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Abstract 

We derived the up-crossings rate of the product of two stationary, 
differentiable and independent Gaussian random processes. We 
compared our results with an example. 

1. Introduction 

Let ( ) [ ],,0, TttX ∈  be a stationary and differentiable random process. 

Let ( )tX  denote the derivative of ( ).tX  The process ( )tX  is said to have 

an up-crossing of the level x at [ ]Tt ,00 ∈  if ( ) xtX =0  and ( ) .00 >tX  
Let ( )TXNx ,  denote the number of up-crossings of x by ( )TX  in [ ].,0 T  
The mean value of ( )TXNx ,  is given by the following well-known 
theorem: 

Theorem 1 (Rice’s formula). Let ( ) [ ],,0, TttX ∈  be a differentiable 

stationary process with derivative ( ).tX  If ( )( )xfX 0  denotes the density of 
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( ),0X  then 

( ){ } ( ) { ( ) ( ) },00, xXXExTfTXNE Xx =|= +  

where { }.,0max XX =+  

The problem of finding the probability, { [ ] ( ) },sup ,0 xtXP T ≥  for large 

x, is of central interest in many applications of processes to the analysis 
and design of systems in engineering. Since it is not possible in general to 
find the exact value of this probability for many processes, one can find 
an approximation to it. Adler [1] gives the following upper bound: 

{
[ ]

( ) } ( ) ( ){ }1,or0sup
,0

≥≥=≥
∈

TXNxXPxtXP x
Tt

 

( ){ } ( )TXNxXP x ,0 E+≥≤  

( ){ } ( ).1,0 XNTxXP xE+≥=  (1) 

In (1), for wide class of processes, high x and large T, it can be shown that 
the second term is the dominating one, so 

{
[ ]

( ) } ( ).1,sup
,0

XNTxtXP x
Tt

E≈≥
∈

 (2) 

From equation (2), we can approximate { [ ] ( ) }xtXP Tt ≥∈ ,0sup  if we 

approximate ( ).1,XNxE  

The length of the interval between an up-crossing and the subsequent 
down-crossing of a process ( )tY  is called the duration of ( ).tY  The mean 

of this random quantity is called in engineering the average duration of 
fades and has special interest in electrical engineering. The average 
duration of fades can be approximated as follows (Aldous [2]): 

{ } ( ){ }
( ) .,
0fadesofaverage TYN

yYTPE
yE

>=  

Leadbetter and Spaniolo [5] give the rate of up-crossings by a 
Gaussian process. Hasofer [4] gives the rate of up-crossings by a Rayleigh 
process. Barnett and Kedem [3] derived the zero up-crossings rate for the 
product of two stationary Gaussian processes. In general, the up-
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crossings rate by the product of two independent and stationary Gaussian 
processes is missing in the literature. In this paper, we will find the up-
crossing rate of the product of two stationary, differentiable, independent 
Gaussian random processes. The following notation will be used in the 

next sections: ( )2,0 σN  is a normal distribution with mean 0 and 

variance .2σ  The symbol ~ means ‘distributed as’. 

2. Up-crossing Rate of ( )tY  

Let ( )tX1  and ( ) [ ],,0,2 TttX ∈  be two independent, stationary and 

differentiable Gaussian random processes. Let { ( )}0Var iX=λ  for .2,1=i  

Define the processes ( ) [ ]TttY ,0, ∈  as ( ) ( ) ( ).21 tXtXtY =  In this section 

we will be interested in finding ( )1,YN yE  for a given level y. If ( )tY  

denotes the derivative of ( ),tY  then ( ) ( ) ( ) ( ) ( ).2121 tXtXtXtXtY +=  To 

find ( ),1,YN yE  we need to find the joint density function of ( )0YY =  

and ( )0YY =  as well as the density of Y. To do this, let ( ),0ii XX =  

( ),0ii XX =  and consider the following transformation: 

.,,, 24213212211 xyxxyxxyxxy ====  

The inverse of this transformation is 

,,,, 42
41
32

1
4
2

1
2

41
2 yxyy

yyxy
yxy

yyx ====  

and the Jacobian is 
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From the theory of random processes 1X  and 2X  are independent ( ),1,0N  
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and 1X  and 2X  are independent ( ),,0 λN  then we have that 

( ) ( ) ( ) ( ) ,2
1

2
1exp4,,, 2

2
2
1

2
2

2
1

12
2121 






 +

λ
−+−λπ= − xxxxxxxxf  

where ∞<<∞− ii xx ,  for .2,1=i  From the above transformation, the 

density function of ,1Y  ,2Y  3Y  and 4Y  is given by 

 ( )4321 ,,, yyyyh  
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where ∞<<∞− iy  for .2,1=i  So the joint density function of ,1Y  2Y  

and 3Y  is given by 
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where ( )⋅0K  is the modified Bessel function of the second kind of order 

zero. Consider again the following transformation: 

2211 , yvyv ==   and  .323 yyv +=  
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The inverse of this transformation is 

2211 , vyvy ==   and  ,233 vvy −=  

and therefore the Jacobian is 1. So the joint density of 2211 , YVYV ==  

and 323 YYV +=  is 

( ) ( ) .1
2

1,,
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By integrating 2v  out we get that, for ,, 31 ∞<<∞− vv  

( ) ( )∫
∞
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the joint density function of ( )0Y  and ( ).0Y  The density function of 

21XXY =  is given in Springer [6] as follows: 

( ) ( ) ,10
1 π

=
vKvh   for  .1 ∞<<∞− v  

We are ready now to find the conditional density of Y  given .yY =  So 

( ) ( )
( )yh

vyhyvh 3
3

,
=|  

( )
( )∫

∞
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By Rice’s formula, 

{ ( )} ( ) { }yVVyhYN y =|= +
131, EE  

 ( )∫
∞

|
πλ

=
0

333 .2
1 dvyvhvy  

The last equation is not a closed form and has to be obtained using 
numerical calculations. 
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3. Example 

Consider the following two random processes: 

( ) ( ) ( )tZtZtX cossin 211 +=    and   ( ) ( ) ( ),cossin 432 tZtZtX +=  

where [ ]π∈ ,0t  and ,1Z  ,2Z  3Z  and 4Z  are i.i.d. ( ).1,0N  Note that 

1=λ  since ( ).1,0~ NXi  Re-scale the two processes as follows: 

( ) ( )111 cos θ−= tRtX    and   ( ) ( ),cos 222 θ−= tRtX  

where 1θ  and 2θ  are i.i.d. ( ),2,0 πU  and 1R  and 2R  are i.i.d. according to 

( ) ( )




<

≥−
=

.0,0
;0,2exp 2

r
rrrrf  

Let ( ) ( ) ( ).21 tXtXtY =  It follows that 

[ ]
( )

[ ]
( ) ( )21

,0
21

,0
coscossupsup θ−θ−=

ππ
ttRRtY  

( )( ).cos12
1

1221 θ−θ+= RR  

Therefore, 

 {
[ ]

( ) } {
[ ]

( ) ( ) }ytXtXPytYP >=>
ππ

21
,0,0

supsup  

( )( ){ }.2cos1 1221 yRRP >θ−θ+=  (3) 

The probability on the right hand side of equation (3) is has to be 
computed by simulation. Table 1 contains the values of { ( )}TYN y ,E  and 

{ [ ] ( ) }ytYP >π,0sup  for different values of y are very closed. From Table 

1, we note that { ( )}1,YN yE  approximates { [ ] ( ) }utYP >π2,0sup  well. 

4. Conclusion 

In this paper we derive the up-crossing rate of the product of two 
differentiable, stationary and Gaussian random processes. This rate was 
not in a closed form but written in terms of integrals which can be 
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computed numerically. The example in Section 3 shows that the rate of 
up-crossings approximates the tail distribution of ( )tYsup  well for large 

levels. 

Table 1. Values of { ( )}1,YN yE  and { [ ] ( ) }ytYP >π,0sup  for 

different levels 

y { ( )}1,YN yE  { [ ] ( ) }ytYP >π,0sup  

1.5 0.16651 0.1665 

2.0 0.09996 0.1002 

2.5 0.06019 0.0602 

3.0 0.03629 0.0362 

3.5 0.21905 0.0220 

4.0 0.01322 0.0133 
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