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Abstract

Let A be an nxn quaternion circulant matrix. Then the complex

representation A, of A is similar to a complex matrix diag(M(‘)A, MlA,

ey M ,‘:1_1 ). By using this property, a necessary and sufficient condition

of A being nonsingular is given, and a system of right eigenvalues of A is

determined.
1. Introduction

Let R be the real field, C = {a + bi|a, b € R} be the complex field,

and H = {x + yj|x, y € C} be the quaternion field, where iZ = j? = -1
and ij = —ji. By custom, the conjugate of a quaternion a is denoted by a.
That is to say, a=a-bi if a=a+bieC, and a=x-y if

a =x + yj € H. The module Yoo of a quaternion a is denoted by | a |.
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The matrices with entries in H are called quaternion matrices.
Especially, the matrices with entries in C are called complex matrices.
The researches of complex matrices have made giant development.
Since the multiplication of H loss commutativity, the consideration of
quaternion matrices is much more difficult than that of complex matrices.
However, some important natures of quaternion matrices have been
explored. For example, Huang [2] gave a necessary and sufficient
condition for a quaternion matrix being nonsingular; Zhang [6] described
the characteristics of the set of all right eigenvalues of a quaternion
matrix. But Huang’s and Zhang’s results are abstract and unfeasible in
algorithm. In this paper, we improve these results in quaternion circulant

matrices.
2. Nonsingularity of a Quaternion Circulant Matrix

Let A = (ocij) be an n x n quaternion matrix. We customarily denote
the conjugate, the transpose and the conjugate transpose of A by A, AT

and A", respectively. That is to say,
o r J—
A =(0y), A" =(0j) A" = (o))

A quaternion circulant matrix is a quaternion matrix of the form

%o o Q2 Opg
: Op-1 @ 01 -t Qpog
Circ(og, 0, Og, «ey Op_1) =
o1 Qg Oz - Qo

The set of n xn quaternion circulant matrices is denoted by Circ,,(H).

The n x n quaternion circulant matrix

P = Circ(0, 1, 0, 0, ..., 0)

is called the n x n basic circulant matrix. Quaternion circulant matrices
with entries in C are called complex circulant matrices. Since were raised
by Good [1], complex circulant matrices have been systematically
investigated and widely used in coding, statistics, theoretical physics,

structural analysis, digital image processing and so on [5].
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It is evident that an n xn quaternion matrix A is a quaternion

circulant matrix if and only if there exist ag, 0, ..., a,_; € H such that

n—-1
A= Z o, Pk,
k=0
Furthermore, if A, B are n x n quaternion circulant matrices, then so do

A, AT, A", aAP, A + B and AB, where a, B are arbitrary quaternions.

Let

o — eXp(Zchi
b=
n

), (k=0,1,..,n-1),

be the unity roots of order n, and let

1

-1
F,=n 2(mk_1)nxn

be the nxn Fourier matrix. If f(A) = ZZO alkl is a polynomial of

complex coefficients, then, for each £ = 0, 1, ..., n — 1, we have
m m 1 m
_ . N — _
flon) = D aoh = D aop = Y ajoh_y = Flo_p).
=0 =0 =0

This leads to the following
Lemma 2.1. If f(1) is a polynomial of complex coefficients, then
flop) = flo,_x) (B=0,1,..,n-1). 0

Recall that the complex representation of a quaternion o = a + bj 1is

defined by the 2 x 2 complex matrix

@ =[5 7]

Huang [2] advised the complex representation of an n xn quaternion

matrix A by the 2n x 2n complex matrix
Ap = (o))

and then established the following lemma.
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Lemma 2.2 [2]. An n x n quaternion matrix A is nonsingular if and

only if A, is nonsingular, and if and only if det A, = 0. 0

If A = Circ(ag, 04, ..., 0.;,_1) € Circ,,(H), where aj =a;, +bpj € H

foreach k =0,1, ..., n — 1, we define
n-1 B n-1 - n-1 n-1 .
FA) = ek, FA) =Y ek, gt =D bt g0 =D bk,
k=0 k=0 k=0 k=0
and let

a _[ op) gA(wki
M [—g“‘(wm FAfor))

Then, we have

Theorem 2.3. An n x n quaternion circulant matrix A is nonsingular

if and only if
A n
det Mk #0 (k = 0, 1, veey |:Ej|j

Proof. Suppose that A = Circ(ag, a4, ..., a,_1) € Circ,(H), where
op =ap +bpj e H foreach £ =0, 1, ..., n —1. Note that

n-1
A, =Y PP @ (),
k=0

here ® is Kronecker product of matrices. By direct calculations we can
obtain that

n-1 n-1 n-1
* . k k k
(F, ® Iy)" Ao(F, ® I) = diag| Y of(ag),, Y of(@p)e s Y oh(ar), |
k=0 k=0 k=0

Furthermore, since for each [ = 0,1, ..., n — 1,
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we have
(F, ® I,) A(F, ® I,) = diag(M{§', M{*, ..., M2 ), 1)

and whence

n-1

det A, = H (det M7).
=0

By Lemma 2.1, we can see that

det Mt = f4(0))fA(0;) + g% (0)) 8% (00))

= fA((’)nfl)fA((anl) + gA(mnfl)gA(mnfl)

= det Mr‘?—l‘
Therefore
(detM(‘)“)Hp [(det M7*)(det M) if n=2p+1,
det A, = =1 o1 -
(det M§')(det M2 )H [(det M7 )(det M{*)] if n = 2p.
=1
Now, by Lemma 2.2, the required result holds. 0

Corollary 2.4. Let A = Circ(ag, 04, ..., 0,_1) € Circ, (H). If ZZ;(l) o

= 0,then A is singular.

Proof. This claim follows by Theorem 2.3 directly since det M(‘)4

= ‘ ZZ;(I) a‘k ‘2 D

3. Right Eigenvalues of a Quaternion Circulant Matrix

Let ~ be the similar relation on H defined by o ~ B if a = yBy_l

for some nonzero quaternion y. Then, of course, this relation is an
equivalence relation. For each a € H, we denote the ~-class of a by a.
Observe that a contains exactly one pair of complex numbers, say x, y,
with x =y [6].
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Let A be an n xn quaternion matrix. It is shown by [3, 4] that A
must have a right eigenvalue A € C and, in this case, each one of the
~class A is also a right eigenvalue of A. Accordingly, counting

multiplicities, A has n complex right eigenvalues say Aq, Aq, ..., Ap_1

such that the set of all right eigenvalues of A is UZ;;?T,: . We call the set

Xo, M, o, A1} a system of right eigenvalues of A. To determine a

system of right eigenvalues of a quaternion circulant matrix, the
following lemma is needed.

Lemma 3.1 [6]. Let a be a quaternion. Then (o), has two complex

eigenvalues which are conjugate each other. 0

Lemma 3.2 [3]. Let A = A; + Ayj be an nxn quaternion matrix,

where Ay, Ay are n x n complex matrices, and let

4 Ay
A, - { q _].
-Ay A

If Ao, E, M, E, ooy Ay_1> My are all complex eigenvalues of the matrix
A, then {Lg, A, ..., A,,_1} IS a system of right eigenvalues of A. 0

It is evident that, for any n x n quaternion matrix A, the matrices

A, and A, are similar. Therefore, we have

Corollary 3.3. Let A be an n xn quaternion matrix. If A, E, A,
E, A S m are all complex eigenvalues of the matrix A., then
Xo, My - Ap_1} 18 @ system of right eigenvalues of A. 0

The following theorem is the main result of this section.

Theorem 3.4. Let A = Circ(ag, 0, ..., 0,1 ) € Circ,,(H), where oj =
ap +bpje H for each k=0,1,..,n—-1. For every ¢ =1, 2 and every
1=0,1,.., n-1, put

nl o — el — 2 opa
ap +a ap —a . I
K(f)=2%@?+(—1)8 (Z%mfj - [E:bsbﬁ 2 bsbth?-
s

k=0 k=0 k=0\s+t=k s+t=n+k
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Let
o)W, 3, ), 2 if n=2p+1,
00,09, 0 4 0y i = 2p

el

Then RS is a system of right eigenvalues of A.

Proof. By equality (1), we can see that the set of all complex right
eigenvalues of A, is exactly the union of those of M lA ’s. For each

1=0,1, .., n-1, since

det(hT = Mf*) =22 = [f4 (o) + FH(@)Ih + fA (1) A (o)) + g (01) 84 (@),

the complex eigenvalues of M ZA are

) = 21 o)+ Aol

+ (O Ao + PP - 4l (o) 7 ) + 2 (0)g @]

= Sl + FA )]+ (U LI o) - FA ) - 48 (@)F (o)
D

— 2
n-1q; —a n-1 I b,
' (_1)8 \/(Zk—o : 2 ) Q?J - zk:O (Zsﬂzk bsby + ZS+t=n+k b5t jmée

(e=1,2).

Furthermore, by Lemma 2.1, we have

A - [ F(@n-1) §A<mn_l>j

_gA(O)n—l) fA (mn—l)

0 -1 0 —1\!
A
= M, .
1 0 10
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Hence the Jordan canonical forms of M lA and M ,‘?,l coincide. It follows

that the Jordan canonical forms of M lA and M ;:l—l are conjugate each

other, so that

P, APy = ol 23,

n=0>"n
: A _ (A A .
Since Mg = (f“(1)+ g“(1)),, by Lemma 3.1, we claim that
2) _ (1)
W =),

Further, if n = 2p, then Mﬁ = (fA(o)p)+ gA(cop))c, thus it follows by
Lemma 3.1 that

M2 =),

By virtue of Corollary 3.3 and summarizing the above equalities, we can

obtain the required conclusion. 0
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