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Abstract

Let RGf be a projective group ring of a finite group G over a ring R

with 1 with a factor set f : G x G — units of the center of R and G be

the inner automorphism group induced by the generators of RGy.

Characterizations of a Galois RGf with inner Galois group G in terms

of the center of RGy are given.

1. Introduction

Galois extensions with an inner Galois group have been intensively
investigated [1, 4-7]. In [1], it was shown that any central Galois algebra

A with an inner Galois group G is a projective group algebra RG; over R;
that is, A= RGy = @deGRUg’ where {U,|g € G} are free generators
such that U,Uy = Ugef(g, g'), f:GxG — units of R is a factor set,
and A% = R [1, Theorem 6]. The converse also holds: If A= RGy

= ®deGRUg is an Azumaya R-algebra, then A is a central Galois
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algebra over R with an inner Galois group G induced by Uglg eG}

[2, Theorem 3]. In the present paper, we consider two general cases: (1)

the center of RGf is not necessarily R, and (2) R is noncommutative. We

shall give equivalent conditions for a Galois projective group algebra and
for a Galois projective group ring respectively. Let Z be the center of G,
K={geZ|f(g, g')=f(g, g) for all g'e G}, and C be the center of

RGy. Then it will be shown that a projective group algebra RGy 1s a

central Galois algebra over C with an inner Galois group G if and only if

{Uz12 « G} are free over Cand C = @) _, RUg, where Ug = U, for

each g € G. In particular, when K =(1), this result recovers Theorem 3

in [2]. Moreover, characterizations for a Galois projective group ring and

examples are given in Section 3.

2. Galois Projective Group Algebras

In this section, let RG; = @deG RU, be a projective group algebra

over a commutative ring R with 1 and f : G x G — units of R be a factor

set, C be the center of RGf, Z be the center of G, and K =
{geZ|f(g, g")=f(g, g) for all g' € G}. We shall characterize a Galois
projective group algebra RG; with an inner Galois group G induced by

{Ug | g € G} in terms of C. We begin to describe G and C.

Lemma 2.1. Let G = {g|g(x) = UgXU; for all x € RGy}. Then G

is an inner automorphism group of RGf.

Proof. Since {g|g € G} is a finite set, it suffices to show that
g8 =gg for g, g eG. In fact, for each x e RGs, (g-9)(x)=

UUxUglUg' = Uggf(g, 8)xUgpf(g, &) = UggxUgp = gg'(x). Thus

-7

g% =gg Also (G, ') is associative, so G is a group.
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Lemma 2.2. Let n: G > G by n(g) = g foreach g € G. Thennis a

group homomorphism from G onto G with kernel K = {g € Z|f(g, g') =
f(g', g) for all g’ € G}.

Proof. For g, g' € G, n(gg)=gg' =58-8 =n(g) n(g), so n is a
group homomorphism from G onto G. Next, let g=1 in G. Then
g(x) = x for all x € RGy. Hence ngU;,1 = x, and so, Ugx = xUg. In
particular, let x = Uy for each g'e G, we have that U,Uy = UgUs,.
Thus Ugyf(g, 8') = Ugyf(g', ). This is equivalent to that gg' = g'g and
f(g, g') = f(g', g) for each g’ € G, and so g € K. Therefore the kernel
of n = K.

Theorem 2.3. Let C be the center of RGy. Then (1) (RGy )6 = C, and
(2) RGy is a Galois C-algebra with an inner Galois group G if and only
if {Uglg e G} are free over C and C = @ZgGKRUg, where Ug = Uy
foreach g € G.

Proof. (1) Since R is commutative and rU, = U,r for each r € R

and g € G, (RG,) = C.

(2) (=) Since (RG; )é = C by part (1), the Galois algebra RGy is a
central Galois algebra over C with an inner Galois group G by Lemma
2.1. Hence by Theorem 6 in [1], RG; = C(_}f, a projective group algebra of
G over C with a factor set f : G x G — units of the center of C induced
by f: GxG — units of R. This implies that {Ug|g € G} are free over C
and RG(= Caf) is an Azumaya C-algebra. Thus C is a direct summand
of RG; as C-bimodule [3, Lemma 3.1, page 51]. Since rankp(RG;) =
|G|, the order of G, and rankc(CGy) =| G |, we have that rankz(RGy)
= ranko(RGy)-rankp(C) so that rankp(C) is well defined and
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rankr(C) = |G|/| G | =| K|. Moreover, since @deKRUg c C and

rankR((-D D ek RUg) =|K|=rankg(C), we have that C=®  _ RU,.

(<) By hypothesis, {Ug|g e G| are free over C, so Caf =

@ deé CUjz 1is a projective group algebra of G over C with factor set

f:G xG — units of C induced by f : G x G — units of R. Also, since

C=0)  xRUyg

CG; = gea[ ZRUngUg = Zk:[ ZRUgrjUgi

g'eK i=1\g'eK
k
= > > RUg, = > RU, = RGy,
i=1 g'eK geG

where G = Zle Kg;. Thus RGy(= Caf) is an Azumaya C-algebra; and

so RGy is a central Galois C-algebra with an inner Galois group G

[2, Theorem 3].
We note that Theorem 3 in [2] is a special case of Theorem 2.3.

Corollary 2.4. Let RG; be a projective group algebra of a finite

group G over a commutative ring R with a factor set f : G x G — units of

R. Then the following are equivalent: (1) RGy is a Galois R-algebra with

an inner Galois group G: (2) RGy is an Azumaya R-algebra; and (3)
K =().

3. Galois Projective Group Rings

Let R be a ring with 1 with center Rj, G be a finite group, RG; be a

projective group ring of G over R with a factor set f : G x G — units of
Ry, and C be the center of RG;. We shall characterize a Galois

projective group ring RGf in terms of C. As given in Section 2, the center
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of G is denoted by Z and K ={g € Z|f(g, g') = f(g', g) for all g’' € G}.

Clearly, the projective group algebra RyK; < C.

Lemma 3.1. If RG; is a Galois extension of (RGf)é with an inner

Galois group G, then {Uglg € G} are free over RC where Ug =Ug for
each g € G.

Proof. Since RG; is a Galois extension of (RGf)a with an inner

Galois group 5, there exists a G -Galois system for RGf, {x;, y; € RG,»,
. . m —

i=12 .., m for some integer m} such that Zi:l x;8(b;) = 87, 5 for
each g eG. Let deé agUz =0 for some az € C. Then for each

FeG,
0= ZZ 1’”[2 agUgjﬁ‘l(yi) — deé agzzl ingﬁ—l(yi)
SIS S Lo I ) ST TE0) o

- zge(} %7 g5 1Vz = %Up-

Thus aj = 0 for each h e G. This proves that Uglg e G| are free over
C. But then CUt N ) CUg = {0}. Thus RCUT N} _ 1+ RCUg = {0}.
Therefore {Uz|g € G} are free over RC.

Theorem 3.2. Let RG; be a Galois projective group ring of G over a
ring R. Then the following are equivalent: (1) RGy is a Galois extension of
(RG,«)E with an inner Galois group G; (2) CG; is a central Galois
projective group algebra of G over C with factor set f : G x G —> units of
Cinduced by f : G x G — units of Ry; and (3) {Ug|g € G} are free over
RCand RC = @deKRU , where Ug = U, foreach g € G.
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Proof. (1) = (2) Since RG; is a Galois extension of (RG )5 with an
inner Galois group G, Uz lg e G} are free over RC by Lemma 3.1. Let
Ry be the center R. Then R, — C. Noting that f : G x G — units of

Ry, we have that C(_;f is a projective group algebra of G over C with

factor set f : G xG — units of C where f is induced by f:GxG —
units of Rj. Moreover, since RyK; c C, de(—; (RyKf)Ug C'Ef. But

G = G/K by Lemma 2.2, so

RG; = )" RU, = R(RyGy) R{ CUg} = R(CG;) < RGy.
geG geé

Hence RG; = R(Caf). Thus G | cG; = G. Next we claim that C is also
the center of deﬁ CUg(= C(_?f). In fact, clearly, C is contained in the
center of C@,z. Conversely, for any x € the center of CG/}, x is in the

center of dec—;CUg. Also, for any r € R, rx = xr, so x is in the center

of R(zgeaCUEJ which 1is RGf. Thus x € C. Therefore 05/[ is an

Azumaya C-algebra; and so Cgf is a central Galois C-algebra with an

inner Galois group 6| 05; ~ G [2, Theorem 3].

(2) = (1) Since C(_;/? c R(C(?};) = RGy and R c (RGf)é such that

G | oG = G, a G -Galois system for C(_}/z can be taken as a G -Galois
f

system for RGy. Thus RG; is a Galois extension of (RGf)a with an

inner Galois group G.

(2) = (3) Since CGf is a central Galois algebra over C with Galois

group G and since rx = xr for each r € R and x e Cgf, {Uglg € G}

are free over RC by Lemma 3.1. Moreover, since CGf is a central Galois
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algebra over C with Galois group G | CE,? =~ (G again, C = @de x RyUg
by Theorem 2.3. Thus RC = R(@ hI ROUgj =0, x RUg.

(3) = (2) By hypothesis, {Ug\gea} are free over RC, so

C:

{Ug|§e§} are free over C. Also since RC=@Zg€KRUg’

@ deK RyU,, where R, is the center of R. Thus Caf is a central

Galois C-algebra with an inner Galois group §| CE,? =G by Theorem 2.3.

We conclude the present paper with three kinds of projective group

rings.

Example 1. Let RJ[i, j, k] be the real quaternion algebra over real
field R with inner automorphism group G = {1, i,j, k }, where i(x)= ixi L,
j(x)=jx ', and k(x)=kxk™ for x e R[i, j, k]l Then R[, j, k] =
R ® Ri ® Rj ® Rk, a projective group algebra RG; with center R; and so
it is a central Galois algebra over R with an inner Galois group G.

Example 2. Let T = R[i] c R][i, j, k] as given in Example 1 and H;
= {1,i} = G. Then (R[i, j, k])"i = R[i] and R[i, j, k] is a noncommutative
Galois extension of R[i] with a cyclic Galois group H;. We note that any
Galois algebra with a cyclic Galois group is commutative [1, Theorem 11].

Example 3. Let My, (R[i, j, k]) be the 2x2 matrix ring over
R[i, j, k] with inner automorphism group G induced by i, j, k. Then
Mo, o(R[i, j, k]) = Mo,o(R)®g Rl[i, j, k] = MZXQ(R)(_}f, a Galois projective

group ring of G over My, o(R).
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