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Abstract

This paper studies the problem of mean square exponential stability
(MSES) for a class of uncertain nonlinear time delay neutral systems
with Markovian jumping parameters by the method of constructing
Lyapunov-Krasovskii function. The system under consideration is
subjected to time delay in the state and bounded nonlinear term. Our
attention is to obtain sufficient conditions which ensure the system is
MSES and shows that a robust stabilizing state feedback controller can

be constructed through solving a couple of linear matrix inequalities.

1. Introduction

A great deal of attention has been devoted to the Markovian linear
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systems [1, 2, 4] and nonlinear systems [3, 9] in recent years due to the
fact that Markovian jump systems can model systems with abrupt
structural variation from the occurrence of some inner discrete events in
the systems such as failures and repairs of machine, etc. Therefore, the
study of Markovian jump systems is of both theoretical and practical
value. [6] regards affection of the uncertainty, stochastic perturbation
and time lag to exponential stable of stochastic linear differential
equation by some important inequalities. Mariton [7] obtained a
sufficient condition on the mean square stability for linear systems
without delay by the stochastic Lyapunov function approach.

However, there are less results associated with stability of neutral
system with Markovian jumping parameters. In this correspondence, we
study the MSES and design method of robust stochastic stabilizing state
feedback controller for a class of uncertain nonlinear time delay neutral
systems with Markovian jumping parameters by the stochastic Lyapunov

functional approach first developed by Kushner [5].

Notation: The notations of this paper are quite standard. R" and

R™™  respectively, denote the n dimensional Euclidean space and the
set of all n x m dimensional matrices. The superscript “T"” expresses the

transpose and the notation X >Y (respectively, X >Y), where X, Y

are symmetric matrices, means that X —Y is symmetric semidefinite

@, »

(respectively, positive definite). “x” means the symmetric elements

about main diagonal, L2([-h, 0], R") is a set of all square integral vector

functions from [~A, 0] to R", A .« () and A, () stand for the maximum
and minimum eigenvalue of the corresponding matrix, respectively, E[]

represses the mathematical expectation operator. Throughout this paper,

all of matrices are with appropriate dimensions.
2. System Description

We shall consider the following system:
() + Gt — hg) = A(r(®)x(t) + Ay (r(®)x(t - by) + Br®)ult) + f¢), (12)

x(t) = ﬂ(t), te [_};’ 0]’ (1b)
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where x(¢) € R" denotes state vector, u(t) € R™ denotes the control input
vector, r(t) is continuous-time markov chain with right continuous taking
values in a finite state set of S = {1, 2, ..., N}, with transition probability
matrix IT = {r;;} given by
Prfr(t + h) = j| () = i} = {nij o) i @
1+ m;h+o(h) i=},

where
3

and m; > 0,0# j,1,] € S, is the transition rate from mode i at time ¢ to

mode j at time ¢ + A, which satisfies
N

T =~ Z Tj 4)

J=1, j#i

A(r(t)) and A;(r(t)) are time-varying uncertain matrices with

A(r(t) = A(r(e) + ECO)F(r(0) H(r(2), Ay (1))
= A1 (r@®) + E(r(@)) F(r(t)) Hy (r(2)),

where E(r(t)), H(r(t)), H,(r(¢)) are known constant matrices with suitable
dimensions and depend on Markovian chain r(¢), F(r(t)) is unknown

matrix with Lebesgue measurable elements satisfying
FT(r@)F(r@) <1, vr(t)eS, t>0.

The nonlinear term f(t) in system (1) is continuous differential function,

furthermore,
L@ f() < aox® (¢ — ho) M Moix(t — ho) + oqx™ (¢ — hy) M Myx(t — By
+ ool (£) ME Moy (t), (5)

where Mj; :== M;(r(t)), j = 0,1, 2,i € S, are known constant matrices.
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Constants hg >0 and Ay > 0 denote the time delay of system (1),

h = max{hy, by}, n(t)e L*(-h, 0, R") is continuous initial vector

function.

For notational simplicity, let r(t) := i for each possible r(¢) € S.

Lemma 1 (see [8]). Let M, N and F be matrices with suitable
dimensions and FTF < I. Then, for any scalar v > 0, we have

MFN + NTFTMT < vum® + v INTN.

Definition 1. The equilibrium point 0 of nominal system (1) (i.e.,
A(r(t) = A(r(t), A(r(t)) = Ay(r(2)), ult) = 0, for r(t) € S) is mean square
asymptotically stability for all initial n(t) and r(0) if

lim, _,.,, E| x(t; n(0), (0)[* = 0, ®)

and is MSES if there exist positive scalars o > 0 and B > 0 such that

| x(t; n(0), r(0)* < aeP sup_; o o E[n(9)[, ©)

where x(¢; n(0), 7(0)) expresses the state trajectory of system (1) with
initial value (n(0), r(0)).

The attention of this note is to investigate some sufficient conditions

which guarantee system (1) with u(t) = 0 is MSES and design state
feedback controller such that resulting closed-loop system i1s MSES.

3. Main Results

In this section, we state some main results of our paper. The
following theorem presents a sufficient condition under which nominal

system of (1), i.e.,
() + Gi(t - ho) = A(r(t))x(t) + A (r(0)x(t — ) + f(2) ®)

is MSES.
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Theorem 1. The nominal system (8) is MSES if there exist some

positive symmetric matrices P, i € S, semi-positive symmetric matrices

Ny, Ny, and scalars B > 0, y > 0, such that

O Dy Dy
d=|x —yI 0 |<0 )
* *  —BI

holds, where

T N
O ARG+ - miPG Ay
D= * Dy G"P Ay |,
* * 633

ofy =[P 0 0, of3=[0 PG 0],

A
[

N
= ALTPL +]3iAi + Zj:l TCL]P] + ([3 + ’Y)(XQsz;'Mzi + NO + Nl,

_ N
Oyy = ijl TfijGTPjG ~ No + (B +y)aoMEMy;,

= T
@33 = (B + y)ay Mi; My; — Ny.
Proof. Let

Vi((z), r(t)) = (x(t) + Gx(t = ho))" P,(x(¢) + Gx(t = )

+ J.tt—ho xT (s)Nox(s)ds + J.t i x T (s)Nyx(s)ds,

t=hy
where P, i e S, Ny and N; are solutions of (9), define infinitesimal
operator as

LV (x(2), r(t)) = hlij)g % [E{V(x(t + k), r(t + h))|2(), r(2)} - V(x(), r(t))] (10)
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utilizing the operator £ to function V(x(t), r(¢)) can easily obtain:
LV(x(t), r(t)) < 27 )i 2), 11

where #7(t) = [xT(t) «T(t-hy) xT(t-h)),

) N _
®yy = AP, + BA; + ZFI 0P + (B +v)agMa; My; +y P2 + No + Ny,

A T N

(D12 = Ai PLG + Zj:l ni]-PJG,

®y3 = PAy,;,

. N _

Dyy = GT(ijl n;Pj + B IPiZ)G + (B + 7)o M Mo; — No,

= TpT
Qg3 = G B Ay,
dag = (B +y)oy M{; My; - Ny
In this process, we use the facts that there exist constants y > 0, B > 0
satisfying
2f (1) Px(t) < vf T (0) f(£) + v " () PPx() (12)
and
2f 1(¢) PGix(t - o) < BFT (6) F(2) + B~'x" (¢ = o) GT PPGix(t — hg).  (13)
Since ® = @ + diag{y_lPiZ, B_IGT}’L~2G, 0}, @ is the same as in Theorem
1, it 1s easy to get d<0 by Schur complement lemma and (9).

We choose Lyapunov function candidate W(x(t), r(t)) = e*V(x(t), r(t))
in order to investigate MSES of system (8), then

LW (x(t), 7(t)) = ee®V(x(t), r(t)) + e LV (x(t), r(t)) (14)
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integral about time ¢ from 0 to 7" on both sides of (14) for arbitrary 7" > 0

can obtain:

T
TV (x(T), r(T)) = V(x(0), r(0)) + Io ee®V(x(t), r(t))dt

; j " et evi(x(e), r(e))dt. (15)
0

Next, we estimate each term of right side of equation (15), respectively.
By the definition of function V(x(r(t)), r(¢)), we can derive that

V(x(O), 7‘(0)) < {kmax [(I + G)TPi(I + G)] + h()}"max(NO)

+ MAmax (Nl )} Sup_ﬁgsgol T](9) |2 (16)

and
ee®V(x(t), r(t))
< 26¢™ - dmax (B) (¢ (0)x(6) + 27 (¢ — ho) G Gux(t — hg)

+ 860 g (NO)J.tt—hO xT(s)x(s)ds + €A ax (V] )I:_hle(s)x(s)ds. 17

In order to estimate the second term of right side of (15), we shall use

the following inequalities

J.OT a .[:—ho x" (s)x(s)dsd

T
< hoeghOJ. | x(t) [Pdt + hge®ho sup_;_o o/ n(9) P, (18)
0 <9<

T t T
J eStJ. x" (s)x(s)dsdt
0o Jien

T
< hleShlj. | x(t)[Pdt + hie sup_;_o oIn(9) P, (19
0 <9<
T oa T ho (O es. T
J. e®x’ (t — ho)x(t — hy)dt > e° OJ. e®x" (s)x(s)ds, (20)
0 —ho
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owing to ®(t) < 0, hence

j Ui (b)) < ey (—b)e j " 52T (s)x(s)ds
0 —ho

IA

- 2
hohmin (-®)e sup_; | n(8) [, 1)
similarly compute as before, we have

N T
o (D) j et (¢ = hy)x(t — by )dt
0

< h17"rrlin(_q3)egh1 Supfﬁgggol 11(9) |27 (22)
substituting (16)-(22) to (15) yield
eT 2 r €t 2
e V(x(T), r(T) < ¥ Sup—flﬁpﬁO' n(e)[* + ‘PZJ.O e”|x(t)["dt,  (23)
where
Y1 = Amax [(I + G)TPL(I + G)] + hOkmax (NO) + hlkmax (Nl)
2N ehg 2N el T
- hokmin(_q))e - hlkmin(_q))e + 2h087‘max (Pz) ’ 7\'max (G G)
’ eaho + 8hgeghokmax(zvo) + 8hlgeghlkmax (Nl)’
Yo = _kmin(_(i)) + 28l max (B) + eAmax (No) - hOeShO
hy
+ S}‘max (Nl) ' h’le8 T+ 287Vmax(Pi) . )‘max (GTG) : eaho‘
Assume ¢ > 0 is the unique root of the equation Wy = 0, furthermore,
V(x(T), H(T)) 2 hanin (B)x" (T)x(T), (24)

where

A P PG
P‘ — 13 13 ,
l [ GTPLG}
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substituting (24) into (23) can get
T -1 D —eT 2
2 (T)x(T) < Kopin (B) W17 sup_; o[ m(e) [,

by Definition 1 and 7 is arbitrary, system (8) is MSES.

Inequality (9) i1s a linear matrix inequality about matrices
P;, Ny, N and can be solved easily by Matlab LMI control Toolbox.

Theorem 2. The uncertain system
() + Ga(t — ho) = Agx(t) + Ayx(t — hy) + f(2) (25)

is MSES if there exist some positive symmetric matrices P;, semi-positive

symmetric matrices Ny, Ny, and scalars oy; > 0 forall i € S, satisfying

_ r -
Op11 P2 BAy, +ouHi Hyy B 0 PE;
* Dpgp G P4 0o G'R G'PRE;
* * CDA33 0 0 0
D, = <0, (26)
* * * -yl 0 0
* * * * —-BI 0
| * * * * * —oq;1

where

N
®p11 = AT P + BA; + Zj:1 m;iPj + ag(B +v)M3;My; + No + Ny + oy, H] Hj,
Dy = ATPG+ Y PG

A12 — 44 47 +Zj:1nlj I

N
Dpoo = ZFI 7TijGTPjG ~ No + ao(B + v) MMy,

D3 = oq (B +v) M My; — Ny + oy His Hy,.
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Proof. By Theorem 1, the uncertain system (25) is MSES if (9) holds
after displaced A; and A;; by Ai and Ali’ le.,

CIRTRKNE P (Ay; + A4y;) B 0

5 Dpyy  GTP(Ay +AAy) 0o G'p,

Dp=| % * (B + Y)MlTiM1i -N; O 0 [<0, (@27
* * * —vI 0
| * * * * —BI
where

D11 = (4 + A4 P+ P(4; + A4)

N
T
+ ijl m;iPj + og(B +v) Mg Mg; + No + Ny,
~ T N
D9 = (4A; +A4;) BG + Zj:1 ;i PG,

Bam = D wiGTPIG — No + ao(p + 1) MEMos
Being
d,=0+Q"FR+RT'F'Q < +o7/Q"Q + 5,,R"R,
where R=[H; 0 Hy; 0 0], @=[PE) (G'PE) 0 0 0], o

is defined in (9). It is easy to see (26) is equivalent with @ + Gl_ilQTQ

+ csliRTR < 0 according to Schur complement lemma, so inequality (27)

holds, therefore, system (25) is MSES.

Finally, we consider the problem of design method of state feedback
controller. Neutral system (1) transforms to

©(t) + Galt — hy) = Ax(t) + Ayx(t — hy) + £(2) (28)
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under the action of state feedback controller
u(t) = Ky (r(t))x(t) + Ko (r(@)x(t — ), (29)
where Zi = Ai + B;Ky;, gli = Ali + B;Ky;. By Theorem 2, the resulting
closed-loop system (28) is MSES if the following inequality holds.

Theorem 3. The uncertain system (28) is MSES if there exist some
positive symmetric matrices P;, semi-positive symmetric matrices Ny, N7,

and matrices U;, V;, scalars c1; > 0,1 € S, satisfying

ki1 Pgiz PAy +oyHHy P 0 RE; U;
x Dgo GTPAy; o G'"R G"PE; 0
* * Dgss 0 0 0 Vi
O =| % * * —I 0 0 0 |<0,
* * * * —BI 0 0
* * * * * —o1;1 0
| * * * * * * —P, |
(30)

where

T N T
Qg1 = A P+ BA; + zjzl miiPj + ag(B + v) Mg My,
+ Ny + Ny + o ;H ' H; + P,

P

T T
 TiBjG + BG, ®g33 = oy (B +v)My; My; — Ny + oy Hy; Hyj,

r N
Pgi2 = A PiG+z. i

N
Dgog = ijl 1;;GTPiG - Ny + a(B + ) M§;My; + GT PG,

controller gain matrices can be obtained by U; = (BiKh-)TPi,
T
Vi = (BiKy;)" B
Proof. In fact, applying Theorem 1, displaced A; and A;; in (9) by

ﬁi, Ay; respectively and after necessary computing, if the following
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inequality:
[(BiKy;)" P, + PBBKy; (BK;)' PG PBKy 0 0]
* 0 GTPB,Ky 0 0
Dy + x X 0 0 0|<0, (31
0 0 0 0 0
i 0 0 0 0 o

holds, dNJA is given by (27), then system (28) is MSES. Owing to
(T)A + @Tﬁ + ET@ < (T)A + }N%TPlE + GN)TP[IQ, (32)

where R=[BK;; 0 BKy 0 0], @=[PT P'G 0 0 0], and
inequality (30) is equivalent with @ At ETPLR + GNQTPi_lé < 0 by Schur

complement lemma, where U; = (BiKli)TPi, V, = (BiK2i)TPL~, so
Theorem 3 is proved. At the same time, the gain matrices of controller

(29) can be obtained by U; = (B;Ky;)! P., V; = (B;Ky;)! P..
4. Conclusion

In this correspondence, we have studied MSES problems for a class of
uncertain nonlinear time delay neutral systems with Markovian jumping
parameters, sufficient conditions on MSES are presented based on LMI’s,
and obtain design method of state feedback controller. Its gain matrices

can be got through solving a couple of LMI’s by Matlab Toolbox.
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