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Abstract

Elementwise characterization of the intersection of maximal (minimal

prime) ideals containing an idempotent (regular element) is given. Using

these facts, we generalize several important results such as Nakayama’s

Lemma and Krull’s intersection Theorem.

1. Introduction

Throughout this paper, R is a commutative ring with identity. We let

Re ∈  be an idempotent element and as the notations in (1) and (2) we

suppose that eM  is the intersection of all maximal ideals containing e

and eP  is the intersection of all minimal prime ideals containing e. It is

clear that ( ),0 RJM =  the Jacobson radical of R and ( ),0 RradP =  the

prime radical of R. Furthermore, ( ) 




=

e
RJMe  and ( ) .





=

e
RradPe

Whenever Ra ∈  is a regular element, i.e., if there exists some Rc ∈

such that ,2caa =  then ace =  is an idempotent element. In this case

clearly ae MM =  and .ae PP =  Thus any argument concerning the
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intersection of maximal (minimal prime) ideals containing a regular

element may be restricted to those of containing an idempotent element.

We denote by ( ),XC  the ring of all continuous real valued functions

on a completely regular Hausdorff space X. In ( ) fMXC ,  and fP  for any

arbitrary ( )XCf ∈  are characterized in [1] and [2].

2. Elementwise Characterizations

In this section we will give elementwise characterizations of eM  and

.eP  Some applications are also given in this section.

Proposition 2.1. Let e be an idempotent element and ( )ee PM  be the

intersection of all maximal (minimal prime) ideals containing e in R.

Then

(a) { ( )berRbMe −−∈= 11:  is unit for every }.Rr ∈

(b) { ( ) 01: =−∈= n
e beRbP  for some }.N∈n

Proof. (a) Let ( )ber −− 11  be unit for every ,Rr ∈  but .eMb ∉

Then there exists a maximal ideal M such that Me ∈  and .Mb ∉

Hence ( ) RbM =+  and so there is Rr ∈0  for which brm 01 +=  for

some .Mm ∈  But ebrmebrbr 0001 +=+−  implies that Mebrm ∈+ 0

and hence ( ) ,11 0 Mber ∈−−  which is a contradiction. Conversely

suppose that eMb ∈  and there exists Rr ∈0  such that ( )ber −− 11 0  is

a nonunit. Hence, there exists a maximal ideal M such that

( ) .11 0 Mber ∈−−  Now ee =2  implies that ( ) .01 Mee ∈=−  Thus

either Me ∈  or .1 Me ∈−  If ,1 Me ∈−  then ,1 M∈  a contradiction

and if ,Me ∈  then Mb ∈  and therefore ( ) .10 Mber ∈−  This implies

that ,1 M∈  a contradiction.

(b) Let P be a minimal prime ideal containing Rbe ∈,  and there

exists N∈n  such that ( ) .01 =− nbe  But ,1 Pe ∉−  then .Pbn ∈  Now

Pb ∈  implies that .ePb ∈  On the other hand, suppose that ePb ∈  and
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( ) 01 ≠− nbe  for all ,N∈n  then {( ) }N∈−= nbeS n :1  is a

multiplicatively closed set in R and .0 S∉  Hence there exists a minimal

prime ideal P such that .∅=SP ∩  Now if ,Pe ∈  then Pb ∈  and hence

( ) .1 Pbe ∈−  But ( ) ,1 Sbe ∈−  a contradiction. If ,Pe ∉  then Pe ∈−1

implies that ( ) ,1 Pbe ∈−  a contradiction, for ( ) .1 Sbe ∈−

Corollary 2.2. (a) ( ) { rbRbRJ −∈= 1:  is unit for all }.Rr ∈

(b) ( ) { 0: =∈= nbRbRrad  for some }.N∈n

Proof. Take 0=e  in Proposition 2.1.

In any Artinian ring R, it is well known that ( )RJM =0  is a

nilpotent ideal, see Theorem 41.8 in [4]. We generalize this fact for .eM

Corollary 2.3. In any Artinian ring R, ( )eM n
e =  for some .N∈n

Proof. Evident.

Proposition 2.4. Let I be an ideal of the ring R. Then eMI ⊆  if and

only if each element of the coset ( ) Ie−+ 11  is unit.

Proof. We begin by assuming that eMI ⊆  and that there is some

element Ix ∈  for which ( )xe−+ 11  is nonunit and get a contradiction.

Therefore, the element ( )xe−+ 11  must belong to some maximal ideal

M. By Proposition 2.1, ( )xer −− 11  is unit for any .Rr ∈  Letting ,1−=r

the element ( )xe−+ 11  is unit, which is impossible by our assumption.

Conversely, suppose that ,eMI ⊆/  then there exists a maximal ideal M

such that Me ∈  but .MI ⊆/  Taking ,MIx −∈  we have ( ) RxM =+

for M is maximal. Thus, rxm +=1  for some Mm ∈  and .Rr ∈  But

,1 Mrexmrexrx ∈+=+−  i.e., ( ) ( ) Mrxe ∈−−+ 11  and we have

( ) ( ) ( ) Ierxe −+∈−−+ 1111  for .Ix ∈  Now ( ) ( )rxe −−+ 11  is unit, by

our hypothesis a contradiction.

Corollary 2.5. If eMx ∈  is an idempotent element of the ring R, then

.exx =
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Proof. Since ,eMx ∈  by Proposition 2.1, the element ( )xe−− 11  is

unit. Thus there exists Rs ∈  such that ( ) 11 =+− sexx  and

multiplying both sides by e we have .2 esxeesxes =+−  This implies that

.ees =  Now we have ( ) .11. 2 exesxsexsexxxxx ===+−==

Corollary 2.6. If I is a nilideal of R, then ( ) .1 eMIe ⊆−

Proof. Suppose that ( ) ,1 Iex −∈  then there is Iy ∈  for which

( ) .1 yex −=  Hence ( ) ( ) yerxer −−=−− 1111  for every .Rr ∈  But

( ) Iyer ∈−1  implies that ( )( ) 01 =− nyer  for some .N∈n  Therefore,

( ) yer −− 11  is unit for every .Rr ∈  Now by Proposition 2.1, we have

eMy ∈  and hence .eMx ∈

Proposition 2.7. If x and y are two idempotent elements of the ring R

such that ,ePyx ∈−  then ( ).yxeyx −=−

Proof. By the formula ( ) ( )( ) ( ) ( )( ) ,01 =+++−−−− yxeyxyxeyx

it is enough to show that ( ) ( )yxeyx +++−1  is a unit element of R.

Now one may write ( ) ( )yxeyx +++−1  in the form ( ) ++− exx 221

( ) ( ).1 eyx −−  Since ,ePyx ∈−  by Proposition 2.1, ( ) ( )eyx −− 1  is a

nilpotent element. On the other hand, exx 221 +−  is unit, for

( ) .1442442221221 222222 =+−+−+−+−=+− xeexexexxxexxexx

Now ( ) ( )yxeyx +++−1  is the sum of a nilpotent element and a unit

element, which will be necessarily a unit element in R.

3. Generalizations

In this section using Proposition 2.1, we generalize several important

results, such as Nakayama’s Lemma and Krull’s intersection Theorem.

First we need the following lemma.

Lemma 3.1. Let I and J be two ideals of the ring R and I be finitely

generated. If ,IIJ =  then there exists an element Jr ∈  such that

( ) ( ).01 =− Ir
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Proof. See Lemma in [3, p. 242].

The proof of the following corollary is similar to that of Lemma in [3,

p. 242].

Corollary 3.2. Let K be a finitely generated R-module and I be an

ideal of R. If ,IKK =  then there exists an element Ir ∈  such that

( ) ( ).01 =− Kr

Proposition 3.3 (Nakayama’s Lemma, generalized). Let K be a

finitely generated R-module, I be an ideal of R and .eMI ⊆  If ,IKK =

then there exists an element eMr ∈  such that .reKK =

Proof. By Corollary 3.2, there exists some Ir ∈  such that

( ) ( ).01 =− Kr  Thus ( ) reKreKKr =+−1  and hence ( )Krer +−1

.reK=  But eMI ⊆  implies that .eMr ∈  By Proposition 2.1, the

element ( )ter −− 11  is unit for every .Rt ∈  Let .1=t  Therefore, there

exists Rs ∈  such that ( ) .11 =+− srer  Thus ( ) resKsKrer =+−1  and

consequently .resKK =  But ees =  implies that .reKK =

Lemma 3.4 (Generalized Krull’s intersection Theorem). Let I be an

ideal of the Noetherian ring R. If ,eMI ⊆  then there exists eMr ∈  such

that ( ).11
n

n
n

n IreI ∞
=

∞
= = ∩∩

Proof. Let .1
n

n IA ∞
== ∩  Then we have .IAA =  By Proposition 3.3,

there exists eMr ∈  for which, ,reAA =  i.e., ( ).11
n

n
n

n IreI ∞
=

∞
= = ∩∩

Corollary 3.5. Let K be a finitely generated R-module, N be an

R-submodule of K and .eMI ⊆  If ,KIKN =+  then there exists

eMr ∈  such that .reKNK +=

Proof. We have .




=





 +=







N
K

N
IKN

N
KI  By Proposition 3.3, there

exists eMr ∈  such that .




=







N
Kre

N
K  This implies that .reKNK +=

Let I be an ideal in R and Re ∈  be an idempotent element. Then
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clearly Ie +  is an idempotent element of the residue class ring .
I
R  We

assume that ( )IeIe ++ PM  is the intersection of all maximal (minimal

prime) ideals containing Ie +  in .
I
R  Then Ie+M  and ( )Ie+P  may be

represented in terms of eM  and .eP

Corollary 3.6. Let I be an ideal and e be an idempotent element in R.

(a) .
I

IMe
Ie

+
⊇+M

(b) If ,eMI ⊆  then .
I

IMe
Ie

+
=+M

(c) .
I

IPe
Ie

+
⊇+P

(d) If ,ePI ⊆  then .
I

IPe
Ie

+
=+P

Proof. Evident.

Proposition 3.7. { ePrbRrP ∈∈= :∪  for some },ePb ∉  where P

runs through the set of minimal prime ideals containing e.

Proof. Suppose that .Pr ∪∈  Hence Pr ∈  for some minimal prime

ideal P containing e. Hence 0=brn  for some Pb ∉  and ,N∈n

consequently ePb ∉  but .ePrb ∈  On the other hand, let ePrbRr ∈∈ ,

and .ePb ∉  Then there exists a minimal prime ideal P containing e such

that .Pb ∉  Also by Proposition 2.1, ( )( ) 01 =− nrbe  for some .N∈n  Thus

( ) ( ) .1 Prbe n ∈−  But neither Pe ∉−1  nor .Pbn ∉  This implies that

Prn ∈  so Pr ∈  and hence .Pr ∪∈

We conclude the article by a result concerning the ring of power
series. For details of the ring, see [3] and [4].

Proposition 3.8. Let e be an idempotent element in R and eM  be the

intersection of all maximal ideals containing e in [ ][ ].xR  Then

( )., xMee =M
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Proof. Suppose that ( )xMf e ,∈  and M  is a maximal ideal in

[ ][ ]xR  containing e. Hence there exists a maximal ideal M in R

containing e such that ( )., xM=M  But ( ) ( )xxgbxf +=  for some

eMb ∈  and [ ][ ].xRg ∈  Since Mb ∈  and ( ) ( ),xxxg ∈  ( ) ( )., xMxf ∈

Thus M∈f  and so .ef M∈  On the other hand, let ef M∈  and M be a

maximal ideal in R containing e. Then ( )xM ,  is a maximal ideal in

[ ][ ]xR  containing e. Therefore, ( )xMf ,∈  and hence ( ) ( )xxgbxf +=

for some Mb ∈  and [ ][ ].xRg ∈  Take ,0=x  then ( ) Mbf ∈=0  implies

that ( ) eMf ∈0  and finally we have ( ) ( )., xMxf e∈

Acknowledgement

I would like to thank Professor F. Azarpanah for his advise and
encouragement on this article.

References

[1] F. Azarpanah and R. Mohamadian, z -ideals and Dz -ideals in ( ),XC  submitted.

[2] F. Azarpanah, O. A. S. Karamzadeh and A. Rezai Aliabad, On Dz -ideals in ( ),XC

Fund. Math. 160 (1999), 15-25.

[3] D. M. Burton, A First Course in Rings and Ideals, Addison-Wesley, Reading, Mass.,

1970.

[4] R. Y. Sharp, Steps in Commutative Algebra, Cambridge University Press, 1990.

Department of Mathematics
Chamran University
Ahvaz, Iran


