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Abstract

Let N be the set of positive integers. As a semigroup under the binary
operation given by a *b = (a, b), the greatest common divisor of a and
b, N does not have a minimal generating set. For each n € N, the
subsemigroup {1, 2, ..., n} (under the binary operation given by the

greatest common divisor) has a unique minimal generating set 7, and

T = {k e N\{%J +1<k< n} The asymptotics of this result are

considered as n — . Analogues of the above results are considered for
the binary operation given by least common multiple and for minimal
generating sets in some algebraic categories other than semigroups.
This note could find classroom/homework use as enrichment material in
a variety of undergraduate courses, especially courses on abstract
algebra or elementary number theory.
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1. Introduction

Our main purpose here is to study generating sets, with emphasis on
minimal generating sets, in some semigroups that arise naturally in
elementary number theory. This note could find classroom/homework use
as enrichment material in a variety of undergraduate courses, such as
abstract algebra or elementary number theory. Recall that a semigroup is
a nonempty set with an associative binary operation. Let S be a
semigroup relative to the binary operation *. If 7' is a nonempty subset of
S, then the subsemigroup of S generated by T'is (T):={a; *---*a,|n €N,
a; € Tif 1 <i < n}. (As usual, N denotes the set of positive integers.)

We say that T'is a generating set of S if (T') = S; and that a generating

set T of S 1s a minimal generating set of S if no proper subset of T is a

generating set of S.

Perhaps the most familiar semigroup is N relative to the binary
operation of addition. It is clear that N has exactly one minimal
generating set, namely, {l1}. In fact, it is known (cf. [5, Theorem 2.4(2)])
that each subsemigroup S of N has a unique minimal generating set T
and that T is finite. The proof of [5, Theorem 2.4(2)] uses the notion of the
greatest common divisor (abbreviated gcd, also known as the highest
common factor) of a set of integers. As usual, if ay, ..., @, € N, we let
(ay, ..., a,) denote the ged of qp, ..., a,. It is well known that if
a,b, ¢ € N, then ((a, b), ¢) = (a, (b, ¢)) = (a, b, ¢). In other words, N is a
semigroup relative to the binary operation * defined by a * b := (a, b) for
all a, b € N. The main results of this note concern this structure. Indeed,
Theorem 2.2 shows, in contrast to the results on additive structure that
were recalled above, that relative to the binary operation induced by ged,
N does not have a minimal generating set. On the other hand, if we
consider the semigroup structure on N that is induced by least common
multiple (abbreviated lem), Proposition 2.3 shows that this semigroup has
a unique minimal generating set (which consists of 1 and all the integral

prime powers).
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With the hope of finding a minimal generating set in a context
determined by gcds, we next turn to the study of certain finite
semigroups. For each n € N, we let S(n) = {k € N|1 < k < n}. Observe

that S(n) has a relevant semigroup structure induced by ged. Our main

result, Theorem 2.5, states that if n € N,then S(n) has a unique minimal
generating set, and that this generating set is {k e N| L%J +1<k< n}

(As usual, |[...| denotes the floor, or greatest integer, function.) On the
other hand, Proposition 2.4 records that S(n) is a semigroup relative to a

binary operation induced by lem if and only if n is either 1 or 2. Finally,
Remark 2.6 collects a number of pedagogic comments, including some
probabilistic interpretations arising from the asymptotics of the assertion

in Theorem 2.5 and some ring-theoretic analogues of Proposition 2.3.
2. Results

We begin by stating a well-known number-theoretic fact that will be

used later in some proofs.
Lemma 2.1. (a) Let a, b, ¢c € N. Then (ab, ac) = a(b, c).

As explained in the introduction, the negative conclusion of our next
result stands in contrast to the classical theory for numerical semigroups
given in [5, Theorem 2.4(2)].

Theorem 2.2. Let S be the semigroup whose underlying set is N,
relative to the binary operation * defined by a * b := (a, b) for all positive
integers a, b. Then S does not have a minimal generating set.

Proof. We give an indirect proof. Suppose, by way of contradiction,
that T is a minimal generating set of S. Let n denote the least element of
T. Consider T; := T'\ {n}. Note that 7} is nonempty. (Otherwise, T' = {n},
whence S = (T') = {(n, n)} = {n}, a contradiction.) Since 7} is a proper
subset of 7T, we can contradict the minimality of T by showing that
T < (Ty), or equivalently, that n € (T;). Observe via Lemma 2.1 that
(2n,3n)=n(2,3)=n-1=n. As 2n,3n e S =(T) and n < 2n < 3n, it
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follows that 2n, 3n e (T7). (The point is that if m = (qq, ..., @), then

m < a; for each j € S(v)). Therefore,
n = (2n, 3n) = (2n) * (3n) € (T1),
the desired contradiction, completing the proof.

By using the (2n)*(3n) construction that appeared in the proof of
Theorem 2.2, one can also prove the following result. If (S, *) is the
semigroup considered in Theorem 2.2 and n € N, then there exists a

(necessarily non-minimal) generating set T of S such that the least
element of T is greater than n. The (2n)* (3n) construction will also

figure in the proof of Theorem 2.5.
Proposition 2.3 will give the analogue of Theorem 2.2 where “ged” is

replaced by “lem” (which stands for “least common multiple”). As usual, if

ai, ..., a, € N, we let [a;, ..., a,] denote the lem of ay, ..., a,. It is well
known that if a,b, ¢ € N, then [[a, b], c] = [a, [b, c]] = [a, b, c]. In other
words, N is a semigroup relative to the binary operation * defined by
a#*b:=[a,b] for all a,b e N. Proposition 2.3 shows, in contrast to
Theorem 2.2, that the semigroup structure induced on N by lem has a
unique minimal generating set.

Proposition 2.3. Let S be the semigroup whose underlying set is N,
relative to the binary operation * defined by a * b = [a, b] for all positive
integers a, b. Let Ty = {1}U {p’ | p is a prime number and i € N}. Then
Ty is the unique minimal generating set of S. Moreover, T is a subset of
any generating set of S.

Proof. Observe that if m and n are distinct relatively prime positive
integers, then [m, n]=mn. It therefore follows easily from the
Fundamental Theorem of Arithmetic that (T;)) = S. Next, we shall show
that if (T) =S, then Ty < T. Consider any element %k e T,. Since
k € (T), there exist finitely many elements ay, ..., a, € T' such that

k =[ay, ..., a,]. In particular, k > a;. If k =1, then 1 = a; € T. In the

remaining case, k = p' for some prime number p and ie N. As
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pl = [a1, ..., a,], it follows from a standard formula for lem [8, p. 44,
line —5] (and from the Fundamental Theorem of Arithmetic) that there

exists j € S(v) such that p’ = a;j € T, to complete the proof. 0

Given the positive nature of the conclusion of Proposition 2.3, it
seems natural to ask if some variant of the context studied in Theorem
2.2 in terms of geds can also lead to a minimal generating set. Such a
result is given in Theorem 2.5. First, an easier analogue of it in terms of
lems is given in Proposition 2.4. Recall that if n € N, then S(n) denotes

{k e N|1 <k <n}

Proposition 2.4. Let n € N. Then a *b := [a, b] for all a, b e S(n)
defines a binary operation on S(n) if and only if n is either 1 or 2. If n is
either 1 or 2, this induced binary operation on S(n) is associative and so
induces the structure of a semigroup whose underlying set is S(n).
Moreover, if n is either 1 or 2, the only (necessarily minimal) generating

set of this semigroup is S(n).

Proof. By the comment about associativity that preceded the

statement of Proposition 2.3, lem induces a semigroup structure on S(n)
if and only if the corresponding “product” satisfies the closure property,
that is, if and only if [a, b] € S(n) whenever a, b € S(n). As [1,1] =1
and [2, 2] = 2, it suffices to show that if 3 <n e N, then there exist
a, b € S(n) such that [a, b] ¢ S(n), that is, that there exist positive
integers a, b < n such that [a, b] > n. If there exists a prime number p
such that p < n and p does not divide n, then [p, n] = pn > n, in which
case it suffices to take a := p and b := n. Accordingly, it remains only to
rule out the case that 3 < n € N and n is divisible by each prime number
q such that ¢ < n. However, in this case, the Fundamental Theorem of
Arithmetic would imply that each integer m such that 2 <m <n is a

product of prime numbers (possibly with repetition) each of which divides

n. It would follow that 1 is the only member of S(n) that is relatively

prime to n and, hence, from the definition of the Euler phi-function

[8, p. 53] that ¢(n) = 1. However, the standard formula for this function
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[8, Theorem 3.8] easily yields that ¢(k) >1 whenever 3 < k € N. This

completes the proof. 0
We next present our main result.

Theorem 2.5. Let n e N. Then ax*b:=(a, b) for all a,b e S(n)
defines an associative binary operation on S(n). The resulting semigroup

with underlying set S(n) has a unique minimal generating set T(n) =
{k € N|[%J +1<k< n} Moreover, T(n) is a subset of any generating

set of this semigroup.

Proof. Recall that ((a, b), ¢) = (a, (b, ¢)) for all a, b, ¢c € N. Since

(a, b) < min(a, b), it follows that * induces the structure of a semigroup
on S(n). Consider T'(n) := {k € N|L2J +1<k< n} We claim that if T

is any generating set of S(n) (with respect to the binary operation

induced by ged), then T(n) < T.

If the claim fails, then there exists a positive integer i such that

1<i<n- L%J and L%J + 1 1s the ged of a nonempty subset U of (the
integers in) T \ﬂ% J + i}. It follows from the definition of ged that U
must contain at least two distinct nontrivial integral multiples of L%J + 1.

Thus, SQ%J + i) < n. But the definition of the floor function ensures that

L%J > %—% (To see this, it may help to note that n = 3¢ + r for some

non-negative integer ¢ and some r € {0, 1, 2}). It follows that

nz3Q£J+i)z3(£—z+i):n—2+3i>n,
3 3 3

with the last inequality holding since i > g This contradiction proves

the above claim.
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It remains only to prove that {k e N|k < L%J} c (T(n)). Suppose
that £ € N is such that & < Lg J Let m denote the least integer such

that mk > L%J (Of course, m exists by the well-ordering principle for N
since lim,,_,,, mk = o; note also that m > 2). By the minimality of m,

we have that (m - 1)k < L%J Therefore,

(m+1)k=(m—1)k+2k£[%J 2{%:3{%3

Hence, (T'(n)) contains (mk, (m +1)k), which, by Lemma 2.1, is just
k(m, m +1) = k-1 = k, as desired. This completes the proof. 0

In closing, we collect several comments that could be used in a variety
of courses. These feature, in particular, an analysis of the asymptotics

related to the formula for T'(n) in the statement of Theorem 2.5 and a

polynomial-theoretic analogue of Proposition 2.3.

Remark 2.6. (a) Despite the last three results (and [5, Theorem
2.4(2)]), it is not rare for a semigroup to have more than one minimal
generating set. For instance, take the semigroup S to be the Klein four-
group, and note that any subset of S consisting of two distinct nonzero
elements of S is a minimal generating set of S. In (b), we shall give
another example of this behaviour by introducing a different semigroup

that is constructed more in the spirit of Proposition 2.3.

The above type of phenomenon is also exhibited by the notion of
“minimal generating set” in several algebraic contexts other than that of
semigroups. For instance, if G is a finite cyclic group with exactly n > 1

elements, then G has ¢(n) minimal generating sets (in the sense of group

theory), and each of these minimal generating sets has cardinality 1.
Thus, a typical minimal generating set of a “large” finite cyclic group G

can be viewed as constituting a negligible subset of G, in the sense that

. 1 . ..
lim, ,, —=0. A similar comment can be made about “minimal
n



110 DAVID E. DOBBS and BRETT KATHLEEN LATHAM

generating sets” in the sense of linear algebra. Indeed, let F be a finite
field with exactly g elements and let V be a finite-dimensional vector
space over F of dimension n. Then any “minimal generating set” of V, in

the sense of vector space theory, is just an F-basis of V, and hence has
exactly n elements. Since V has cardinality ¢" and lim,_, —, =0, one
can also conclude that a typical minimal generating set of a “large” finite-
dimensional vector space V over a given finite field can be viewed as

constituting a negligible subset of V. (To show that lim,, .. ln = 0, one

notes that ¢ > 2 and then uses L'Hopital’s Rule.)

Semigroups behave differently from groups or vector spaces. Consider

the (unique) minimal generating set T'(n) that was constructed for S(n)
in Theorem 2.5. As the cardinalities of T'(n) and S(n) are n — LgJ and n,

respectively, we are led by the examples in the preceding paragraph to

=0

consider lim, ,, ———=. Contrary to the limits in those earlier
n
examples, this limit is not 0. It is, in fact, 3 (The proof of this is an

instructive exercise in elementary real analysis. Since [EJ is either

2 Co .
or —— 3’ one can calculate this limit by showing that the

Lyl
3 3

nn
3’3

three obvious subsequences each have limit equal to %.) Thus, one

cannot, in general, view a minimal generating set (if it exists) of a finite

semigroup S as constituting a negligible subset of S.

In referring to “negligible” subsets above, we were implicitly using a
notion of “probability” that is couched in terms of the natural density of
subsets of N (in the sense of [9]). Such a view of probability has occurred

often in the literature on number theory, polynomial rings, and linear
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algebra: cf. [6, pp. 268-269 and Theorems 332 and 333] and, more
recently, [3, Theorems 4.1 and 5.1], [4, Corollary 4], [2, Remark 4.1(b)],
[1, p. 749 and Theorems 4.1 and 4.2(b)], and [7, p. 491 and Remark 3.4].

(b) It seems natural to ask if there are any ring-theoretic analogues of
the above results. To be brief, we shall focus here on such analogues of
Proposition 2.3. Since Z 1is a unique factorization domain (UFD), one is
led to investigate what can be said in the above spirit if Z is replaced by
a UFD, R. In doing so, one must decide which subset of R should play the
earlier role of N. The discussion of the sets S(1, P) and S(1, P) below

reveals that one has choices in this regard.

To avoid trivialities, assume that R is not a field. Let u be a unit of R
(that is, an element of R having a multiplicative inverse in R). Let 7 be
any set of associate class representatives for the irreducible elements
(also known as the “atoms”) of R. Since R is not a field, 7 is nonempty.
We next introduce what we view as one of the desired analogues of N.Let

S(u, T) be the set of elements of T that are expressible as the product of

u', where i e NU{0}, and ai', ..., aik, where k e NU{0},qq, ..., a;
€T, ji, Jp €N, and i+ %k > 0. Since R is a UFD, it follows that if
r, s € S(u, T), then there is a unique way to express some least common

multiple of r and s (in the sense of ring theory) as a product (ignoring
order of factors and allowing repetition of factors) of the above form

i 7 Jk
ual.....ak.

(As usual in ring theory, “unique” means apart from the order of

factors and allows repetition of factors; while the exponents jj, ..., j, are
uniquely determined by the list a4, ..., @, the “uniqueness” that applies
to the factor u' refers to this factor itself and not necessarily to the
exponent i.) Define a binary operation o on S(u, 7) by taking r o s to be
the aforementioned least common multiple. The above “unique way”
observation shows that o is associative and, thus, equips S(u, 7) with
the structure of a semigroup. Since the multiplication in any UFD
satisfies an analogue of the Fundamental Theorem of Arithmetic, we can
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show, by reasoning as in the proof of Proposition 2.3, that {u}U {pj |p
€7 and j e N} is a minimal generating set for the above semigroup

structure on S(u, 7).

The following example should clarify matters. Let R :=Z, let P
denote the set of prime numbers, and let P = {gl-q e P}. Tt is
straightforward to check that S(1, P) = N. Moreover, S(-1, P) = Z\ {0}

= S(-1, P). Therefore, as a special case of the final comment in the
preceding paragraph, we see that {-1}U {pj |pePand j e N} and

(-1}U{p’ |p e P and j € N} are distinct minimal generating sets of
Z\{0} with respect to the above semigroup structure that was induced

by least common multiple.

Finally, we make explicit, in a self-contained way, how the above
construction produces a semigroup structure having a unique minimal
generating set when working with a UFD of the form R = F[X], the ring
of polynomials in one variable over any field F. (This paragraph could fit
into any beginning ring theory course, as Z and rings of the form F[X]
are the types of UFDs that are typically studied first in such a course.)
Let S be the set of monic polynomials in R (resp., the set of monic
polynomials in R of degree at least 1). Note that if f, g € R\{0}, then R
contains a unique monic polynomial that is a least common multiple (in
the sense of ring theory) of f and g. It follows that least common multiple
induces a binary operation on S. As this operation is associative, S

thereby has the structure of a semigroup. Moreover, this semigroup has a

unique minimal generating set, namely, {1}U{pj|p is a monic

irreducible element of F[X] and j e N} (resp., {p’|p is a monic
irreducible element of F[X] and j € N}).
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