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Abstract 

In this article, we prove controllability of a one-dimensional wave 

equation with control functions on the right-hand side of the equation, 

and give a priori estimates for the controls.  

Introduction 

We prove controllability of the one-dimensional wave equation 

( ) ( ) ( ) ( ) ( )lxTttg
l
x

tf
l
x

utxu txxxtt <<<<+





 −=− 0,0,1, ,  

where f and g are control functions to be found so that the system can be 

driven from the initial state 

( ) ( ) ( )lxxuxu t ≤≤== ++ 000,0,  

to a final state 

( ) ( ) ( ) ( ) .0,,, 21 lxxtxuxtxu TttTt ≤≤ψ=ψ= ==  
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We show that this problem is equivalent to a homogeneous case 

studied by Il’in and Tikhomirov [1], with control functions on the 
boundary. 

A priori estimates for the control functions are also given. 

0. Preliminary Results 

Throughout the present article 

( ) ( ).,0,0 TlQT ×=  

We consider the one-dimensional wave equation 

 ( ) Txxtt Qtxvv ∈=− ,,0  (1) 

 ( ) ( ) ( ) ( ) lxxtxvxtxv ttt ≤≤ψ=ϕ= == 0,,,, 00  (2) 

 ( ) ( ) ( ) ( ) Tttgtxvtftxv lxtx ≤≤== == 0,,,, 0  (3) 

where 

( ) ( ) ( ) ( ).,0,,0,,0,,0 2
2

2
2

1
2

2
2 TWgTWflWlW ∈∈∈ψ∈ϕ  

Moreover, we assume that the following compatibility conditions are 
satisfied 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ).0,00,0,00 lgflgf ψ=′ψ=′ϕ=ϕ=  (4) 

The problem can be stated in the following way: 

In time ,0>T  we propose to drive the system from its initial state 

(2) to a given final state 

 ( ) ( ) ( ) ( ),,,, 11 xtxvxtxv TttTt ψ=ϕ= ==  (5) 

with ( )lW ,02
21 ∈ϕ  and ( )lW ,01

21 ∈ψ  by means of control functions f 

and g to be found. 

In other words, for fixed ,0>T  find the Dirichlet boundary control 

functions f and g such that the solutions v of the problem (1-4) satisfies 

(5). 
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Let us recall some results in [1]. 

Definition 1 [1, p.693]. We say that a function ( ) ( )txvtx ,,  

belongs to the class ( ),ˆ 2
2 TQW  if v and its first partial derivatives are 

continuous in ,TQ  and if this function admits all second generalised 

partial derivatives belonging to ( )lL ,02  for all [ ].,0 lx ∈  

Definition 2 [1, p.694]. We say that a function ( )TQWv 2
2

ˆ∈  is a 

solution of a mixed problem (1)-(3), if v satisfies the wave equation (1.1) 

for all ( )Tt ,0∈  and almost everywhere for ( ),,0 lx ∈  and therefore for 

all ( ),,0 lx ∈  and almost everywhere for ( ).,0 Tt ∈  Moreover v satisfies 

the initial conditions (2) and the boundary conditions (3). 

Theorem 1 [1, p.698]. Let ( ),,02
2 lW∈ϕ  ( ),,01

2 lW∈ψ  ( )lW ,02
21 ∈ϕ  

and ( ).,01
21 lW∈ψ There exist control functions ( )lWgf ,0, 2

2∈  satisfying 

the compatibility conditions ( ) :lTfor =  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )llglfllglf 1111 ,0,,0 ψ=′ψ=′ϕ=ϕ=  (6) 

and such that the solution ( )lQWv 2
2

ˆ∈  of the mixed problem 

lxxtt Qinvv 0=−  

( ) ( ) lxxvxv ttt ≤≤ψ=ϕ= == 0,, 00  

( ) ( ) lttgvtfv
lxx ≤≤==

== 0,,0  

satisfies the conditions 

( ) ( ) lxxvxv
lxtlt ≤≤ψ=ϕ=

== 0,, 11  

if and only, the following three constraints are satisfied: 

 ( ) ( ) ( ) ( ) 000 11 =ϕ′+ψ−ϕ′+ψ ll  (7) 

 ( ) ( ) ( ) ( ) 000 11 =ϕ′+ψ−ϕ′+ψ ll  (8) 

 ( ) ( ) ( ) ( ) ( ) ( )∫ ∫ =ϕ−ϕ−ψ+ϕ+ϕ+ψ
l l

ldxxldxx
0 0

111 000  (9) 
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from which we obtain boundary control functions f and g given by: 

( ) ( ) ( ) ( )∫ ϕ+ϕ+ψ=
t

tdxxtf
0

0
2
1

2
1

2
1

 

( ) ( ) ( )∫ −
−ϕ+ϕ−ψ+

l

tl
tlldxx 111 2

1
2
1

2
1

 (10) 

( ) ( ) ( ) ( )∫ ϕ−ϕ+ψ=
t

tdxxtg
0

111 0
2
1

2
1

2
1

 

( ) ( ) ( ).
2
1

2
1

2
1 ∫ −

−ϕ+ϕ+ψ+
l

tl
tlldxx  (11) 

Theorem 2. There exists only one solution ( )lQWv 2
2

ˆ∈  for the mixed 

problem (1)-(3). 

1. A Priori Estimates of Control Functions 

Proposition 1. We can show that the following a priori estimates 

hold 

( ) ( ) ( ( )lWlW lcf ,0,0ˆ 1
2

2
2

ψ≤  

( ) ( ) ( ) )lWlWlW ,01,0,01 2
2

2
2

1
2

ϕ+ϕ+ψ+  (12) 

( ) ( ) ( ( )lWlW lcg ,0,0 1
2

2
2

ψ≤  

( ) ( ) ( ) ).,01,0,01 2
2

2
2

1
2 lWlWlW ϕ+ϕ+ψ+  (13) 

Let us prove (12). 

From (10), we get 

( ) ( ) ( ) ( ) ( )tltltttf −ϕ′+−ψ−ϕ′+ψ=′ 11 2
1

2
1

2
1

2
1

 

and 

( ) ( ) ( ) ( ) ( ).
2
1

2
1

2
1

2
1

11 tltltttf −ϕ′′+−ψ′−ϕ′′+ψ′=′′  
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So we have 

( ) ( ) ( ) ( ) ( ) ( ) ( )
2

0
111

2 0
4
1









−ϕ+ϕ−ψ+ϕ+ϕ+ψ= ∫ ∫ −

t l

tl
tlldxxtdxxtf  

( ) ( ) ( )



ϕ+ϕ+ψ≤ ∫ 0

4
1

0
tdxx

t
 

( ) ( ) ( ) .
2

111 



−ϕ+ϕ+ψ+ ∫ −

tlldxx
l

tl
 

The inequality ( ) ( )22
1

2
1 nn aanaa ++≤++  implies 

( ) [ ( ) ( ) ( ) ( ) 222
,0

2 0
2
3

2
ϕ+ϕ+ψ≤ txltf lL  

( ) ( ) ( ) ( ) ]2
1

2
1

2
,01 2

tltxl lL −ϕ+ϕ+ψ+  

[ ( ) ( ) ( ) ( )
( )

2
,0

2
2

2
,0

2
1 2

2
1
22

3
lWlW xCtxlC ϕ+ϕ+ψ≤  

( )
( )

( )
( )

( ) ].2
1

2
,01

2
4

2
,01

2
3 2

2
1
2

tlxCxlC
lWlW

−ϕ+ϕ+ψ+  

Moreover, 

( ) ( ) ( ) ( ) ( )[ ]211
2

4
1

tltltttf −ϕ′−−ψ+ϕ′+ψ≤′  

( ) ( ) ( ) ( )[ ]2114
1

tltltt −ϕ′+−ψ+ϕ′+ψ≤  

( ) ( ) ( ) ( ) 2
1

2
1

22 tltltt −ϕ′+−ψ+ϕ′+ψ≤  

and 

( ) ( ) ( ) ( ) ( )[ ]211
2

4
1

tltltttf −ϕ′′−−ψ′−ϕ′′+ψ′≤′′  

( ) ( ) ( ) ( )[ ]2114
1

tltltt −ϕ′′+−ψ′+ϕ′′+ψ′≤  

( ) ( ) ( ) ( ) .2
1

2
1

22 tltltt −ϕ′′+−ψ′+ϕ′′+ψ′≤  
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Hence, 

( )
[ ( ) ( ) ( ) ]∫ ′′+′+=

l

lW
dttftftff

0

2222
,02

2
 

[ ( )
( )

( )
( )∫ ϕ+ψ≤

l

lWlW
xCxlC

0

2
,0

2
2

2
,0

2
1 2

2
1
22

3
 

( )
( )

( )
( )

]dtxCxlC
lWlW

2
,01

2
4

2
,01

2
3 2

2
1
2

ϕ+ψ+  

( ( ) ( ) ) ( ( ) ( ) )∫ ∫ −ψ′+−ψ+ψ′+ψ+
l l

dttltldttt
0 0

2
1

2
1

22  

( ) ( ) ( )∫ 



 −ϕ′′+−ϕ′+−ϕ+

l
dtltltlt

0

2
1

2
1

2
12

3
 

( )
( )

( )
( )

2
,01

22
3

2
,0

22
1 1

2
1
2

1
2
3

1
2
3

lWlW
xlCxlC ψ






 ++ψ






 +=  

( ) ( ) ( )∫ 



 ϕ′′+ϕ′+ϕ+

l
dtttt

0

222

2
3

 

( ) ( ) ( )∫ 



 −ϕ′′+−ϕ′+−ϕ+

l
dtltltlt

0

2
1

2
1

2
12

3
 

( )
( )

( )
( )

2
,01

2
4

2
,0

2
2 2

2
2
2 2

3
2
3

lWlW
xlCxlC ϕ+ϕ+  

( )
( )

( )
( )

2
,01

22
3

2
,0

22
1 1

2
1
2

1
2
3

1
2
3

lWlW
xlCxlC ψ






 ++ψ






 +=  

( )
( )

( ) ( )
2

,0
2

,0
2
2 22

2 2
1

1
2
3

lLlW
xxlC ϕ+ϕ






 ++  

( )
( )

( ) ( )
2

,01
2

,01
2
4 22

2 2
1

1
2
3

lLlW
xxlC ϕ+ϕ






 ++  

( )
( )

( )
( )

2
,01

22
3

2
,0

22
1 1

2
1
2

1
2
3

1
2
3

lWlW
xlCxlC ψ






 ++ψ






 +≤  

( )
( )

2
,0

2
5

2
2 2

2
1

2
1

2
3

lW
xClC ϕ






 +++  

( )
( )

2
,01

2
6

2
4 2

2
1

2
1

2
3

lW
xClC ϕ






 +++  
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and, setting 

( ) 





 ++++++= 1

2
1

2
3

,1
2
1

2
3

,1
2
3

,1
2
3

max 2
6

2
4

2
5

2
2

22
3

22
1 ClCClClClClC  

we get 

( )
( ) (

( ) ( ) ( ) ( )
).2

,01
2

,0
2

,01
2

,0
2

,0 2
2

2
2

1
2

1
2

2
2 lWlWlWlWlW

lCf ϕ+ϕ+ψ+ψ≤  

Thus, 

( ) ( ) ( ( ) ( ) ( ) ( ) ).,01,0,01,0,0 2
2

2
2

1
2

1
2

2
2 lWlWlWlWlW lCf ϕ+ϕ+ψ+ψ≤  

The proof of (13) is similar. 

Proposition 2. For ( ),,04
2 lW∈ϕ  ( ),,03

2 lW∈ψ  ( ),,05
2 TWf ∈  

( ),,05
2 TWg ∈  ( ),,05

21 lW∈ϕ  ( ),,05
21 lW∈ψ  Theorems 3 and 4 hold and 

the solution v of the mixed problem (1)-(3) belongs to the space ( );4
2 TQW  

and the following estimates hold: 

( ) ( ) ( ( ) ( )lWlWlW lCf ,01,0,0 4
2

3
2

5
2

ψ+ψ≤  

( ) ( ) )lWlW ,01,0 5
2

4
2

ϕ+ϕ+  (14) 

( ) ( ) ( ( ) ( )lWlWlW lCg ,01,0,0 4
2

3
2

5
2

ψ+ψ≤  

( ) ( ) ).,01,0 5
2

4
2 lWlW ϕ+ϕ+  (15) 

The inequalities (14) and (15) are established like the inequality (12). 

Example 1. Consider the problem 

0~~ =− xxtt vv  (16) 







 −=+






 −= == l

x
Cv

l
x

C
l
x

Cv ttt 1~,1~
90870  (17) 

( ) ( )tgvtfv lxx == ==
~,~

0  (18) 

( ) ( )xvxv lttlt 21 ,~ ψ=ψ= ==  (19) 
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where 

( ) ( ) ( ) ( ).,0,0,,0,0
0
1
2

4
22

0
1
2

5
21 lWlWlWlW ∩∩ ∈ψ∈ψ  

Let 

( ) ( ) 





 −=ψ+






 −=ϕ

l
x

Cx
l
x

C
l
x

Cx 1,1 987  

( ) ( ) ( ) ( ),, 2111 xxxx χ=ψχ=ϕ  

and assume that conditions (7)-(8) are satisfied, i.e., 

( ) 09
87

1 =+−+χ′ C
l

C
l

C
l  (20) 

( ) 00 87
1 =+−χ′−

l
C

l
C

 (21) 

( ) .0
20

9872∫ =+++χ
l

C
l

CCdxx  (22) 

Then, according to Theorem 3, there exits a unique solution ( )gf ,  of 

problem (16)-(19) and the controls f and g are given by (10), (11). 

From (10), we have 

( ) ( ) ( ) ( )∫ ϕ+ϕ+ψ=
t

tdxxtf
0

0
2
1

2
1

2
1

 

( ) ( ) ( )∫ −
ϕ+ϕ−ψ+

l

tl
tdxx 0

2
1

2
1

2
1

111  

∫ 



 +






 −+






 −=

t

l
t

C
l
t

Cdx
l
x

C
0

879 1
2
1

1
2
1

 

( ) ( )∫ −
−ψ+ψ++

l

tl
tldxxC 127 2

1
2
1

2
1

 

so that 

( ) ( )∫ +









−+χ=

t
C

l
t

tCdxxtf
0

7

2

92 2
1

22
1

2
1

 

( ).
2
1

1
2
1

187 tl
l
t

C
l
t

C −χ+



 +






 −+  (23) 
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With the same process, using (11), we get 

( ) ( ) ( )∫ 








 −
−−−ψ=

t

l
tl

tlCdxxtg
0

2

92 22
1

2
1

 

( ).
2
1

4
1

2
1

2
1

19788 t
l

C
l
t

C
l
t

CC χ++



 +






 −++  (24) 

Taking the derivatives of f and g from (23) and (24), we get 

 ( ) ( ) ( )tl
l

C
l
C

l
t

Ctltf −χ′−





 +
−

+









−+−χ=′ 1

87
2

92 2
1

2
1

2
1

2
1

2
1

 (25) 

and 

 ( ) ( ) ( ).
2
1

22
1

2
1

19
87

2 t
l

t
C

l
C

l
C

ttg χ++





 −+χ=′  (26) 

From (20)-(22), and (23)-(26), we get 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )lgCflCgCf ψ==′ψ==′ϕ==ϕ== 00,00,0,00 987  

and 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )llglfllglf 1111 0,00,0,00 ψ==′ψ==′ϕ==ϕ==  

so that the compatibility conditions with functions ϕ and ψ for ,0=t  and 

with functions 1ϕ  and 1ψ  for lT =  hold. 

2. The Main Result 

Remark 1. If ( ) ( ),~
tftf ′′=  ( ) ( )tgtg ′′=~  and ( ) ( )tf

l
x

txw 





 −= 1,  

( ),tg
l
x

+  then ( )TQWw 5
2∈  and satisfies the following problem 

( ) ( )tg
l
x

tf
l
x

ww xxtt
~~

1 +





 −=−  (27) 







 −=+






 −= == l

x
Cw

l
x

C
l
x

Cw ttt 1,1 90870  (28) 
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( ) ( )tgwtfw txtx == == ,0  (29) 

.0,0 == == lttlt ww  (30) 

Remark 2. Let .~ wvu −=  In this case, the function u is a solution of 

the following problem 

( )txFuu xxtt ,=−  (31) 

0,0 00 == == ttt wu  (32) 

0,00 == == lxx vu  (33) 

( ) ( )xuxu lttlt 21 , χ=χ= ==  (34) 

where ( ) ( ) ( ).~~
1, tg

l
x

tf
l
x

txF −





 −=  

Remark 3. Although we shall hereforth deal with the study of 
problem (31)-(34), the controllability problem in this case is formulated in 

the following way: 

in time 0>T  we propose to drive the system from an initial state 

(32) to a given final state (34) by means control functions f
~

 and .~g  

Theorem 3. There exists a unique solution of the problem (31)-(34). 

Proof. The existence of control functions f
~

 and g~  follows from the 

foregoing results. We can proceed to prove their uniqueness. 

Let ( )gf ~,
~

 be any solution of the problem (31)-(34) with ( ) 01 =χ x  

and ( ) .02 =χ x  Set 

( ) ( )∫ ∫ ++σσ=
t s

CtCdsdftf
0 0

1110
~

 

( ) ( )∫ ∫ ++σσ=
t s

CtCdsdgtg
0 0

1312
~  

and 

( ) ( ) ( ).1, tg
l
x

tf
l
x

txw +





 −=  
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In this case, w satisfies the following system 

( ) ( )tg
l
x

tf
l
x

ww xxtt
~~

1 +





 −=−  (35) 

l
x

C
l
x

Cw
l
x

C
l
x

Cw ttt 1210013110 1,1 +





 −=+






 −= ==  (36) 

( ) ( )tgwtfw txx == == ,0  (37) 

( ) ( ) ( ) ( ).1,1 Tg
l
x

Tf
l
x

wTg
l
x

Tf
l
x

w lttlt ′+′





 −=+






 −= ==  (38) 

According to (31)-(34), (35)-(38), the change of variables uwv +=  

gives the following new problem 

( ) ( ) ( ),,0,0,,0 TlQtxvv Txxtt ×=∈=−  

( ) ( ) lxxvxv ttt ≤≤ψ=ϕ= == 0,, 00  

( ) ( ) Tttgvtfv lxx ≤≤== == 0,,0  

( ) ( ) ( ) ( ),,,, 11 xtxvxtxv TttTt ψ=ϕ= ==  

where 

( ) ( ) ,1,1 12101311 l
x

C
l
x

Cx
l
x

C
l
x

Cx +





 −=ψ+






 −=ϕ  

( ) ( ) ( ) ( ) ( ) ( ) ;1,1 11 l
x

TgTf
l
x

xTg
l
x

Tf
l
x

x ′+′





 −=ψ+






 −=ϕ  

which means that we have obtained problem (1)-(3), (5); and using 

conditions (7)-(9), we get ( ) 0
~

=tf  and ( ) .0~ =tg  

Therefore, there exists a unique solution of problem (31)-(34) and the 

following estimates hold. 

 ( ) ( ) ( ) ( ( ) ( ) ( ) ( ) )lWlWlW xxlCf ,01,02,0 5
2

4
2

3
2

~
χ+χ≤  (39) 

 ( ) ( ) ( ) ( ( ) ( ) ( ) ( ) ).
~

,01,02,0 5
2

4
2

3
2 lWlWlW xxlCg χ+χ≤  (40) 
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Let us prove inequality (39). Consider the system of three equations 

(20)-(21) in three unknown variables 987 ,, CCC  

( )lC
l

C
l

C
19

87 χ′−=+−  

( )01
87 χ′=+−
l

C
l

C
 

( ) .
2 0

2987 ∫ χ−=++
l

dxxC
l

CC  

According to Cramer rule, 

;0
2

2
11

0
11

1
11

≠−=−

−

=
l

l
ll

ll

D  

( )

( )

( )

( ) ( ) ( ),0
2
3

2
11

2
1

0
1

0

1
1

0
112

0
2

1

1

1 ∫
∫

χ′+χ′−χ=

χ−

χ′

−χ′−

=
l

l

ldxx
l

l
dxx

l

l
l

D  

( )

( )

( )

( ) ( ) ( ),0
2
1

2
11

2
1

00
1

1
1

0
112

0
2

1

1

2 ∫
∫

χ′−χ′−χ=

χ−

χ′−

χ′−

=
l

l

ldxx
l

l
dxx

l

l
l

D  

( )

( )

( )

( ) ( ).0
22

11

0
11

11

11

0
2

1

1

3 χ′−χ′=

χ−

χ′−

χ′−−

=

∫
l

l
l

dxx

ll

l
ll

D

l

 



ON LOCAL CONTROLABILITY OF THE QUASILINEAR … 405

Thus 

( ) ( ) ( ),0
4
3

42
1

0
112

1
7 ∫ χ′−χ′+χ−==

l l
l

l
dxx

D
D

C  

( ) ( ) ( ),0
442

1
0

112
2

8 ∫ χ′+χ′+χ−==
l l

l
l

dxx
D
D

C  

( ) ( ).0 11
3

9 l
D
D

C χ′−χ′==  

This implies, using (23) and (24), 

( ) ( ) ( ) ( )∫ ∫−
−χ+χ−χ=

l

tl

l
tldxxdxxtf

0
122 2

1
2
1

2
1

 

( ) ( )0
2

2
2
3

2
1

222
1

1

2

1

2
χ′









−+−+χ′










+−+

l
t

t
l

l
l

t
t

l
 (41) 

and 

( ) ( ) ( ) ( )∫ ∫ χ+χ−χ=
t t

tdxxdxxtg
0 0

122 2
1

2
1

2
1

 

( ) ( ) ( )( ) ( ) ( ).0
2

0
2

0
22

1
1111

2
χ′−χ′+χ′−χ′









 −
−−−

tl
l

l
lt

tl  (42) 

By (41), 

( ) ( ) ( ) ( ) ( ),02
2
1

1
2
1

2
1

2
1

1112 χ′





 −+χ′






 +−+−χ′−−χ=′

l
t

l
l
t

tltltf  

( ) ( ) ( ) ( ) ( ),0
2
1

2
1

2
1

2
1

1112 χ′+χ′+−χ ′′+−χ′−=′′
l

l
l

tltltf  

( ) ( ) ( ),
2
1

2
1

12 tltltf −χ ′′′−−χ ′′=′′′  

( )( ) ( ) ( )( ),
2
1

2
1 4

12
4 tltltf −χ+−χ ′′′−=  

and 

( )( ) ( )( ) ( )( ).
2
1

2
1 5

1
4

2
5 tltltf −χ−−χ=  
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Thus 

( ) ( ) ( ) ( ) ( )
2

1112
2 0

11
4
1





 χ′−χ′+−χ ′′+−χ′−=′′

l
l

l
tltltf   

( ) ( ) ( ) ( )
2

1112 0
11

4
1





 χ′+χ′+−χ ′′+−χ′≤

l
l

l
tltl  

( ) ( ) ( ) ( ) 2
12

2
12

2
1

2
2 0

11
χ′+χ′+−χ ′′+−χ′≤

l
l

l
tltl  

( ) ( ) ( )
( )

2
,012

2
5

2
42

1
2

2 3
2 lW

x
l

CC
tltl χ′

+
+−χ ′′+−χ′≤  

( ) ( ) ( )
( )

,2
,012

2
5

2
42

1
2

2 4
2 lW

x
l

CC
tltl χ′

+
+−χ ′′+−χ′≤  

( ) ( ) ( )[ ]212
2

4
1

tltltf −χ ′′′−−χ ′′=′′′  

[ ( ) ( ) ]2
1

2
24

1
tltl −χ ′′′+−χ ′′≤  

( ) ( ) ,2
1

2
2 tltl −χ ′′′+−χ ′′≤  

( )( ) [ ( ) ( )( ) ]24
12

24

4
1

tltltf −χ+−χ ′′′=  

( ) ( )( ) ,24
1

2
2 tltl −χ+−χ ′′′≤  

and 

( )( ) ( )( ) ( )( ) .25
1

24
2

25 tltltf −χ+−χ≤  

Therefore 

( )
[ ( ) ( ) ( ) ( ) ]dttftftftff

l

lW ∫ ′′′+′′+′+=
0

22222
,0

~~~~~
3
2

 

[ ( ) ( ) ( )( ) ( )( ) ]dttftftftf
l

∫ ++′′′+′′=
0

252422  
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( )
( )

( )
( )

2
,01

2
,02 3

2
3
2 lWlW

tltl −χ ′′+−χ′≤  

( )
( )

2
,012

2
15

2
14

4
2 lW

x
l

CC
χ′

+
+  

( )
( )

( )
( )

.1 2
,012

2
15

2
142

,02 5
2

4
2 lWlW

x
l

CC
x χ









 +
++χ≤  

Hence 

( )
( ) ( ( ) ( ) ( )

( )
),~ 2

,01,02
2

,0 5
2

4
23

2 lWlWlW
xxlCf χ+χ≤  

where 

( ) ( ) ( ) ( ) ( ),0
2
1

2
1

2
1

2
1

1112 χ′−χ′+−χ ′′+−χ′−=′′
l

l
l

tltltf  

( ) ( ) ( ),
2
1

2
1

12 tltltf −χ ′′′−−χ ′′=′′′  

( ) .1,1max
2

2
15

2
14










 +
+=

l

CC
lC  

The proof of (40) is similar to that of (39).  
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