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Abstract
In this article, we prove controllability of a one-dimensional wave
equation with control functions on the right-hand side of the equation,
and give a priori estimates for the controls.

Introduction

We prove controllability of the one-dimensional wave equation
X x
gy (5, £) — ta(s, ) = (7 - 1jf(t) + g, O<t<T0<x<)

where f and g are control functions to be found so that the system can be

driven from the initial state
u(x, 0) = (x,07) =0 (0<x<])
to a final state

u(x, t)\t:T =yi(x), ulx, t)\t:T =yy(x) O0<x<l
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We show that this problem is equivalent to a homogeneous case
studied by Ilin and Tikhomirov [1], with control functions on the

boundary.

A priori estimates for the control functions are also given.
0. Preliminary Results

Throughout the present article
QT = (0, l) X (0, T)

We consider the one-dimensional wave equation

Uy —Uge =0, (x,1) € Qp (1)
ul(x, t)\tzo =o(x), ulx, t)\tzo =y(x), 0<x<] 2)
v(x, t)‘x:O =f@), ulx, t)‘x:l =g@t), 0<t<T (3)

where
9 e WE0,1), v e W (0,1), f e W0, T), g« W(0, T).

Moreover, we assume that the following compatibility conditions are
satisfied

f(0) = 9(0), £(0) = o(l), f'(0)=w(0), &'(0)=w(l). )
The problem can be stated in the following way:

In time T > 0, we propose to drive the system from its initial state

(2) to a given final state

U(.’X,‘, t)‘t:T = (pl(x)9 Ut(x’ t)‘t:T = \Vl(x)’ (5)
with ¢; € W£(0, 1) and y; € Wa(0, 1) by means of control functions f
and g to be found.

In other words, for fixed 7" > 0, find the Dirichlet boundary control

functions f and g such that the solutions v of the problem (1-4) satisfies
(5).
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Let us recall some results in [1].
Definition 1 [1, p.693]. We say that a function (x, )~ v(x, )
belongs to the class W22(QT), if v and its first partial derivatives are

continuous in QT’ and if this function admits all second generalised

partial derivatives belonging to Ly(0, ) for all x < [0, I].

Definition 2 [1, p.694]. We say that a function v € Wi (Qp) is a

solution of a mixed problem (1)-(3), if v satisfies the wave equation (1.1)

for all ¢ € (0, T') and almost everywhere for x € (0, /), and therefore for
all x € (0, [), and almost everywhere for ¢ € (0, T'). Moreover v satisfies

the initial conditions (2) and the boundary conditions (3).

Theorem 1 [1, p.698]. Let ¢ € W2(0, 1), v € Wa(0, 1), ¢, € W(0, 1)

and yy € W21(0, 1). There exist control functions f, g € WZZ(O, 1) satisfying
the compatibility conditions (for T = 1) :

f() = ¢1(0), g() = o1(1). f'(1) = w1(0). &'() = v1() ®)
and such that the solution v € Wg(Q,) of the mixed problem
Ug —Uxe =0 in @
Ul = 0@), U =wlx), 0<x<l
vleo = f@), v|_, =gl), 0<t<l
satisfies the conditions
vl = ox), u |x:l =y(x), 0<x<l

if and only, the following three constraints are satisfied:
v(0) + ¢'(0) = w1 (1) + 91(1) = O Q)
v(0) +¢'(1) = w1(0) + 91(0) = 0 ®)

[ V@i + 40)+ o)+ [ vi)de -~ 00 -0 =0  ®
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from which we obtain boundary control functions f and g given by:

0= 2 [ v + 2900+ o0

+l l W1(x)dX—l(P1(l)+l‘P1(l—t)
21— 2 2

g0 = 2 [ n@ds + Lo~ 200

L[ y@dx s Lo s Lol - o).
21— 2 2

(10)

(11

Theorem 2. There exists only one solution v € W22 (@) for the mixed

problem (1)-(3).

1. A Priori Estimates of Control Functions

Proposition 1. We can show that the following a priori estimates

hold

1 £ ligo, 1y < c DU v lwg o, 1)

v lwgo, ) + e lwgo, 1y + o1 lwgo, ) (12

I 2 lwgo, 1) < cOUw lwio, 1

w1 lwgo, 1y + 1@ lwgo, oy + @1 lwo, ) (13)

Let us prove (12).
From (10), we get

1

F0) = 5w+ 5 90 -

1,
yi(l —t) + 5@1(1 —1)

and

FO) = O+ 00 - SVl -0+ S Gill - 0)
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T

So we have

Iﬂﬂf=iHﬁw@Mx+Mﬂ+d®+f;wﬂﬂwF¢ﬂU+%U—ﬂ

+| o)+ ¢(0)]

< %H I; y(x)dx

[} v

2
s ﬂ@ﬂnhwma—w@.

The inequality (a; + - + a, ) < n(| a; |2 +ot | ay, |2) implies

V@Pswa@w;m”+wwﬁ+wmm
+ @) 7 0.0+ |01 F + |01t = )]

3
< SICEIWE) g0+ 10O + CH o

+ Gl v (@) ||124,21(0 y * Cil o) IIIZA,ZZ(0 p o= 1.

Moreover,
FOF < 21v0) + 00+ w100 - g0 -0

< = [w@) |+ @@)]+wil - t) ]+ o1l - )P

N

<[ W@ + @ + vl =) P +] o1 - )P

and

FOF < S1vO + 00 -vil -0 - eia -0

< <[ w@)|+] ")+ Wi - )]+ | @}l - t)[F

N

<|WO P+ OF +|wil -t) [ +| il -t)[*
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Hence,

W5 (0, 1)

3
<(Sezran)lvely,, ¢ (3082 e ]lne e

F. MOUKAMBA, D. AMPINI and N. YUMBA

= [UAOP 417 + 170 Plae

C12l|| v(x) | Wi + G5 o(x) |

=3 W3(0,1)

+ Gl 2y o+ CHlo) 2, 1d

L0 < VO P+ [ Q-0 + i -0 P
l
e[ [Blae-0F +leie-DF + ot ar

3
- (Bt an)lvey, , + (5082 el

l
! j 0 E| o)+ 0@ +] ") ﬂdt
l
+j0[§|q>1(t_z)|2 o) P +|q>i(t—1>|ﬂdt

C§l|| o(x) | + 23 o) |2

w2, 2 W3 (0,1)

- (Bt erflve i, + (SO <)@l

W4 (0,1) W3 (0,1)

W5 (0,1)

(2 g1 loe

1
+ 5 lelx) I7,0.1

1
c(Setflo@i,,, +3lo@ ko

W3 (0,1)

3
+(§c FRYe: +1)|| o) g0

2
el el ,
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and, setting

3 3 3 1 3 1
c(l) = max(EClzﬂ +1, 5Q,,?z2 +1, Ec%z +§c§ +1, EC‘%Z +§c§ + 1]

we get
2 < 2 2 2 2
LR o < CONV R, o+ lvally ok, ety )
Thus,

17 lwzo,) < COUW w0, + 1 W1 b o,0) + 119 o,y + 1191 lwgco,1))-
The proof of (13) is similar.

Proposition 2. For ¢ e Ws(0,0), veW;(0,1), feWpO,T),
g e W0, T), ¢ € We(0,1), y; € Wa(0, 1), Theorems 3 and 4 hold and

the solution v of the mixed problem (1)-(3) belongs to the space W24(QT);

and the following estimates hold:

If ||W25(0,l) <CO (v ||W23(O, nt w1 ||W24(0,l)

*lelwto.n 1o lwso.) (14)
Is "W25(0,l) <CO(lv ||W23(o,z) + 11 lwg o,

+ e lwg o, + o ||W25(o,1))- (15)

The inequalities (14) and (15) are established like the inequality (12).

Example 1. Consider the problem

att - axx =0 (16)

~ X X ~ X
v |t=0 = 07(1 - 7) + CS 7, Uy |t=0 = Cg(l — 7) (17)
v |x:o =f(t), © |x=z = g(t) (18)

Ul =vix), vl = walx) (19)
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where
0 0
yp € W (0, DN WE(0, 1), wy e Wa(0, 1) N W3 (0, 1).

Let

0w = Cif1-F)+ G T v = cuf1-5)

o1(x) = 11(x),  wilx) = xa(x),

and assume that conditions (7)-(8) are satisfied, 1.e.,

x’l(l)+%—%+09 =0 (20)
L0 C
—Xl(o)—77+78 =0 21)
! I
J'O xa(¥)dx + Cg + Cg + Co = 0. 22)

Then, according to Theorem 3, there exits a unique solution (f, g) of

problem (16)-(19) and the controls f and g are given by (10), (11).

From (10), we have

0= 2 [ v + 2900+ 60

27 n@ds - Lo+ Loy
2J1-¢ 2 2

1 (¢ X 1 t t
- = 1-Xde+ | [1-1L -
zfoCQ( zj “2[ 7( zng z}

e +ljl (x)dx + Sy (1 1)
5 Ty l_t\Vz 2\V1

so that
L2

t 2
f(t) = %Io xo(x)dx + %CQ(t - J

1
+=C
2l 7

2

%[07[1_;}08 ﬂ+%xl(l—t). (23)
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With the same process, using (11), we get

t 2
0= 2 [ wateyas - 210 L0

1 1 t t I 1
+§C8 +§|:C8(1—7J+C7 7:|+ng+§)(’1@) (24)

Taking the derivatives of f and g from (23) and (24), we get

iy Lo o o Llaf, t2),1(=C. Cs)_ 1_.,_
F0) = Sl t)+209(1 2,}2(, ) tni-0 @

and

1(ﬁ_%
2 2

0 =210+ (LB ey L Zu) @6)

From (20)-(22), and (23)-(26), we get
f(0) = C7 = 9(0), £(0) = Cs = ¢(l), f'(0) = Cy = y(0), g'(0)=0=y()
and
f(0) =0 =¢100), g(l) =0=01(0), f'(1) =0=y100), g()=0=wy1()
so that the compatibility conditions with functions ¢ and y for ¢ = 0, and

with functions ¢; and y; for 7' = [ hold.

2. The Main Result
Remark 1. If ()= /'), B(t)=g"t) and w(x, t) = [1 _ ﬂ £)
+ % g(t), then w e Wy (Qr) and satisfies the following problem
i - wee = (1= 2 JF0+ ¥ 20 @

X X X
w |t=0 = 07(1 - 7) + CS 7, Wy |t=0 = 09(1 - 7) (28)
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wl,_o =), wl,_, =gt (29)
w |t:l =0, w |t:l =0. (30)

Remark 2. Let u = U — w. In this case, the function u is a solution of

the following problem

Uy — Uy = F(x, t) (31)
ulio =0, wil_o=0 (32)
Ulyg=0, v, =0 (33)

wloy =) w o =12x) (34)

where F(x, t) = G _ 1) FO)- % 30)

Remark 3. Although we shall hereforth deal with the study of
problem (31)-(34), the controllability problem in this case is formulated in
the following way:

in time T > 0 we propose to drive the system from an initial state

(32) to a given final state (34) by means control functions }7 and g.
Theorem 3. There exists a unique solution of the problem (31)-(34).

Proof. The existence of control functions }7 and g follows from the

foregoing results. We can proceed to prove their uniqueness.

Let (7, g) be any solution of the problem (31)-(34) with y;(x) =0
and yg(x) = 0. Set

t PSS~
£(t) = IO IO 7(c)dods + Cygt + Cyy

tpsS
g(t) = f j 3(o)dods + Cpot + Cy5
0J0
and

w(x, t) = (1 - %j )+ % g0,
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In this case, w satisfies the following system

w - wee = [1-2]F0+ 2 30

X

X X X
wl,_og = C11(1 - 7) +Cp3 T W li—o = C10(1 - 7) +Cyy 7

wle_o =f), wl,_, = &)

whey =(1- 200+ 2 e |y = (1-2)r)+ Z o)

403

(35)

(36)

(37

(38)

According to (31)-(34), (35)-(38), the change of variables v =w + u

gives the following new problem
Uy —Uxx =0, (x,8) e Qp =(0,0)x(0, T),
Vg = 0x), vl_g=wlx), 0<x<I
Ul = f@), v|,, =8, 0<t<T
u(x, t)|t:T = @1(x), vl t) |t:T = y1(x),

where

o(x) = 011(1 - %] + Cl3§, y(x) = Cl(](l - %] + Cl2§,

@) =(1- A0+ @) i) = (1-2]r0)+ g0

which means that we have obtained problem (1)-(3), (5); and using

conditions (7)-(9), we get f(t) =0 and g(¢) = 0.

Therefore, there exists a unique solution of problem (31)-(34) and the

following estimates hold.

17Ol 0,1 < CO U2 Iy o,1) + 1@ Iy o,)

| &( )||W23(o,z) <c)(| X2(x)"W24(O,l) +| Xl(x)||W25(o,l))'

(39)

(40)
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Let us prove inequality (39). Consider the system of three equations
(20)-(21) in three unknown variables C;, Cg, Cq

11
)
D = _l l 0 :_27:0;
l l l
1 1 i
2
. 1
-x1(0) 7 1
. 1 1! 1, 3,
D= 5O 7 0= tel)dr -0+ 30,
X l lJo 2 2
—I ra(x)dx 1 1)
0 2
1 ,
7 - x1(0) 1
1 , 1! 1, 1,
Dy=|-7 0 0= m@ds -0 0),
l l lJo 2 2
1 - w@dr S
0
1 1
. _z — ' (1
] ] X1()
1 1 2 2
Dy=|-- = (0 = Z90(0) - 2 41(0).
3 I ] le() le() lX1()
1 1 —.[ ya(x)dx
0
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1
C; = o ="3), XZ(x)dx + ZXl(l) - ZXl(O)

1! L, L.,
Co = = _5.[0 12 (x)dx + ZXl(l) + ZXl(O)’

D3

Cy = D = x1(0) = x1 (D).

This implies, using (23) and (24),
1! 1! 1
fO) =5 [ ratdr - [ gal)dr+5u-1)
-t 2Jo 2

2

1(1 1 3l t2 '
+§[§_t+2_lJ 1+ = [_E+2t_2_le (0) (41)

and
¢0) = 2 [ 1a@dx - [ po(w)ds + 21,0
2
- %[z ~i- %} (60~ 6O+ L 13(0) - £ 1400, 42
By (41),

[0 =570 -0-300-0+ (-1 10+ (2= J00)
F10) = =5 70+ -0+ 57D + 5 74.(0),
F1(0 = 5 130~ 0) - 5 20 - 1),

1 1
FO0) =~ 5 a8 -0+ -0,

and

D) = S -0~ P -o.
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Thus
w2 1 , , 1, 1, 2
FOF =5[] 0-0+ 500+ 10 - 1 100)|
1 , 1, 2
Z[|X2(l—t)|+|X1(l—t)| =21 +7X1(0)}
. " 1, ., 1, ,
s|x_9,(z—t)|2+|xl(z—t>|2+l—2|xl(1)|2+l—2|xl<o)|2
' _ 2 " _ 2 C4+C5
<|ao( =) +[xi(l—1)] +—l [ %1 )"W3(O )
’ ” C C
<[ =0F + -0 F + e @,
" 1 " "
RGP GRHG]
1 ” "
< D@ -0F +|x0-0F]
< x4 -t + |y -1,
D) = Ix”’ — 1)+ 71V - )P
<30 P + [P -of,
and
1FO@P < 2500 - 0 + [P - o).
Therefore
[ - ~ ~ ~
178 0. = [, FQF +IFOF + |7OF + 170 ae

- [UFOF <1 FOR +170R + 17O
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<P -0 B, 100
014 + C15
l " ( )||W4 0, l)
Cty + Chs
<y ¢ (1 Sl
Hence

17 g0y = COUE o 1@, )
where

f'(t) = ——m(l —t)+—x (I-t)+ _Xl(l) xl(O)

) =< X2(l —t)- x”’(l - 1),

2 2
C({) = max[l, 1+ %J

The proof of (40) is similar to that of (39).
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