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Abstract

We derived the up-crossings rate of the product of two stationary,
differentiable and independent Gaussian random processes. We
compared our results with an example.

1. Introduction

Let X(¢), ¢t € [0, T], be a stationary and differentiable random process.

Let X(t) denote the derivative of X(¢). The process X(t) is said to have

an up-crossing of the level x at t, € [0, T] if X(ty) = x and X(ty) > 0.
Let N, (X, T) denote the number of up-crossings of x by X(7') in [0, T'].

The mean value of N,(X,T) is given by the following well-known

theorem:

Theorem 1 (Rice’s formula). Let X(t), t € [0, T'], be a differentiable

stationary process with derivative X(t). If fx(0)(x) denotes the density of
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X(0), then
E{N,(X, T)} = Tfx(x) E{X(0)" | X(0) = x},
where X' = max{0, X}.

The problem of finding the probability, P{supyp 7] X(¢) > x}, for large

x, is of central interest in many applications of processes to the analysis
and design of systems in engineering. Since it is not possible in general to
find the exact value of this probability for many processes, one can find
an approximation to it. Adler [1] gives the following upper bound:

P{ supT X(t) > x} = P{X(0) > xor N (X, T) > 1}

te|0,
< P{X(0) > x} + EN_(X, T)
= P{X(0) > x} + TEN,(X, 1). (1)

In (1), for wide class of processes, high x and large T, it can be shown that
the second term is the dominating one, so

P{ sup X(¢) > x} ~ TEN,(X, 1). (2
te[0,T]

From equation (2), we can approximate P{sup,cjo 7] X(t) > x} if we

approximate EN, (X, 1).

The length of the interval between an up-crossing and the subsequent

down-crossing of a process Y(t) is called the duration of Y(¢). The mean

of this random quantity is called in engineering the average duration of
fades and has special interest in electrical engineering. The average

duration of fades can be approximated as follows (Aldous [2]):

TP{Y(0) > y}

E{average of fades} = EN.(Y.T)
y ’

Leadbetter and Spaniolo [5] give the rate of up-crossings by a
Gaussian process. Hasofer [4] gives the rate of up-crossings by a Rayleigh
process. Barnett and Kedem [3] derived the zero up-crossings rate for the

product of two stationary Gaussian processes. In general, the up-
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crossings rate by the product of two independent and stationary Gaussian
processes is missing in the literature. In this paper, we will find the up-
crossing rate of the product of two stationary, differentiable, independent
Gaussian random processes. The following notation will be used in the

next sections: N(O, 62) is a normal distribution with mean 0 and

variance c2. The symbol ~ means ‘distributed as’.

2. Up-crossing Rate of Y(¢t)

Let X;(t) and Xs(t), ¢t € [0, T], be two independent, stationary and
differentiable Gaussian random processes. Let & = Var{X;(0)} for i = 1, 2.
Define the processes Y(t), t € [0, T'] as Y(t) = X;(t)X5(¢). In this section
we will be interested in finding EN,(Y, 1) for a given level y. If Y(t)

denotes the derivative of Y(t), then Y(¢) = X;(t)X5(t) + X1 ()X5(t). To
find EN,(Y, 1), we need to find the joint density function of Y = Y(0)

and Y = Y(0) as well as the density of Y. To do this, let X; = X;(0),

X; = X;(0), and consider the following transformation:
Y1 = X1Xg, Yo = X1Xg, Y3 = X1Xg, Y4 = Xg.
The inverse of this transformation is

2:3/13’4, xl_y_z 5 = Y23

- ’ ’ X = y ’
Y2 Y4 ! Y14 4
and the Jacobian is
0 1 o 2
Ya Vi
—JY2)3 Y3 Y2 — Y23 1
2 2 | = >
Y4 Y14 Y14 Y4 | T Ty |
Y4 N4 0L
Y2 y% Y2
0 0 0 1

From the theory of random processes X; and X5 are independent N(0, 1),
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and X; and X, are independent N(0, 1), then we have that
.. - 1 1 .. .
flos, 3, 1, ) = (420 expl- Lo+ x3) - o (6F + i),

where —o < x;, &; < o for i =1, 2. From the above transformation, the

density function of Y7, Yy, Y3 and Y, is given by

h(yl’ Y2, ¥3» y4)

Y2 Y1Y4a  Y2)3 1
- f > > » Y4
Y4 Y2 N1Y4 | Y4 |

1 1(y5  ofyi) 1 (2598 . o
T PVl 2t T g [T 22 T
47N y1y4 | Y§ Y32 Y1V4

2 2 2
1 1 11 1 1
= g expi- 5|05 + 220 |- o T
472 1 | M) v ¥3 | 4|

where —o < y; <o for i =1, 2. So the joint density function of Y, Yy

and Y3 is given by

h(y1, ¥2, ¥3)
2 9 2
1 * 1 1 Yoy 1 1

s ()
274 yp [ Y0 V4 2y Ay ¥3

22 [ 2
L NEREL A LA
2n°A y1 | IS B

2 2
1 1 2, Y3 [ 2, Yo
- K \/y +—\/y 422 |
on® vy | Lo VTV T

Il
o

where K(-) is the modified Bessel function of the second kind of order

zero. Consider again the following transformation:

U1 =¥, Ug=y9 and U3 = yg + 3.
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The inverse of this transformation is
y1 =V, Y9 =Ug and ys = vz —Ug,

and therefore the Jacobian is 1. So the joint density of V] =Y}, V, =Y,
and V3 = Y2 + Y3 18

2 2
1 1 2  (vg—v 9 U
Moy, vg, v3) = — Ky \/Ul U . 2) \/01 +72 :
on®i vy | (vl

By integrating vy out we get that, for —o < vy, v3 < o,

2 2
1 @ 1 9 (vg—-v 9 U
h(vy, v3) = ——— j Ky \/01 + s T 2) \/01 +—f dvy,
2 vy [ (lv1]

the joint density function of Y(0) and Y(0). The density function of

Y = X;X, is given in Springer [6] as follows:

h(Ul) _ KO(LUI |) ,

for —o0 < v; < o0,

We are ready now to find the conditional density of Y given Y = y. So

hivg ) = 2 50)

2 2

1 J’°° 1 \/ 2, (v3—vp) \/ 2, U3
S — N NN PN i Bkt 2 N L
2nd] y [Ko( v ) - O{|y| g A

By Rice’s formula,

E{N,(Y, 1)} = h(y)E{V5 [V} =y}

1 J'OO
= — vah(v dvs.
2nk|y| 0 3(3|y) 3

The last equation is not a closed form and has to be obtained using

numerical calculations.
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3. Example
Consider the following two random processes:
Xi(t) = Z; sin(t) + Zy cos(t) and Xo(t) = Z3 sin(t) + Z, cos(t),

where t € [0, n] and Z;, Z,, Z3 and Z, are ii.d. N(0,1). Note that

A =1 since Xi ~ N(0, 1). Re-scale the two processes as follows:
X,(t) = Ry cos(t —0;) and Xy(t) = Ry cos(t — 0y),

where 0; and 049 are i.i.d. U(0, 2r), and R; and Ry are i.i.d. according to

1) = {r exp(-r?/2), r > 0;

0, r<o0
Let Y(¢) = X;(t) X5 (¢). It follows that

sup Y(¢) = R; Ry sup cos(t — 0;)cos(t — 09)
[0, =] [0, n]

= %R1R2(1 + COS(92 — 91 ))

Therefore,

Plsup Y(t) > y} = P{sup X;(¢)X(t) > y}
[O,n] [O,TE]

= P{R1R2(1 + COS(OZ — 61 )) > 2y} (3)
The probability on the right hand side of equation (3) is has to be
computed by simulation. Table 1 contains the values of E{N,(Y, T')} and
P{supjo ] Y(¢t) > y} for different values of y are very closed. From Table

1, we note that E{N, (Y, 1)} approximates P{sup[y on] Y(t) > u} well.

4. Conclusion

In this paper we derive the up-crossing rate of the product of two
differentiable, stationary and Gaussian random processes. This rate was

not in a closed form but written in terms of integrals which can be
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computed numerically. The example in Section 3 shows that the rate of

up-crossings approximates the tail distribution of sup Y(¢) well for large

levels.

(1]
(2]

(3]

(4]

(5]

(6]

Table 1. Values of E{N,(Y, 1)} and P{supjy ] Y(¢) > y} for

different levels

y E{N, (Y, 1)} Pisupjo, ) Y(¢) > y}
1.5 0.16651 0.1665
2.0 0.09996 0.1002
2.5 0.06019 0.0602
3.0 0.03629 0.0362
3.5 0.21905 0.0220
4.0 0.01322 0.0133
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