  of ( ) .
1

ψ−ϕnS
n

 More precisely, for ( ) ( ) ,
1

:






 ∈ϕ= IxS

n
xE nn  

where ( )δ+ψδ−ψ= ,I  or ( ) ( ),,, ψ−−∞∞ψ= ∪I  i.e., ( ) ,,0 ∞→→ν nEn  

we wish to know if ( )nEν  has exponential convergence. 

Sequences like ( ){ }ϕnS  have the property of additivity: ( ) ( )xS mn ϕ+  

( ) ( ) ( ) ( ( )).xfSxS n
mn ϕ+ϕ=  Estimates of large deviations for these kinds 

of sequences were studied by Young [14]. In (Kifer [7]) Kifer gave a more 

general approach than in (Young [14]) unifying results of large deviations 

in stochastic process and dynamical systems. However in the framework 

of dynamics an additive case was treated. 

A natural extension in this context is to consider more general 

sequences, in particular sequences for which the additivity property has 

been relaxed. The interest on the non-additive sequences is their 

relationship with Dimension Theory. Indeed, a non-additive version of 

the thermodynamic formalism, due to Barreira [1], allows to compute the 

dimension of a great class of Cantor like-sets, which appears from 

geometric constructions, like Moran ones. 

We consider sequences of continuous functions { }R→ϕ Xn :  such 

that fnn Dϕ−ϕ +1  converges uniformly to ψ in X. For any Xx ∈  the 

value ( )x
n nϕ
1

 is called the time average for the sequence. We also 

assume that the time average is convergent ν − a.e. in X. 



ESTIMATES OF LARGE DEVIATIONS … 3

In order to obtain a large deviation process description we must find 

the so-called rate function. For ,nE  now defined ( ) ,
1

:






 ∈ϕ= Ix

n
xE nn  

the rate function is a semi-continuous map [ ]∞→ ,0: Rg  such that: 

- If I is a closed subset of ,R  then ( ) { ( )sgE
n n

n
inflog1suplim −≤ν

∞→
 

},: Is ∈  

- If I is an open subset of ,R  then ( ) { ( )sgE
n n

n
inflog1inflim −≥ν

∞→
 

}.: Is ∈  

One of the objectives of this article is to relate the large deviations 

processes to multifractal analysis. We have shown in an already 

published article (Mesón and Vericat [8]) that, for the multifractal 

decomposition 
[ ]
∪ ∪

∞+∞−∈

=
,s

s YKX  with ( )






 =ϕ=

∞→
sx

n
xK n

n
s

1
lim:  

and Y is the set in which the limit does not exist, the rate function ( )sg  is 

a characteristic dimension of sK  in the sense of Pesin [9] theory. In this 

work we prove that ( )sg  is essentially the Legendre transform of the 

topological non-additive pressure of the sequence { }.nϕ  

A related issue we consider here is some description of periodic 

points. This could be taken as a particular case of the problem of large 

deviations. Actually, in this case we have additive sequences ( ){ }ϕnS  

with particular conditions imposed on the potential ϕ and on the 

dynamics. However the solution of the large deviations problem is here 

derived, by the application of Ellis theorem, in a more direct way than 

Young approach (Young [14]). 

2. Definitions and Previous Results 

A. Non-additive thermodynamic formalism 

As we commented in the introduction a non-additive version of the 
Ruelle thermodynamic formalism was presented by Barreira [1]. In that 
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context general sequences of potentials { }R→ϕ=Φ Xn :  are considered. 

Let us recall that, in particular, a sequence Φ will be additive if ( )xmn+ϕ  

( ) ( ( )),xfx n
mn ϕ+ϕ=  for every x, n, m. This condition is fulfilled, for 

instance, by the sequence ( ){ }.ϕ=Φ nS  

Let XXf →:  be a continuous map and ( )dX ,  be a compact 

metrizable space. Let { }NUU ...,,1=U  be a finite covering of X and a 

string be defined as a sequence 

{ }110 ...,,, −= nL AAA  such that { } { }....,,2,1,...,,
10

NUU in
∈⊂

−
AAA U  

The length of the string 

{ }110 ...,,, −= nL AAA  is denoted by ( ) .nLn =  Let call ( )UnW  the set 

of the strings L with length n for the covering .U  

Let 

 ( ) ( ) ( ),
110

11
−

+−−=
n

UfUfULX n
AAA ∩"∩∩  (1) 

if XZ ⊂  it says that ( ){ }110 ...,,, −==Π nL AAA  covers Z if 

 ( ).∪
Π∈

⊂
L

LXZ  (2) 

For a general sequence Φ and a covering U  it is defined the number 

 ( ) ( ) ( ) ( ){ }.somefor ,,:sup:, UU nnnn WLLyxyx ∈∈ϕ−ϕ=Φν  (3) 

For the definition is assumed that 
( )

( )
0

,
suplimsuplim

0
=

Φν

∞→→∆ n
n

n

U

U
 

( )( =∆ U  diameter of ).U  

If L is a string let ( ) ( )
( )

( )





∅=∞−

∅≠ϕ
=ϕ

.if,

,if,sup
:

LX

LX
L

n
LX  

For any real number s: 

 ( ) ( ) ( )( )∑
Π∈

Γ
ϕ+−=Φ

L

LLsnZsM ,expinf,,, U  (4) 

where the infimum is taken over all the collections of strings ( )UnW⊂Π  

which covers Z. 
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Let 

 ( ) ( ).,,,lim,, nsZMsZM
n

UU
∞→

=  (5) 

There is a unique number s  such that ( )⋅,, ZM U  jumps from +∞  to 

0, now let 

 ( ) ( ){ } ( ){ }.0,,:inf,,:sup,, ==+∞===Φ sZMssZMssZP UUU  (6) 

Finally the number 

 ( )
( )

( )U
U

,,lim,
0

ZPZP Φ=Φ
→∆

 (7) 

is the topological pressure of Φ restricted to Z. The limit does exist 
(Barreira [1]). 

The non-additive version of the classical variational principle is 
established in the following manner: let ( )XfM  be the set of f-invariant 

probability measures on X, for any XZ ⊂  with ( )ZfM  is denoted the 

set of measures ( )XfM∈µ  with ( ) .1=µ Z  Let Xx ∈  be a generic point 

for a measure ( ),XfM∈µ  i.e., the sequence ( ),
1

:
1

0
, ∑

−

=
δ=µ

n

i
xfnx i

n
 where 

xδ  is the unit measure in x, is weakly convergent (with )∞→n  to µ. 

With ( )xV  is denoted the sets of weak limit points of the sequence 

{ },, nxµ  it holds that ( ) ,∅≠xV  and ( ) ( )XxV fM⊂  (Barreira [1]). Let 

( ) { ( ) ( ) }.: ∅≠∈= ZxVZxZ fML ∩  

Theorem (Barreira [1]). Let { }R→ϕ=Φ Xn :  be a sequence of 

continuous potentials, if there exists a continuous map R→ψ X:  such 

that fnn Dϕ−ϕ +1  converges uniformly to ψ in Z. Then 

( )( )
( )

( ) .sup








µψ+=Φ ∫µ
∈µ

dfhP
X

Z
fM

L  

We shall consider term ψ as the “limit of the family Φ”. 

This Theorem generalizes the variational principle of Pesin and 
Pitskel [10] for noncompact sets. For compact sets and ( ){ }ϕ=Φ nS  the 
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traditional variational principle (Walters [15]), (Ruelle [11]) is obtained. 
In this case ( )ΦP  is directly denoted by ( ).ϕP  

Remark. If Z is compact and f-invariant, then ( ) .ZZ =L  

The Bowen topological entropy definition (Bowen [3]), a special case 

of characteristic dimensions, is recovered from the topological pressure in 

case of .0≡Φ  It is denoted by ( )., Zfhtop  

B. Multifractal analysis 

Let a sequence { }nϕ=Φ  and dynamics ,: XXf →  let us consider 

the sets ( ) .1lim:






 =ϕ=

∞→
sx

n
xK n

n
s  In this way a partition =X  

[ ]
∪ ∪

∞+∞−∈ ,s
s YK  is obtained. If Y is the set of points for which 

( )x
n n

n
ϕ

∞→

1
lim  does exist, then Y is known as the “irregular part”. When 

YX \  is negligible in some sense, the partition of X in the level sets      

sK  is called a multifractal decomposition. A function G defined on the 

sets sK  which have in addition some special properties, is called a 

characteristic dimension in the sense of Pesin [9]. Examples of 

characteristic dimensions are the Hausdorff dimension and the 

topological entropy, mentioned above. A multifractal spectrum, specified 

by the sequence Φ and the function G, or simply a ( )G,Φ -spectrum is the 

map ( ) ( ).sKGsF =  This function is which captures the main information 

about the multifractal structure. 

We recall main facts about the multifractal formalism developed in 

(Takens and Verbitski [13]). This is done in the additive case ( )ϕ=ϕ nn S  

and with the dynamics satisfying the conditions of specification and 

expansiveness and the potential belonging to a special class: 

The specification property for a map XXf →:  intuitively says that, 

for specified orbit segments, a periodic orbit approximating the trajectory 

can be found. This condition ensures abundance of periodic points and it 

is a concept introduced by Bowen in (Bowen [2]). This condition is indeed 
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stronger than the existence of Markov partitions (Takens and Verbitski 

[13]), (Schmeling [12]). Its formal definition is: 

A homeomorphism XXf →:  has the specification property if: 

kII ...,,1  is a finite disjoint collection of integer intervals ,...,,1 kII  then 

for ,0>ε  there is an integer ( )εM  and a function ,: XII i →=Φ ∪  

such that: 

  (i) dist ( ) ( )ε> MII ji ,  (Euclidean distance), 

 (ii) ( )( ) ( ),21
21 nnf nn Φ=Φ−  

(iii) ( ( ) ( )) ,, ε<Φ nxfd n  for some ( ) ,: xxfx m =  with ( )ε≥ Mm  

( )Ilength+  and for every .In ∈  

A homeomorphism XXf →:  is called expansive if there is a 

constant ,0>δ  such that ( ( ) ( )) ,, δ<yfxfd nn  for any integer n implies 

.yx =  

We consider the following metric in X, which is derived from the 

original one d: 

 ( ) { ( ( ) ( )) },1...,,1,0:,max, −== niyfxfdyxd ii
n  (8) 

and we denote by ( )xBn ε,  the ball of centre x and radius ε in the metric 

.nd  

A potential ϕ belongs to the class ( )Xfν  if this condition is fulfilled: 

there are constants ε, 0>K  in such a way that 

 ( ) ( ) ( ) ( ) ( ) ., KySxSyxd nnn <ϕ−ϕ⇒ε<  (9) 

Let ( ) ( ),: ϕ= qPqT  with ,R∈q  here ( )ϕP  is the usual topological 

pressure, which is obtained in the Barreira definition considering 

( ){ }.ϕ=Φ nS  The function ( )qT  is convex, non increasing and continuously 

differentiable with ( ) ,∫ µϕ=′
X qdqT  where qµ  is the Gibbs state (see 

below) for the potential .: ϕ=ϕ qq  
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Let ( ) ( ){ }qTss
q

+α=
∈R

infE  the Legendre transform ( ),qT  so ( )( ) =qsE  

( ) ( ) ( ( ) ( )).: qTqsqqsqT ′=+  Let ( ) ( ){ },inflim qsqss
qq R∈+∞→

==  ( )qss
q −∞→

= lim  

( ){ }.sup qs
q R∈

=  Then ,∅=sK  if ( ),, sss ∈  so that the domain of definition 

of ( )sE  is the range of ( ).qT ′  From the variational relationship between 

( )sE  and ( )qT  is derived that ( )sE  is concave, continuously differentiable 

in ( )ss,  and ( ) ,qs =′E  such that ( ).qTs ′=  

C. Gibbs states 

A measure µ on X is called a Gibbs measure, or a Gibbs state associate 

to the potential ϕ, if for sufficiently small ,0>ε  there are constants 

,0, >εε BA  such that for any Mx ∈  and for any positive integer n: 

( ) ( )( ) ( )( ) ( ( )) ( ) ( )( ) ( )( ).expexp , ϕ−ϕ≤µ≤ϕ−ϕ εεε nPxSBxBnPxSA nnn  

Let ( ) { ( ) },: xxfxfP n
n ==  set for a potential ϕ: 

 ( ) ( ) ( )( )
( )

∑
∈

ϕ δϕ
ϕ

=µ
fPx

xnn

n

xS
nfN

,exp
,,

1
,  (10) 

where  

( ) ( )( )( )
( )

∑
∈

ϕ=ϕ
fPx

n

n

xSnfN exp,,  

and xδ  is the unit measure at x. 

Let ϕµ  be the weak limit of the sequence { },, nϕµ  i.e., 

( ) ( ) ,lim ,∫ ∫ ϕϕ
∞→

µ=µ dxgdxg n
n

 

for every continuous ( )xg  (Katok and Hasselblatt [5] and Ruelle [11]). 

Theorem (Katok and Hasselblatt [5] and Ruelle [11]). Let f be an 

expansive homeomorphism which have the specification property and ϕ   

be a potential belonging to the class ( ).Xfν  Then ϕµ  is a Gibbs state 

associated to ϕ. Besides ϕµ  is unique and also it is ergodic. 
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If ϕ belongs to the class ( )Xfν  and f is an expansive homeomorphism 

with the specification property, then the topological pressure associated 

to ϕ, f can be computed in the way: 

 ( ) ( ) ( )( )
( ) 













ϕ=ϕ ∑

∈
∞→

fPx
n

n
n

xS
n

P explog1lim  (11) 

(Katok and Hasselblatt [5]), (Proposition 20.3.3). 

Because f is expansive the set of periodic points ( )fPn  is ,n                      

δ-separated with δ the expansiveness constant (Katok and Hasselblatt 

[5]). 

3. Estimates of Large Deviations 

For our study of large deviation processes we work with sequences 

{ }nϕ=Φ  for which the hypothesis of the non-additive variational 

principle are satisfied, i.e., they must have a limit and 

( )

( )
0

,
suplimsuplim

0
=

Φν

∞→→∆ n
n

n

U

U
 

(c.f. Eq. (3) and below). 

Let us denote 

( ) { ( ) ( ( )) ( ) }.0,somefor ,exp: ,
0 >ε−≤ν∈ν= ε CnhCxBXX nff MM  

Here h is the usual topological entropy of f. The dynamics are continuous 

maps XXf →:  with X a compact metric space. 

Theorem 1. Let { }nϕ=Φ  be a sequence which fulfills the above 

conditions with a limit ψ in X, and let ( ).0 XfM∈ν  If =nE  

( ) ,
1

:






 ≥ϕ sx

n
x n  then 

( ) ( ) .:suplog1suplim








≥µψ−≤ν ∫µ
∞→

sdhfhE
n n

n
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Proof. We must find a measure m such that ∫ ≥µψ sd  and 

( ) ( ) .log1suplim hfhEm
n n

n
−≤ µ

∞→
 Let see the following: 

( ) [( ) ]∑
−

=

−−−
+ ϕ+ψ−ϕ−ϕ=ψ−ϕ

1

1

1
1

1
1 ,

n

i

nin
iinn fffS DDD  

therefore 

( ) ( ) ( ) ,11
1

1
11 













ϕ+ψ−ϕ−ϕ≤ψ−ϕ ∑

−

=
∞∞+

n

i
iinn f

n
xSx

n
D  

with 

( ){ }.sup: x
Xx

ϕ=ϕ
∈

∞  

Since fnn Dϕ−ϕ +1  converges uniformly to ψ in X, for any 0>δ  

there exists a natural N such that 

δ<ψ−ϕ−ϕ + fii D1  and ,1 δ<ϕ ∞ n  for any .Nn ≥   

So that 

( ) ( ) ( ) ( ) .211
1

1
1 δ≤












ψ−ϕ−ϕ+δ−ϕ≤ψ−ϕ ∑

−

=
∞+

n

i
iinn fNn

n
xSx

n
D  

Now we proceed to find the measure µ : let nA  be a maximal ( )ε,n -

separated contained in .nE  The set nA  is finite because X is compact. 

For any ,Xx ∈  set ( ) ,
11

:
1

0
∑ ∑
∈

−

= 










δ=µ

n

i

Ax

n

i
f

n
n x

Bn
 where xδ  is the point 

measure in x and ( ) ( ).exp nhAcardB nn ×=  

Let µ be a weak limit of ,nµ  we have ( ) ( )∫ ψ=µψ ,1 xS
n

d nn  because 

nµ  is a linear combination of averages of point measures ( ).xif
δ  Besides 

 ( ) ( ) ( ) .2112 δ≤ψ−ϕ≤δ− xS
n

x
n nn  (12) 
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Now, since ( ),,∪
nAx

nn xBE
∈

ε⊂  we have ( ) ( ( ))∑
∈

εν≤ν
nAx

nn xBE ,log  

( ) ( ).exp nhAcardC n ××≤  Following the proof of the classical variational 

principle (Walters [15]) can be established that ( ) ( ).log nAcardfh ≥µ  

Therefore 

( ) ( ( ))∑
∈

ε
∞→∞→

ν≤ν

nAx
n

n
n

n
xB

n
E

n ,
1suplimlog1suplim  

( ) ,1suplim hfhB
n n

n
−≤≤ µ

∞→
 

where the third inequality is due to ( ).0 XfM∈ν  

It remains to prove that ,∫ ≥µψ sd  this is immediately seen from 

( ) ( ) ,21
∫ δ−≥ψ=µψ sxS

n
d nn  with δ arbitrary small. Because µ is 

defined as a weak limit of nµ  we have .∫ ≥µψ sd  � 

Consequently with Theorem 1 the rate function for the large 

deviation process considered in this above result is 

( ) ( ) .:sup








=µψ−−= ∫µ sdhfhsg  

Next we give a multifractal description of this function. In (Mesón and 

Vericat [8]) was proved that ( ) ( ) ( ),,::sup stops KfhKGsdfh ==






 =µψ∫µ  

with 

( ) .
1

lim:






 =ϕ=

∞→
sx

n
xK n

n
s  

We set ( ) ( ),Φ=Φ qPqT  this function is convex (Mesón and Vericat [8]), 

and so its Legendre transform ( ) ( ){ }qsqPsT
q

−Φ=
∈

∗
Φ

R
inf  is defined. 

Proposition 2. Let us consider a dynamical system in which the 

entropy map ( )fhµ→µ  is upper-semi-continuous, for any ( )XfM∈µ  
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(this space endowed with the weak topology). If ( )sT ∗
Φ  is the Legendre 

transform of the map ( ),qTΦ  then ( ) ( ) ( ).:sup sTsdfhsH ∗
ΦµΦ =







 =µψ= ∫  

Proof. We have, using the non-additive variational principle, 

( ) ( ) ( ) qssddqfhsH Xf
−









=µψµψ+= ∫ ∫µ∈µΦ :sup M  

( ) ( ) ( ) ( ).sup sTqsqPqsdsfhXf
∗
Φµ∈µ ≤−Φ=−









µψ+≤ ∫M  

For proving the other inequality is used that the entropy is upper 

semi-continuous. This condition is equivalent that ( )qTΦ  is of class .1C  

Proofs of this fact for the additive case can be seen in (Katok and 
Hasselblatt [5], Ruelle [11] and Keller [6]), the non-additive version is 
obtained following similar lines of demonstration. 

Let δ  be a positive number chosen such that { ( ) } ,0inf =δ−−Φ qsqP  

by the part 3 of Theorem 4 in (Mesón and Vericat [8]), there exists an 

ergodic measure µ in ( )XfM  such that ∫ =µψ sd  and ( ) .δ≥µ fh  In the 

part 4 of the demonstration of the above mentioned theorem is 
established that the ( )sHΦ  attains its supremum on ergodic measures. 

Therefore we have ( ) .δ≥Φ sH  

In the proof of the parts of the theorem in which relies Proposition 2 
is where was used the differentiability of the pressure function ( ).qTΦ  � 

4. Large Deviations of Periodic Points 

This section is devoted to describe periodic points as a particular case 
of Theorem 1 in the sense that the sequences considered are ( ){ }ϕnS  with 

particular conditions imposed on the potential and the dynamics. They 
are: 

- ϕ is a potential belonging to the class ( ),Xfν  

- f is a homeomorphism with specification and expansiveness (see 
Subsection 2.B). 
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The interesting point in this situation is the possibility of getting           

a large deviation description from a direct application of a result of 

Theoretical Probability (Ellis [4]). More precisely we estimate the 

( ) ( )( ) ,1:log1suplimlim
0 











 ≥ϕ∈ν

∞→→ε
sxS

n
fPx

n nnn
n

 

where 

 ( )
( )

,1: ∑
∈

δ=ν
fPx

x
n

n

n
fPcard

 (13) 

with xδ  the point mass measure in x. This is known as the Bowen 

measure. It equidistributes the periodic points (Bowen [2]). 

Let nZ  be measurable functions defined on probability spaces 

( )nn νΩ ,  and let denote by nE  expectation with respect to .nν  If 

( ) ( )( )nnn qZE
n

qC explog
1

:=  converges to a function ( )qC  convex and 

differentiable for every q, then Ellis theorem (Ellis [4]) claims that, for 

any closed subset R⊂F  and for any open subset ,R⊂U  

( ),inflog1suplim tIF
n

Z
n Ft

n
n

n ∈∞→
−≤



 ∈ν  

( ),inflog1inflim tIU
n

Z
n Ut

n
n

n ∈∞→
−≥



 ∈ν  

where ( ) ( ){ }.sup qCqttI
t

−=
∈R

 

In our case we take ( ) ( ) ( ),xSxZ nn ϕ=  and  

( )( ) ( ) ( )( )( )
( )

∑
∈

ϕ=
fPx

n
n

nn

n

xqS
fPcard

qZE .exp1exp  

The probabilities nν  will be the measures n,0µ  (c.f. Eq. (10) with 

),0≡ϕ  whose weak limit is the Bowen measure (Bowen [2]). 
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To show that the Ellis theorem is applicable for our purposes let us 

note (recall the results of Takens-Verbitski formalism in Subsection 2.B 
and Eq. (11)) that: 

( ) ( ) ( ) ( ),0lim TqThqPqCn
n

−=−ϕ=
∞→

 

where ( )qT  is a convex differentiable function.  

Now the description of the large deviation process is obtained in: 

Theorem 3. If ( )Xfν∈ϕ  with equilibrium state maxµ≠µϕ  (the 

measure of maximal entropy), then 

( ) ( )( ) ( ),1:log1suplimlim ,0
0

sHsxS
n

fPx
n nnn

n
−≤











 ≥ϕ∈µ

∞→→ε
 

( ) ( )( ) ( ),1:log1inflimlim ,0
0

sHsxS
n

fPx
n nnn

n
−≥











 ≥ϕ∈µ

∞→→ε
 

where 

( )
( ) ( ) ( )

( ) ( )( ) ( )





>−

≤−
=

.0,00

,0,0
:

ssifsT

ssifsT
sH

E

E
 

Proof. By the above proposition the hypothesis of the Ellis theorem is 

fulfilled with ( ) ( ) ( ) ( )( )
( )

,exp1log1:











ϕ= ∑

∈ fPx
n

n
n

n

xqS
fNn

qC  ( ) ( )qTqC =  

( )0T−  and ( ) ( ){ } ( ) ( ){ }.0supsup TqTqtqCqttI
tt

+−=−=
∈∈ RR

 We consider, for 

any s, the sets [ ) ( ).,,, ∞−=∞−= sUsF  

Thus ( ) ( ) ( ){ } ( ) ( ),00sup tTTqTqttI
t

−−=+−−=−
∈

E
R

 and recall that 

( )sE  is concave, continuously differentiable and has a maximum in 

( ) ( ).00 Ts ′−=  By using these properties  

( ) ( )
( ) ( )

( )( ) ( )





>

≤
==

∈∈ .0if,0

,0if,
infinf

sss

sss
sIsI

UsFs E

E
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Now applying the Ellis theorem 

( ) ( ) ( ) ( ),inf1:log1suplimlim ,0
0

sIFxS
n

fPx
n Fs

nnn
n ∈∞→→ε

−≤











 ∈ϕ∈µ  

( ) ( ) ( ) ( ).inf1:log1inflimlim ,0
0

sIUxS
n

fPx
n Us

nnn
n ∈∞→→ε

−≥











 ∈ϕ∈µ  

Therefore 

( ) ( ) ( ) ( ),1:log1suplimlim ,0
0

sHsxS
n

fPx
n nnn

n
−≤











 ≥ϕ∈µ

∞→→ε
 

( ) ( ) ( ) ( ).1:log1inflimlim ,0
0

sHsxS
n

fPx
n nnn

n
−≥











 >ϕ∈µ

∞→→ε
 � 

Remark. The result of the above theorem gives large deviations from 

an interval [ )., ∞= sI  For intervals [ ]ssI ,−=  a similar demonstration 

leads to obtain the same rate function. 
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