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Abstract 

Let G be a nilpotent p-abelian group with cyclic derived subgroup,        
where p is an odd prime, and let F be a field of characteristic p. In this 
paper we consider the group algebra FG with the natural involution,        
and show that the Lie derived length of the set of symmetric elements         
of FG coincides with the Lie derived length of FG. Furthermore, we 
prove that the same is true for the Lie derived length of the set of skew 
symmetric elements and for the derived length of the set of symmetric 
units of FG as well. 

1. Introduction 

Let A be an algebra with an involution .∗  An element Ax ∈  is called 

symmetric (skew symmetric) with respect to ,∗  if xx =∗  ( ).xx −=∗  Denote 

by +A  and −A  the set of symmetric and skew symmetric elements                        
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of A, respectively. Amitsur [1] proved that an algebra satisfies a 
polynomial identity if and only if the set of symmetric elements of the 
algebra satisfies a polynomial identity. We remark that the polynomial 
identity which is satisfied by the algebra is not necessarily the same as 
the one which is satisfied by the symmetric elements. 

Let FG be a group algebra of a group G over a field F of characteristic 
p, and let ∗  be the natural involution of FG, that is the involution 
induced by the map sending each group element to its inverse. The 
investigation of Lie-identities with respect to the symmetric (or skew 
symmetric) elements are intensively studied area of the theory of group 
algebras. Broche and Polcino [5, 6] gave necessary and sufficient 

conditions for +FG  and −FG  to be commutative (satisfying the Lie 
identity [ ] .)0, =yx  Giambruno and Sehgal [7] and Lee [12] proved that 

if G is a group not containing a copy of the quaternion group 8Q  of order 

8 and ( ) ,2char ≠F  then +FG  is Lie nilpotent if and only if FG is Lie 

nilpotent, that is ( ) pF =char  and G is a nilpotent p-abelian group (the 

derived subgroup of G is a finite p-group). Lee [12] also described the 

groups G containing a copy of 8Q  such that +FG  is Lie nilpotent in the 

case ( ) .2char ≠F  Hence we can see that +FG  satisfies a Lie-identity 
does not imply that the whole algebra FG satisfies the Lie-identity. In [8] 

the groups G were classified for which −FG  ( )( )2char ≠F  is Lie nilpotent. 

The characterization of all groups G such that +FG  ( )( )2char ≠F  is Lie 

n-Engel can be found in [13]. 

The symmetric elements play an important role to investigate the 
group of units ( )FGU  of the group algebra FG. Let us denote the set of 

symmetric units in ( )FGU  by ( ).FGU +  A classification of groups G such 

that ( )FGU +  satisfies a group identity can be found in the papers of 
Giambruno et al. [9], Sehgal and Valenti [15] and Bovdi [4]. We know 
from [5] that if F is a field of characteristic 2≠p  and G is a nonabelian 

torsion group, then ( )FGU +  is an abelian group if and only if +FG  is a 
commutative ring. Lee [14] proved that if F is a field of characteristic 



SYMMETRIC AND SKEW SYMMETRIC ELEMENTS … 193 

2≠p  and G is a torsion group, then ( )FGU +  is nilpotent if and only if 
+FG  is Lie nilpotent. 

For a subset S of the group algebra FG define the Lie derived series of 

S by induction as follows: let [ ]( ) SS =δ 0  and let [ ]( )Sn 1+δ  be the additive 

subgroup generated by the Lie commutators [ ] yxxyyx −=,  with 
[ ]( )., Syx nδ∈  The subset S is said to be Lie solvable if there exists a 

natural number n such that [ ]( ) ,0=δ Sn  and the smallest such n is called 

the Lie derived length of S which will be denoted by ( ).dl SL  In other 

words, S is Lie solvable of derived length n if and only if S satisfies the 

polynomial identity [ ] ,0...,,, 221 =nxxx  where the Lie commutator 

[ ]nxxx 221 ...,,,  is defined inductively to be 

[[ ] [ ] ]nnnn xxxxxx 22212221 ...,,,,...,,, 111 ++ −−−  

with [ ] [ ].,, 2121 xxxx =  Actually, every notion introduced above can be 

assigned with a suitable group theoretical ones. Given subset S of a group 
G we denote by ( )SS,  the subgroup generated by all group commutators 

( ) ghhghg 11, −−=  with ., Shg ∈  Let ( ) SS =δ0  and ( ) ( ) ( )( ).,1 SSS nnn δδ=δ +  

The subset S will be said to be solvable if ( ) { }1=δ Sn  for some n; the 

smallest such n will be denoted by ( )Sdl  and called the derived length of 

S. Evidently, if S is solvable of derived length n, then S satisfies the 

group identity ( ) 1...,,, 221 =nxxx  and n is the least such natural number. 

(The group commutator ( )nxxx 221 ...,,,  is defined as above replacing 

the Lie commutators by group commutators.) 

We do not know too much about the exact value of the derived lengths 
of group algebras, even less about the derived lengths of a set of group 
algebras. This paper is devoted to study the Lie derived length of the set 
of symmetric and skew symmetric elements and the derived length of 
symmetric units. As we mentioned above a group G is called p-abelian for 
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a prime p if the derived subgroup G′  of G is a finite p-group. Although it 
is not described yet when the set of symmetric or skew symmetric 
elements is Lie solvable, but we know that if G is a p-abelian group and 

( ) ,char pF =  then FG is strong Lie solvable, so every subset of FG is Lie 

solvable and ( )FGU  is a solvable group. We show here that the Lie 

derived length of both +FG  and −FG  and the derived length of ( )FGU +  

are equal to ( ) ,1log2 +′G  and this value is not else than the Lie 

derived length of the group algebra FG. 

Our main result is: 

Theorem. Let G be a nilpotent p-abelian group with cyclic derived 
subgroup, where p is an odd prime, and let F be a field of characteristic p. 
Then 

( ) ( ) ( ( )) ( ) ( )( )FGUFGFGUFGFG LLL dldldldldl ==== +−+  

( ) .1log2 +′= G  

To the best of our knowledge, at the moment the largest class of group 
for which ( )( )FGUdl  has already been determined is the groups with 

cyclic derived subgroup of odd order (see [2, 3]). It is worth mentioning 

that for a non-nilpotent group G the integers ( ),dl +FGL  ( )−FGLdl  and 

( )FGLdl  can be pairwise different. However, for odd prime p, we do not 

know if there exists a p-abelian nilpotent group G such that the above-
mentioned three integers are not equal. 

2. Preliminaries 

Our first lemma, which can be found partly in the proof of Lemma 2.5 
of [3], will allow us to extend the results from finite p-group to nilpotent 
group. 

Lemma 1. Let G be a nilpotent p-abelian group. Then there exists a 
finite p-group P which is isomorphic to a subgroup of a factor group of G 
and .GP ′≅′  
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Proof. Now we will construct the group P. Since the derived 
subgroup of G is a finite p-group, we conclude that G is an FC-group. 
According to [16, Theorem 1.7], G is isomorphic to a subgroup of the 
direct product of the torsion FC-group AG  and the torsion-free abelian 
group ( ),GTG  where A is a maximal torsion-free central subgroup of            

G and ( )GT  is the torsion part of G. Therefore ( ) .′≅′ AGG  Let 

{ }nggg ′′′ ...,,, 21  be a generator set of ( ) .′AG  Then we can choose 
elements nn hghghg ,...,,,,, 2211  from AG  such that ( ) ., iii ghg ′=  As 
a finitely generated torsion nilpotent group, nn hghghgN ,...,,,,, 2211=  
is finite, and it is the direct product of its Sylow subgroups. Let us denote 
by P the Sylow p-subgroup of N. Since G′  is a p-group, we have NP ′=′  

( ) GAG ′≅′=  and the proof is complete. 

Now, we list some well-known identities which will be used in the 
following: 

( ) ( ) ( ) ( ) ( );11111 −+−+−−=− hghggh  (2.1) 

[ ] [ ] [ ] [ ] [ ] [ ] ;,,,,,,, zwvzvwwzvwzvzwvzvw +=+=  (2.2) 

[ ] ( )( ) ( ) [ ] ( ).units are,,1,,1,, 11 bababababababa −−+=−=  (2.3) 

Denote by ( )FGω  the augmentation ideal of FG. As it is well known, 
( )FGω  is nilpotent if and only if G is a finite p-group and ( ) .char pF =  

Using the identity (2.1) we can easily observe that 

( ) ( ( ) )2mod11 FGgmgm ω−≡−  (2.4) 

for every Gg ∈  and integer m. 

In this section assume that F is a field of characteristic p for some 
odd prime p, and that G is a finite p-group with derived subgroup 

1=|=′
kpxxG  and ba,  are elements of G such that ( ) ., xba =  It is 

easy to check (see, e.g., [11, p. 252]) that 

[ ] [ ]stmltsml baababab ,, ≡  

( ) ( ) ( ( ) ).mod1 2GFFGxabltms tmsl ′ω−−≡ ++  (2.5) 



ZSOLT BALOGH and TIBOR JUHÁSZ 196 

Denote by nI  the ideal ( ) ( ) ( )
nn

GFFGGFFG 2123 ′ω+′ωω −  of FG. We 

will also use freely the easy-verifiable fact that the value of the product 
( ) ( ) ( )111 −−− xhg  is independent of the order of its factors modulo 1I  

for all ., Ghg ∈  

Note finally that the sets [ ]( )+δ FGn  and [ ]( )−δ FGn  form linear 

spaces over the field F for all .0≥n  

Lemma 2. There exist [ ]( )+δ∈ FGzwv 1
111 ,,  and ( ( ))FGUzwv +δ∈′′′ 1111 ,,  

such that 

( ) ( ) ( ) ( );mod1111 111 Ixbavv −−−≡−′≡  

( ) ( ) ( );mod111 1
2

11 Ixaww −−≡−′≡  

( ) ( ) ( ).mod111 1
2

11 Ixbzz −−≡−′≡  

Proof. Let ( )( ),11 1
0 −−= −aau  ( )( )11 1

0 −−= −bbv  and ( )10 −= abw  

(( ) ).11 −−ab  Clearly, they are symmetric elements. Using the identity 

(2.2) let us calculate the Lie commutator [ ]:, 00 vu  

[ ] ( ) [ ( ) ( )]11,1, 11
00 −−−= −− bbaavu  

[ ( ) ( )] ( )111, 11 −−−+ −− abba  

( ) ( ) [ ] ( ) [ ] ( )1,1,11 1111 −−+−−= −−−− bbaababa  

( ) [ ] ( ) [ ] ( ) ( ).11,1,1 1111 −−+−−+ −−−− abbaabab  

Using (2.5) and (2.1) we get that 

[ ] ( ) ( ) ( ) ( ).mod1114, 100 Ixbavu −−−≡  

Since 4 is an invertible element of F, so 1v  can be chosen as 

[ ] ( ) ( ) ( ) ( )100
1

1 mod111,4 Ixbavuv −−−≡= −  
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and by (2.3) 

( ) ( ) ( ) [ ]00
11

0
1

0
1

00
1

1 ,414111,41 vuvuvuv −−−−− +++=++=′  

(( ) ( ) ) 11
1

0
1

0
1 11411 vvvu +−+++= −−−  

( ) ( ) ( ) ( ).mod11111 11 Ixbav −−−+≡+≡  

Furthermore, 

[ ] ( ) [ ( ) (( ) )]11,1, 11
00 −−−= −− ababaawu  

[ ( ) (( ) )] ( )111, 11 −−−+ −− aababa  

( ) ( ) [ ( ) ] ( ) [ ] (( ) )1,1,11 1111 −−+−−= −−−− ababaaabaaba  

( ) [ ( ) ] ( ) [ ] (( ) ) ( ).11,1,1 1111 −−+−−+ −−−− aababaaabaab  

Applying first (2.5), then (2.1) and (2.4), we have 

[ ] ( ) ( ) ( ) ( ) ( ) ( ).mod1141114, 1
2

00 Ixaxbawu −−+−−−≡  

Let us choose 1w  as 

[ ] ( ) ( ) ( ),mod11,4 1
2

100
1

1 Ixavwuw −−≡−= −  

and let ( ).1,41 000
1

1 vwuw −++=′ −  Then by (2.3) 

( ) ( ) [ ]000
11

00
1

0
1

1 ,41411 vwuvwuw −−+++=′ −−−−  

(( ) ( ) ) 11
1

00
1

0
1 11411 wwvwu +−−+++= −−−  

( ) ( ) ( ).mod111 1
2 Ixa −−+≡  

Similar computations show that 

[ ] ( ) ( ) ( ) ( ) ( ) ( ),mod1141114, 1
2

00 Ixbxbavw −−+−−−≡  

and we can choose 1z  and 1z′  as 

[ ] ( ) ( ) ( ),mod11,4 1
2

100
1

1 Ixbvvwz −−≡−= −  
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and 

( ) ( ) ( ) ( ).mod11141,1 1
2

0
1

001 Ixbvuwz −−+≡+−+=′ −  

In the next lemma we need the equivalence 

( ) ( ) ( )( ( ) )321 mod111 FGggg ω−−−≡−−  (2.6) 

which holds for any .Gg ∈  Indeed, if g is of order ,sp  then 

( )( ) 11 11 −− +−=
spgg  

( ) ( ) ( ( ) ),mod11
1

11
2

1 32 FGgpgp ss
ω+−







 −+−






 −≡  

by the binomial formula. Since ( )pps
mod1

2
1 ≡






 −  and ≡






 −
1

1sp  

( ),mod1 p−  we get the required equivalence. 

Lemma 3. There exist elements [ ]( )−δ∈ FGzwv 1
111 ,,  such that 

( ) ( ) ( ) ( );mod111 11 Ixbav −−−≡  

( ) ( ) ( );mod11 1
2

1 Ixaw −−≡  

( ) ( ) ( ).mod11 1
2

1 Ixbz −−≡  

Proof. Let ,1
0

−−= aat  ,1
0

−−= bbv  11
0

−−−= ababw  and =0z  

.11 abba −− −  Evidently, they are skew symmetric elements. Let us 
calculate the Lie commutator of 0t  and 0v  with the help of (2.5): 

[ ] [ ] [ ] [ ] [ ]1111
00 ,,,,, −−−− +−−= babababavt  

( ) ( ) ( ) ( )1111 1111 −+−+−+−≡ −−−− xabxbaxabxba  

( ) ( ) ( ) ( ) ( ) ( )111111 11 −−+−−+−−≡ −− xbaxabxba  

( )( ) ( )( ( ) ).mod1411 211 GFFGxxab ′ω−+−−+ −−  
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Using the identities (2.1) and (2.6) we have that 

[ ] ( ) ( ) ( ) ( ) ( ) ( ).mod14112112, 1
22

00 Ixxbxavt −+−−+−−≡  

Similar computations show that 

[ ] ( ) ( ) ( ) ( ) ( )1141114, 2
00 −−+−−−−≡ xaxbazt  

( ) ( ) ( ) ( );mod14112 1
2 Ixxb −+−−+  

[ ] ( ) ( ) ( ) ( ) ( )1141114, 2
00 −−+−−−≡ xaxbawt  

( ) ( ) ( ) ( );mod14112 1
2 Ixxb −+−−+  

[ ] ( ) ( ) ( ) ( ) ( )1121114, 2
00 −−+−−−≡ xaxbavw  

( ) ( ) ( ) ( ).mod14114 1
2 Ixxb −+−−+  

Since 2 and 8 are invertible elements in the field F, we get that 

[ ] [ ] ( ) ( ) ( ) ( )100
1

00
1

1 mod111,8,8 Ixbaztwtv −−−≡−= −−  

and 

[ ] [ ]( ) ( ) ( ) ( ).mod114,,2 1
2

10000
1

1 Ixavvtwtw −−≡−−= −  

Let finally [ ] [ ]( ).4,,2 10000
1

1 vvtvwz −−= −  The calculations above show 
that 

( ) ( ) ( ),mod11 1
2

1 Ixbz −−≡  

and the proof is complete. 

In the next lemma ( )Giγ  denotes the ith term of the lower central 
series of the group G. Evidently, the conditions of the lemma hold when 
G′  is cyclic. 

Lemma 4 (Lemma 3 in [2]). Let G be a finite p-group such that for 

,1≥i  ( ) ( )( ) .1
p

ii GG γ⊆γ +  Then for all 1,,, ≥nmlk  

(i) [ ( ) ( ) ] ( ) ( ) ;, 11 +− ′ωω⊆ω′ω mllm GFFGFGGF  

(ii) [ ( ) ( ) ] ( ) ( );, 2 GFFGFGFG lklk ′ωω⊆ωω −+  
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(iii) [ ( ) ( ) ( ) ( ) ] ( ) ( ) ., 12 ++−+ ′ωω⊆′ω′ωω mnlknlmk GFFGGFFGGFFG  

3. Proof of Theorem 

Assume that G is a finite p-group with cyclic derived subgroup of 
order ,kp  where p is an odd prime. Keeping the notations as before we 
are going to show by induction that there exist elements nnn zwv ,,  in 

both [ ]( )+δ FGn  and [ ]( ),−δ FGn  further nnn zwv ′′′ ,,  in ( ( ))FGUn
+δ  such 

that 

( ) ( ) ( ) ( );mod1111 12
nnnn Ixbavv

n −−−−α≡−′≡  

( ) ( ) ( );mod111 122
nnnn Ixaww

n −−−β≡−′≡  

( ) ( ) ( ),mod111 122
nnnn Ixbzz

n −−−γ≡−′≡  

where ,nα  nβ  and nγ  are nonzero elements of the field F. In view of 
Lemma 2 and Lemma 3, this is clear for .1=n  Assume now the truth of 
the assertion for n and 

( ) ( ) ( ) ;ˆ111 12
nnn vxbav

n
+−−−α= −  

( ) ( ) ;ˆ11 122
nnn wxaw

n
+−−β= −  

( ) ( ) ,ˆ11 122
nnn zxbz

n
+−−γ= −  

for some ,ˆnv  nŵ  and nẑ  belong to .nI  Then by Lemma 4, 

[ ] [( ) ( ) ( ) ( ) ]122122 11,11, −− −−−−γβ≡
nn

xbxazw nnnn  

[( ) ( ) ] ( ) ( ),mod11,1 1
2222 1

+
−+

−−−γβ≡ nnn Ixba
n

 

furthermore, by (2.2) and (2.3) 

[( ) ( ) ] ( ) ( ) [ ] ( ) [ ] ( )1,1,111,1 22 −−+−−=−− bbaabababa  

( ) [ ] ( ) [ ] ( ) ( )11,1,1 −−+−−+ abbaabab  

( ) ( ) ( ) ( )1mod1114 Ixba −−−≡  
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and hence the element [ ]nnn zwv ,1 =+  is contained in [ ]( ),1 ++δ FGn  and 

it is congruent to ( ) ( ) ( ) 12 1
1114 −+

−−−γβ
n

xbann  modulo .1+nI  Similarly, 

[ ] [( ) ( ) ( ) ( ) ( ) ]12122 111,11, −− −−−−−αβ≡
nn

xbaxavw nnnn  

[( ) ( ) ( )] ( ) ( )1
222 mod111,1

1
+

−+
−−−−αβ≡ nnn Ixbaa

n
 

and since 

[( ) ( ) ( )] ( ) [ ] ( ) [ ] ( )1,1,111,1 22 −−+−=−−− abaabaabaa  

( ) ( ) ( ),mod112 1
2 Ixa −−≡  

so [ ] ( ) ( ) ( ).mod112, 1
122

1
1

+
−

+
+

−−αβ≡= nnnnnn Ixavww
n

 One can now 

get the suitableness of the element [ ]nnn vzz ,1 =+  analogously. 

Assume finally by induction the existence of the elements ,nv′  nw′  

and nz′  such that 

( );mod1 nnn Ivv +≡′  

( );mod1 nnn Iww +≡′  

( )nnn Izz mod1 +≡′  

and let 

( ) ( ) ( ).,,,,, 111 nnnnnnnnn vzzvwwzwv ′′=′′′=′′′=′ +++  

Then ,1+′nv  1+′nw  and 1+′nz  belong to ( ( ))+
+δ FGUn 1  and by (2.3), 

( ) ( ) ( ) [ ] ( ) ( ) [ ]nnnnnnnnnnn zwzwzwzwzwv ,1,1, 1111
1

−−−−
+ ′′+≡′′′′+=′′=′  

(( ) ( ) ) ( ).mod111 1111
11

++++
−− +≡+−′′+≡ nnnnnn Ivvvzw  

Repeating this calculation for 1+′nw  and 1+′nz  we get the truth of the 

assertion for arbitrary n. 
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Evidently, nv  and nv′  are nonzero elements while .12 kn p<−  

Indeed, to this it is enough to show that the nonzero element 

( ) ( ) ( ) 12111 −−−−=
n

xbay  does not belong to .nI  According to Jenning’s 

theory [10], the element 1−x  is of weight ,2≥t  so y has weight 

( ),122 −+ nt  which means that ( ) ( ) ( ) ( ).\ 123122 −+−+ ωω∈
nn tt FGFGy  Since 

( )3FGω  has an F-basis consisting of regular elements of weight not less 

than 3, the inclusion ( ) ( ) ( ) ( )123123 −+− ω⊆′ωω
nn tFGGFFG  holds. Therefore 

the element y cannot be in the ideal ( ) ( ) .123 −′ωω
n

GFFG  Thus, if y was in 

the ideal ,nI  then it should belong to ( ) .1 2n
xFG −  But this is impossible, 

since then y would be expressed as ( )
n

xy 21−′  for some ,FGy ∈′  and the 

equalities 

( ) ( ) ( ) ( ) ( ) ( ) ( )
nknk pp xxbaxba 2121 1111111 −−− −−−−=−−−  

( ) 01 =−′=
kpxy  

would hold. 

Therefore, ( ),dl +FGL  ( ),dl −FGL  ( ( ))FGU +dl  and so ( )FGLdl  and 

( )( )FGUdl  are not less than ( ) .1log2 +′G  In view of Lemma 1 this 

remains true under the conditions of the theorem as well. The converse 
inequalities follow from [11]. 
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