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Abstract 

Let F be a distribution and f be a locally summable function. The neutrix 

composition ( ) ,fF  of F and f, is defined as the neutrix limit of the 

sequence ( ){ },fFn  where ( ) ( ) ( )xxFxF nn δ∗=  and ( ){ }xnδ  is a certain 

sequence of infinitely differentiable functions converging to the Dirac 

delta-function ( ).xδ  It is proved that the neutrix composition of the 

distributions +
λ
+ xx mln  and µ

+x  exists and is equal to ,ln +
λµ
+µ xx mm  

for 0,0 >µ<λ  and ....,2,1, −−≠λµλ  

Introduction 

In the following, we let D  be the space of infinitely differentiable 

functions with compact support, [ ]ba,D  be the space of infinitely 

differentiable functions with support contained in the interval [ ],, ba  D′  

be the space of distributions defined on D  and [ ]ba,D′  be the space of 

distributions defined on [ ]., baD  
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We define the locally summable function +
λ
+ xx mln  for 1−>λ  and 

...,2,1,0=m  by 
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



<

>
=

λ

+
λ
+

.0,0

,0,ln
ln

x

xxx
xx

m
m  

The distribution +
λ
+ xx mln  is then defined inductively for ,1−<λ  

...,3,2 −−≠λ  and ...,,2,1,0=m  by the equation 

( ) ( ) .ln1lnln 1111
+

−λ
++

+−λ
++

+λ
+ ++λ=′ xxmxxxx mmm  

The distribution −
λ
− xx mln  is then defined for ...,2,1 −−≠λ  and  

...,2,1,0=m  by 

( ) ( )+
λ
+−

λ
− −−= xxxx mm lnln  

and the distribution xx mlnλ  is defined for ...,2,1 −−≠λ  and 

...,2,1,0=m  by 

.lnlnln −
λ
−+

λ
+

λ += xxxxxx mmm  

It follows that if r is a positive integer and ,1 rr −<λ<−−  then 

( ) ( )
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( ) ( )( )
( )∑

−
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+++λ
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1
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0!1
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k
m

km

kk

m  (1) 

for an arbitrary function ϕ in [ ].1,1−D  

We now let N be the neutrix, see [1], having domain N ′  the positive 
integers and range N ′′  the real numbers, with negligible functions which 
are finite linear sums of the functions 

...,2,1,0:ln,ln 1 =>λ−λ rnnn rr  

and all functions which converge to zero in the usual sense as n tends to 

infinity. 
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Now let ( )xρ  be an infinitely differentiable function having the 

following properties: 

  (i) ( ) 0=ρ x  for ,1≥x  

 (ii) ( ) ,0≥ρ x  

(iii) ( ) ( ),xx −ρ=ρ  

 (iv) ( )∫− =ρ
1

1
.1dxx  

Putting ( ) ( )nxnxn ρ=δ  for ...,,2,1=n  it follows that ( ){ }xnδ  is a regular 

sequence of infinitely differentiable functions converging to the Dirac 

delta-function ( ).xδ  

If now f is an arbitrary distribution in ,D′  we define 

( ) ( ) ( ) ( ) ( )txtfxfxf nnn −δ=δ∗= ,  

for ....,2,1=n  It follows that ( ){ }xfn  is a regular sequence of infinitely 

differentiable functions converging to the distribution ( ).xf  

The following definition was given in [2] and was originally called the 

composition of distributions. 

Definition 1. Let F be a distribution in D′  and f be a locally 

summable function. We say that the neutrix composition ( )( )xfF  exists 

and is equal to h on the open interval ( ),, ba  with ,∞<<<−∞ ba  if 

( )( ) ( ) ( ) ( )∫
∞

∞−∞→
ϕ=ϕ− xxhdxxxfFN n

n
,lim  

for all ϕ in [ ],, baD  where ( ) ( ) ( )xxFxF nn δ∗=  for ....,2,1=n  

In particular, we say that the composition ( )( )xfF  exists and is equal 

to h on the open interval ( )ba,  if 

( )( ) ( ) ( ) ( )∫
∞

∞−∞→
ϕ=ϕ xxhdxxxfFn

n
,lim  

for all ϕ in [ ]., baD  
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Note that taking the neutrix limit of a sequence is equivalent to 

taking the normal limit of Hadamard’s finite part of the sequence. 

The following four theorems were proved in [4], [6], [3] and [5], 
respectively. 

Theorem 1. The neutrix composition ( ) 1−
+
rx  exists and 

( ) ( ) ( ) ( ) ( )( ),
!

121 11 x
r

rrcxx rrrr −−
+

−
+ δ−φ−ρ−+=  

for ...,,2,1=r  where 

( )






=

≥=φ ∑ =
.0,0

,1,1
1

i

iir
r

i  

Theorem 2. If ( )xF m,λ  denotes the distribution ,ln +
λ
+ xx m  then the 

neutrix composition ( )µ+λ xF m,  exists and 

( ) +
λµ
+

µ
+λ µ= xxxF mm

m ln,  

for 0,01 >µ<λ<−  and ....,2,1 −−≠λµ  

Theorem 3. The distribution ( ) µ
+

−µ
+ xx mln1  exists and 

( ) ,lnln1
+

µ−
+

µ
+

−µ
+ µ= xxxx mmm  

for ...,2,1,0 ≠µ>µ  and ....,2,1=m  

In particular, ( ) 1−µ
+x  exists and 

( ) ,1 µ−
+

−µ
+ µ= xx m  

for 0>µ  and ....,2,1≠µ  

Theorem 4. If ( )xFm  denotes the distribution ,ln1 xx m−  then the 

distribution ( )r
m xF  exists and 

( ) ,ln xxrxF rmr
m

−=  

for ....,2,1, =rm  
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To prove the next theorem, we need the following lemmas which can 

easily be proved by induction. 

Lemma 1. 

( )( )
( )∫− 



=−

<≤
=ρ

1

1 ,,!1

,0,0

ris

ri
duuu s

si  

for ....,2,1,0=s  

Lemma 2. 

( ) ( )
( )

( )
( ) ( )∫ ∑

−
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−+α

+

+α
α
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1

1

0
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1

1
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ln!1

1

1!1
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for ....,2,1=r  

We now prove the following generalization of Theorem 2. 

Theorem 5. If ( )xF m,λ  denotes the distribution ,ln +
λ
+ xx m  then the 

neutrix composition ( )µ+λ xF m,  exists and 

 ( ) +
λµ
+

µ
+λ µ= xxxF mm

m ln,  (2) 

for 0,0 >µ<λ  and ....,2,1, −−≠λµλ  

In particular, the composition ( )µ+λ xF m,  exists if .01 >λµ+  

Proof. We suppose that ss −>λ>−1  for some positive integer s. We 

then put ( ) ( )( )sms
m xxxG +

+λ
+λ = ln,  and note that ( )xG m,λ  is of the form 

 ( ) ∑
=

+
λ
+λλ =

m

i

i
imm xxaxG

0
,,, ,ln  (3) 

where 0,, =λ ima  if .smi −<  Since +
λ
+ xx iln  is an infinitely differentiable 

function on any closed interval not containing the origin, it follows that 

( ) +
λµ
+

µ
+λ µ= xxxF ii

i ln,  
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and thus 

 ( ) ∑
=

+
λµ
+λ

µ
+λ µ=

m

i

ii
imm xxaxG

0
,,, ln  (4) 

on any closed interval not containing the origin. 

Putting 

( ) ( )( ) ( )xxxxG n
sms

nm δ∗= +
+λ

+λ ln,,  

(( ) ( ) ) ( )( )∫− +
+λ

+ δ−−=
n

n
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n

ms dtttxtx
1

1
ln  

( ) ( ) ( )( )
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we have 

( )
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−
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−
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n

s
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s
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n
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s
n
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Our problem now is to evaluate 

( )∫−
µ
+λ

1

1
,, dxxGx nm

k  

( ) ( ) ( )( )∫ ∫
µ− µ

−

µ+λµ δ−−=
1

0 1
ln

n x

n

s
n

msk dtdxttxtxx  

( ) ( ) ( )( )∫ ∫µ− −

µ+λµ δ−−+
1 1

11
ln

n

n

n

s
n

msk dxdtttxtxx  
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( ) ( ) ( )( )∫ ∫− −

+λ δ−−+
0

1

0

1
ln

n

s
n

msk dtdxtttx  

( )
( ) ( ) ( )[ ] ( )( )∫ ∫−

+λ−µ+
µ+−λ−

ρ−−−
µ

=
1

0 1

11
1

lnln
v

smsk
k

dudvunuvuvvn  

( )
( )( ) ( ) ( ) ( )[ ]∫ ∫−

+λ−µ+
µ+−λ−

−−−ρ
µ

+
1

1 1

11
1

lnln
n msks

k
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( ) ( ) ( )( )∫ ∫− −

λλ− ρ−−+
0

1

0

1
ln dudxuuuxn smk  

,321 III ++=  (6) 

where the substitutions ntu =  and µ= nxv  have been made. 

It follows immediately that 

0limlim 31 =−=−
∞→∞→

ININ
nn

 (7) 

for ....,2,1,0=k  

Further, 

( )
( )( ) ( ) ( )∫ ∫−

+λ−µ+
µ+−λ−

−ρ
µ

=
1

1 1
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1

2
n sks

k
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( )[ ] dvdunvvu mlnln1ln −+−×  

( )
( )( ) ( ) ( )∫ ∫−
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µ

=
1

1 1
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1 n sks

k
uvvun  

( )[ ] ( )nEdvduvvu m lnln1ln ++−×  

( )
( )( ) ( )∑ ∫ ∫

=
−

−+λ+µ+
µ+−λ−

ρ







µ

=
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n
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1 1
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( ) ( ) ( )nEvdvduvuvu imis lnln1ln1 +−−× −+λ  

( )∑
=

+=
m

i
i nEJ

0

,ln  (8) 
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where ( )nE ln  denotes the terms containing powers of ln n and so are 

negligible and the term containing vmln  is zero, since ( )( )∫− =ρ
1

1
0duus  

for ...,2,1=s  by Lemma 1. 

We note that ( ) ( )vuvu is −− +λ 1ln1  can be expanded in the form 

( ) ( ) ∑
∞

=

λ+λ =−−
0

,, ,1ln1
p

p

p
piis

v

uc
vuvu  

where 0,, =λ pic  for 1...,,1,0 −= ip  and then 

( ) ( )( ) ( ) ( )∫ ∫−

+λ−+λ+µ+µ+−λ− −ρ
1

1 1

111 1
n ssksk vuvun  

( ) vdvduvu imi −−× ln1ln  

( ) ( )( ) ( )∑ ∫ ∫
∞

=
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λ
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0

1

1 1
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1 ln
p

n
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k vdvduvuucn  

( ) ( ) [ ( ) ]
( )[ ]

( )( ) ( )∑ ∫
∞

=
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λ +ρ
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−−−
=

0
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1
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!1
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kpsim
pi nEduuu
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nnimc
 

on using Lemma 2. 

It follows that 

 ,0lim =−
∞→

i
n

JN  (9) 

for ...,2,1 ++= ssi  and using Lemma 1, we have 

 
( ) ( )

( )[ ] 








λ+µ+µ
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=−

+−

−+
λ
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m

k
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JN
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si

i
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,,

1

!!1
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for ....,,2,1,0 si =  It then follows from equations (7) to (10) that 

 
( ) ( )
( )∑

=
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−−+
λ
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







λµ++

−µ−
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m

i
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imism
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n i

m

k
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0
1

,,
2

1

!!1
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for ....,2,1,0=k  
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It now follows from equations (6), (7) and (11) that 

( )
( ) ( )
( )∫ ∑−

=
+−

−−+
λµ

+λ
∞→ 






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1
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i
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

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m

i
i
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i

m
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0
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1

!!1
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for ....,2,1,0=k  

Note that in particular, if ,01 >λµ+  then the usual limits exist in 

equations (9) to (12). 

We now consider the case ,rk =  where r is chosen so that λµ<0  

,11 <++ r  and let ψ be an arbitrary continuous function. Then 

( ) ( )
( )

( ) [( ) ]∫ ∫ ∫
µ−

−

µ−µ+
µ+−λ−

µ
+λ ψ

µ
=ψ

1

0

1

0 1

111
1

,,
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r
r

nm
r nvvndxxGxx  

( ) ( )[ ] ( )( )dudvunuvuv sms ρ−−−× +λ lnln  

and it follows that 

 ( ) ( )∫
µ−

=ψ µ
+λ

∞→

1

0
,, .0lim

n

nnm
r

n
dxxGxx  (13) 

When ,0≤x  we have 

( ) ( )∫−
µ
+λψ

0

1
,, dxxGxx nnm

r  

( ) ( ) ( )[ ] ( )( )∫ ∫− −

+λλ− ρ−−−ψ=
0

1

0

1
lnln dudxunuvuxxn smsr  

and it follows that 

 ( ) ( )∫−
µ
+λ

∞→
=ψ−

0

1
,, .0lim dxxGxxN nnm

r

n
 (14) 
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When ,1 nx ≥µ  we have 

( ) ( ) ( ) ( )( )∫−
µ+λµµ

+λ δ−−=
n

n

s
n

ms
nm dtttxtxxG

1

1
,, ln  
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µ
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
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


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

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




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m
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,,ln  
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−λ +µ








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m

i

ii
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m
s

0

1
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on using Lemma 1. 

Letting n tend to infinity, it follows that 

 ( ) ( ) ∑
=

λµ
−λ

µ
λ µ








−=

m

i

ii
sim

s
m xxc

i

m
sxG

0
,,, ln!1  (16) 

for .0>x  

Comparing equations (4) and (16), we see that 

 ( ) ,!1 ,,,, sim
s

im c
i

m
sa −λλ 








−=  (17) 

for ....,,2,1,0 mi =  

We also see from equation (15) that 

( ) ( ) ( )( )∫−
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n

n

s
n

ms dtttxtx
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1
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m
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1
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for .1 nx ≥µ  
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If now ,11 <η<µ−n  then 

( ) ( ) ( )( ) dxdtttxtxx
n

n

n

s
n
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η

−

µ+λµ
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δ−−
1

1

1
ln  

[ ( )]∑ ∫
=

η
−+λµ

−λ µ−
+µ








≤

m
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( ) ( ).ln 11 −++λµ η+ηη= nOO mr  

It follows that 

( ) ( ) ( ) ( )( ) dxdtttxtxxx
n

n

n

s
n
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η

−

µ+λµ

∞→ µ−
δ−−ψ

1
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1
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Now let ( )xϕ  be an arbitrary function in [ ].1,1−D  By Taylor’s Theorem 

we have 
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where .10 <ξ<  Then 
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( ) ( )( )∫−
µ
+λ ξϕ+

0

1
,, .

!
dxxxG

r
x r

nm

r
 



B. FISHER 432

Using equations (1), (11) to (14), (16) and (17), it follows that 
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since η can be made arbitrarily small. This proves the existence of 

( )µ+λ xG m,  and 

 ( ) ∑
=

+
λµ
+λ

µ
+λ µ=

m

i

ii
imm xxaxG

0
,,, ln  (19) 

on the interval [ ]1,1−  for ....,2,1,0=m  However, equation (3) (or (19)) 

clearly holds on any interval not containing the origin for 0,0 >µ<λ  

and ....,2,1, −−≠µλ  
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In particular, when ,0=m  we have 

 ( ) ( )µ+λ
λµ
+

µ
+λ == xFxxG 0,0,  (20) 

for 0,0 >µ<λ  and ....,2,1, −−≠µλ  

Now suppose that 

 ( ) +
λµ
+

µ
+λ µ= xxxF ii

i ln,  (21) 

for 1...,,2,1,0 −= mi  for some 0,0, >µ<λm  and ....,2,1, −−≠µλ  

This is true by equation (20) when .1=m  

Note that equation (3) can be written in the form 

 ( ) ( )∑
=

λλλ =
m

i
iimm xFaxG

0
,,,, .  (22) 

Since ( )µ+λ xG m,  exists and ( )µ+λ xF i,  exists by our assumption for 

,1...,,2,1,0 −= mi  it follows from equation (22) that ( )µ+λ xF i,  exists 

and 

( ) ( ) ( )∑
−

=

µ
+λλ

µ
+λλ
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1

0
,,,,,,,

m

i
mmmiimm xFaxFaxG  
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mmm
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ii
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on using equations (19) and (21). It follows that 

( ) +
λµ
+

µ
+λ µ= xxxF mi

m ln,  

and equation (2) follows by induction. 

Since the usual limit exists in equation (12), it follows that the 

composition ( )µ+λ xF m,  exists, if .01 >λµ+  This completes the proof of 

the theorem. 
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Replacing x by x−  in Theorem 5, we get 

Theorem 6. If ( )xF m,λ  denotes the distribution ,ln −
λ
− xx m  then the 

neutrix composition ( )µ−λ xF m,  exists and 

 ( ) −
λµ
−

µ
−λ µ= xxxF mm

m ln,  (23) 

for 0,0 >µ<λ  and ....,2,1, −−≠λµλ  

In particular, the composition ( )µ−λ xF m,  exists if .01 >λµ+  

The proof of the next theorem is similar to the proof of Theorem 5 and 

is left as an exercise. 

Theorem 7. If ( )xF m,λ  denotes the distribution ,ln xx mλ  then 

the neutrix composition ( )µ
λ xF m,  exists and 

 ( ) xxxF mm
m ln,

λµµ
λ µ=  (24) 

for 0,0 >µ<λ  and ....,2,1, −−≠λµλ  

In particular, the composition ( )µ
λ xF m,  exists if .01 >λµ+  
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