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Abstract

Let F be a distribution and f be a locally summable function. The neutrix

composition F(f), of F and f, is defined as the neutrix limit of the
sequence {F,(f)}, where Fy(x)=F(x)*5,(x) and {5,(x)} is a certain
sequence of infinitely differentiable functions converging to the Dirac

delta-function §(x). It is proved that the neutrix composition of the

distributions x*In™ x, and x¥ exists and is equal to p"x™* In™ x,,

for A <0, u>0 and A, Ap = -1, -2, ...
Introduction

In the following, we let D be the space of infinitely differentiable

functions with compact support, D[a, b] be the space of infinitely
differentiable functions with support contained in the interval [a, b], D’
be the space of distributions defined on D and D’[a, b] be the space of
distributions defined on D[a, b].
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We define the locally summable function x* In™ x, for A > -1 and
m=0,1,2, .. by

Ay..m
x"In"x, x>0
xi‘lnmx+={ ’ ’

0, x < 0.

The distribution xi‘ In™ x, is then defined inductively for A < -1,

A#=-2 -3,...and m =0, 1, 2, ..., by the equation
(x In™*1 x+)’ = T In™ M x, + (m+1)x* T In™ «x,.

The distribution x* In™ x_ is then defined for A # -1, -2, ... and
m=20,1, 2, ... by

x*In™ x_ = (—x)* In™(~x),

and the distribution |x|*In™|x| is defined for A = -1,-2, .. and
m=0,1,2, .. by

| " In™ x| = & In™ &, +a* In™ x_.

It follows that if r is a positive integer and —r —1 < A < —r, then

(x¥ In™ x,, o(x)) = I x* In™ x[go(x) Z (P( )(0) k]dx

(1" m! ¢*)(0)
Z RO+ R+ 1) W

for an arbitrary function ¢ in D[-1, 1].

We now let N be the neutrix, see [1], having domain N’ the positive
integers and range N" the real numbers, with negligible functions which

are finite linear sums of the functions
A"In" tn,n"n: A>0,r=12 ..

and all functions which converge to zero in the usual sense as n tends to
infinity.
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Now let p(x) be an infinitely differentiable function having the

following properties:

@) p(x) =0 for |x| =1,
(i) plx) 2 0,
(ili) p(x) = p(~x),
1
(iv) j _ plx)dx = 1.
Putting §,,(x) = np(nx) for n =1, 2, ..., it follows that {5, (x)} is a regular

sequence of infinitely differentiable functions converging to the Dirac
delta-function §(x).

If now fis an arbitrary distribution in D’, we define
fa(x) = (f *8,) (x) = (f(t), 8,(x — 1))

for n =1, 2, .... It follows that {f,,(x)} is a regular sequence of infinitely

differentiable functions converging to the distribution f(x).

The following definition was given in [2] and was originally called the
composition of distributions.

Definition 1. Let F be a distribution in D’ and f be a locally
summable function. We say that the neutrix composition F(f(x)) exists

and is equal to A on the open interval (a, b), with -0 < a < b < o, if
N Tim [ F(fe)o)dx = (h(x). o(x)

for all ¢ in Dla, b], where F,(x) = F(x)*3,(x) for n =1, 2, ....

In particular, we say that the composition F(f(x)) exists and is equal

to h on the open interval (a, b) if

lim [* F,(f)o(x)dx = (h(x). olx)

for all ¢ in Dla, b].
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Note that taking the neutrix limit of a sequence is equivalent to

taking the normal limit of Hadamard’s finite part of the sequence.

The following four theorems were proved in [4], [6], [3] and [5],

respectively.

Theorem 1. The neutrix composition (x7)™" exists and

CAREE Y ww’”(x),

for r =1, 2, ..., where

o) = {Z:_l Vi, ix1,

0, i =0.
Theorem 2. If F, ,,(x) denotes the distribution x* In™ x,, then the
neutrix composition F, ,, (x}) exists and
By p(at) = p"x* In"™ x,
for -1 <A <0,u>0 and A = -1, -2, ....
Theorem 3. The distribution (x%)™ In™|x} | exists and
() I = W I
for u>0,u=1,2 ...and m=1,2 ...
In particular, (x*)™ exists and
() = W,
for u >0 and p#1,2, ...
Theorem 4. If F,,(x) denotes the distribution x™* In™|x |, then the
distribution F,,(x") exists and
F,(x")=r"x""1In| x|,

for m,r=1,2, ...
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To prove the next theorem, we need the following lemmas which can

easily be proved by induction.

Lemma 1.
1. (©) 0, 0<Li<r,
J- u'p®(u)du =
-1 (1)%s!, i=r,
for s=0,1,2, ....
Lemma 2.

n 1Y (1 _ 0t] r—1 Ny ol i
j ualnrvdl}:(l) 7'(1 nl )+Z(1)rn ln'ln
1 (OL + 1)r+ P (r _ i)! ((X n 1)z+

forr=1,2,...
We now prove the following generalization of Theorem 2.

Theorem 5. If F, ,,(x) denotes the distribution x* In™ x,, then the

neutrix composition Fy p,(x}) exists and
By (x) = p"a* In™ x, ©)
for A <0, u>0 and A, Ap = -1, -2, ...
In particular, the composition F, ,,(x!}) exists if 1+ ip > 0.

Proof. We suppose that 1 — s > A > —s for some positive integer s. We

then put Gy ,,(x) = (x**% In™ x,)®) and note that G, m(x) is of the form

m

A
Grom®) = D @y i In' x,, ®)

=0
where a; ,, ; =0 if i <m —s. Since x* In’ x, is an infinitely differentiable

function on any closed interval not containing the origin, it follows that

By i(x) = pialt In' x,
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and thus
m . .
G?»,m(x!i) = Z a}\,m,iulxi—LM In’ Xy 4)
1=0
on any closed interval not containing the origin.

Putting

G n(®) = (@27 0™, ) 55, ()

[ -0l e - 0,080

1/n
/ (x — )" In"(x - )8 (t)dt, 1/n < x,

L
e

(x — )" In"(x - )89)(t)dt, -1/n <x <1/n,

-1/n

0, x < —1/n,
we have

1/n
j / (" — ) I (M - )8 )dt,  1n < x¥,

-1/n
xP
Gromnlet) =4[ 0 I D8 O)dt, 0<x* <1/n, (5)
0
j / (=) 0™ (1))t d, x <0.
-1/n

Our problem now is to evaluate

Lok
I lx G}\,m,n(xil)dx

et M

_ j o j (@ — ) In™ (M - 1)80) (1) dedox
0 -1/n

1 1
. j xk.[ Tt - I (M — 1)) dt dc

nl/m -1/n
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0 0
N j xk j ()5 In™ (~0)88)(¢) dedxc
-1 -1/n

(k1) I

" 1v(k+1)/“_lj- ’ (v - u)“s[ln(v —u)-Inn]" p(s)(u)dudv
-1

0

“r—(k+1)/ 1 n
+ n M-%— n J’_l p(S)(u)J‘l v(k+1)/u—l(v _ u)?»+3[1n(v _ u) —In n]mdvdu

0 0
+ nka. ka‘ (~w)" In"(~)p"*)(w)dudx
1 Ja

Il +I2 +IS, (6)

where the substitutions v = nt and v = nx" have been made.

It follows immediately that

N-liml; =N-limlI3 =0 (7
n—oo n—oo
for k=0,1, 2, ....
Further,
—A—(k+1
I, = n (k+1)/n J‘l p(s)(u)Jnv(k+1)/p—1(v _ u)?x.JrS
p -1 1

x [In(1 - w/v) + Inv — In n]" dvdu
B R A SR VI L Sy A+s
=t [ )| v (v-u)

x [In(1 — u/v) + Inv]"dvdu + E(In n)

~ n—l—(k*'l)/lvl N (m) pl (s) n (B+1)/u+r+s-1
e > i J:lp (u)j1 v

1=0

x (1= w/v)*** In'(1 - w/v) In™ " vdvdu + E(In n)

= ZJi + E(In n), ®
1=0
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where E(Inn) denotes the terms containing powers of In n and so are
.. .. . . 1

negligible and the term containing In™ v is zero, since J. ) p(s)(u)du =0

for s =1, 2, ... by Lemma 1.

We note that (1 — z/v)*** In'(1 - u/v) can be expanded in the form

A+s g i _ O O, plt”
(- ufo) ™ (1 - ufo) = Y R

p
p=0 Y

where ¢; ; , =0 for p=0,1, ..., i —1 and then
1 n
,k—(k+1)/uJ._ p(s)(u)J'1 v(k+1)/p+?»+s—1(1 _ u/v)?w—s

x In‘(1 - u/v)In™ " vdvdu

_ n_}\_(kﬂ)/uick,i,pj‘l (u)j' (B+1)/u+r+s—p-1 In™" vdvdu
p=0
o (41 m—i _ NS P _ r—(k+1)/p
- Z CX""’( )" m — )t - ]j (u )du + E(In n)
= [(k+1)/p+k+s—p]m i+

on using Lemma 2.

It follows that

N -limdJ; =0, 9)
n—oo
for i =s+1,s+2, .. and using Lemma 1, we have
¢ i (15N m — i) 8! (m
N —lim; - 2 .)1 [ ] (10)
n—o ul(e + 1)/ " Ui

for i = 0,1, 2, ..., s. It then follows from equations (7) to (10) that

N—hm[z_zk”((l) _ _(m_i)!S!(n_lJ 11)
0 l

n— E+1+ o)ttt

for k=0,1, 2, ....
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It now follows from equations (6), (7) and (11) that

1 mo.o (11 m+s—i m—i m—ils (m
N - lim kak,m,n(x'i)dx _ Z 7\.,1,8( ) u ( : ) ( j
n—ow  J-1 = (B +1+ap)™ " i

e (1)l s! (m
_ Z n,m z,s( ) :1 ( J (12)
=  (R+1+p) i

for k=0,1,2, ....

Note that in particular, if 1+ Ap > 0, then the usual limits exist in

equations (9) to (12).

We now consider the case k& = r, where r is chosen so that 0 < Ap

+r +1 <1, and let y be an arbitrary continuous function. Then

n_l/p' —7\.—(7‘+1)/}J. 1 v
[ )G ) = T [ (o))
0 p 0 -1

x (v - w)"*[In(v - w) - In n]™ p(s)(u)dudv
and it follows that

-1/
tim [ (@) Gy ), dx = 0. a3

n—wJ0

When x < 0, we have

0
[ @G et

- o, 0 Ats m _(s)
=n I x \V(x)J. ()" "*[In(v — u) - In n]"p**/(u)dudx
-1 1
and it follows that

0
N -lim | x"y(x)Gp 5 (xh),dx = 0. (14)

n—oo -1
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When x" > 1/n, we have

1/n

P LR
-1/n
1 h+s m
nsxu(MS)J. (1 - L) [ln XM+ ln(l - Lﬂ p(w)du
4 o nat

uP
p(r+s) u Cr,m-i,p¥_ (s)
=x E j ( jln x T 0¥ (u)du

o
= (-1)°s! Z( ) ]ck,m_i,sulx)‘“ In' x + O(n™!) (15)
i=0

on using Lemma 1.
Letting n tend to infinity, it follows that

Gy (&™) = (-1)s! Z( . Jck’m_iysulxk“ In’ x (16)
=0\t

for x > 0.

Comparing equations (4) and (16), we see that

A, m,i = ( 1) 3'( ]C;\ m—i,s» O¥))
i
fori=0,1,2, ... m
We also see from equation (15) that

1/n
‘ j / / £V 0™ (! — £)5)(¢)dt
1/n

< g S |C . Xp.l i -1
< Z len,meispn'a™ In' x| + O(n™"),
| i
1=0

for x* > 1/n.
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If now n V" < n < 1, then

l/n k+s m(. u (s)
_w ‘ I l/n In™(x" — )87 (¢)d¢ |dx
m .
<y (" Jmmldj [ in 2]+ Ofn e
=0

_ O(nkp+r+1|1nm T]l) 4 T]O(nil).

It follows that

im [ ay(a )‘ j 2 = ) I (M — )8 (1) dt | dx
n—>o0
— O(n}»u+r+1|1nm Tll) (18)

Now let ¢(x) be an arbitrary function in D[-1, 1]. By Taylor’s Theorem

we have
-1
olx) = Z% 0) + 1 o0(e),
where 0 < & < 1. Then

(G @), o) = [ G ool

1
- ® k! I kak,m,n(xil)dx
bl
1.7
# [ 2 Gmalet)ee)as
n r
+ J. ~1/n -ﬁ_’ Gk, m, n(xkrl)(p(r)(gx)dx
n .
n Wk X"

o G (et e ) a
0

+ -[j)l Gk m, n(x+)q)(r (éx)
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Using equations (1), (11) to (14), (16) and (17), it follows that

N - lim<Gk,m,n(xl+l)’ (p(x)>

n—0

_ rz_:i e i skl sl 0)(0) (WJ
(k+1+ap) R i

0i=0

s S 1 er 111 X (r) Au+r+ly.m
+(-1) szz G ,suj T GO (ex)dx + O In" )
i=0{ ;

B ZZ (-1 @y, 'l 0)(0)
- (k+1+ )Rl

=01:=0

m

el MHrli
+ Z a, m,iul.[o xr# o) (Ex) dx

i=0

‘ZZ (-1 a5, 'l o *)(0)
(k+1+ap)tE

=01i=0
& el _ -1
" Z W, m, M j o ™ In’ x[q)(x) Z o (p(k)(o)] dx
i=0 =
3 [ e N o)
- Zax,m,iu’{f 2 In' x[(P(x) - —(p(k)(O)] dx + L‘Pi@}
i=0 0 k=0 (R +1+au) " k!

m
= @ it (I’ o(x)),

1=0
since 1 can be made arbitrarily small. This proves the existence of
Gy () and

m

Grom(®) = D @ iix I x, (19)

1=0
on the interval [-1, 1] for m = 0, 1, 2, .... However, equation (3) (or (19))
clearly holds on any interval not containing the origin for A < 0, u > 0

and A, p# -1, -2, ...
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In particular, when m = 0, we have
Gy o(xt) = 22 = F o(x¥) (20)
for A <0, u>0and A, p=-1,-2, ...

Now suppose that
By i(xt) = wial* In' x, 21)

for i=0,1,2,..,m—-1 for some m, A <0, u>0 and A, p = -1, -2, ....
This is true by equation (20) when m = 1.

Note that equation (3) can be written in the form
m
Grom(%) = Y @y m,iFy (). (22)
1=0

Since G ,,(x) exists and F, ;(x}) exists by our assumption for

i=0,1,2 .., m-1, it follows from equation (22) that F, ;(x}) exists
and

m-1

Grom ) = Dy, i B i(64) + @ B, (1)
1=0

m-1

i A i
= zak,m,i” gt In’ wy + ak,m,ka,m(xk-l)
=0

m

i A i
= Zak,m,iu it In' xy
i=0

on using equations (19) and (21). It follows that

Fom(at) = Wi In" x,

and equation (2) follows by induction.

Since the usual limit exists in equation (12), it follows that the
composition F, ,,(x) exists, if 1+ Au > 0. This completes the proof of

the theorem.
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Replacing x by —x in Theorem 5, we get
Theorem 6. If F, ,,(x) denotes the distribution x*In™ x_, then the

neutrix composition I, , (x*) exists and
Fy p(x#) = p™a™ In™ x_ (23)
for A <0, u>0and A, Ap = -1, -2, ...

In particular, the composition F;_p,(x%) exists if 1+ iy > 0.

The proof of the next theorem is similar to the proof of Theorem 5 and

is left as an exercise.
Theorem 7. If F, ,,(x) denotes the distribution |x " In™| x|, then

the neutrix composition F (| x |*) exists and
Fpm( ") = 0" 2 [* In"™| x| (24)
for A <0,u>0and A, Ap = -1, -2, ....

In particular, the composition Fy (| x |") exists if 1+ ku > 0.

References

[1] J. G. van der Corput, Introduction to the neutrix calculus, J. Analyse Math. 7 (1959),
291-398.

[2] B. Fisher, On defining the change of variable in distributions, Rostock. Math. Kolloq.
28 (1985), 75-86.

[3] B. Fisher, On the composition of the distributions x~! In|x| and x!, Far East J.
Math. Sci. (FIMS) 29(2) (2008), 311-326.

[4] B. Fisher and J. Nicholas, Some results on the composition of distributions, Novi
Sad J. Math. 32(2) (2002), 87-94.

[5] B. Fisher, I. Ege and E. quag, On the composition of the distributions x1 lnm| x|
and x", Hacettepe J. Math. Stat. 37(1) (2008), 1-8.

[6] B. Fisher, S. Orankitjaroen, T. Kraiweeradechachai, G. Sritantatana and K.

Nonlaopon, On the composition of the distributions xi‘ In™ x, and x!, East-West J.
Math. 9(1) (2007), 29-79.

[71 I. M. Gel'fand and G. E. Shilov, Generalized Functions, Vol. I, Academic Press, 1964.



