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Abstract

The main purpose of this study aims to give general formulas for the
positive solutions of the difference equation system

1 y
Xps1 = 3. Ypo1 =—2—,n=0,1,2, ...,

n Xp-1Yn-1

where x_; =k, xg =h and y, = b, y_; = a are positive real numbers.

Thus, we improve the paper in reference [1].
1. Introduction

Cinar [1] investigated the solutions of the difference equation system

1 Y
Xpsl = ——» Vo1 = —2—,n=0,1,2, ..., (1.1)

In Xpn-1Yn-1

where x_; =k, x5 =h and yy =b, y_1 = a are positive real numbers
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and in that paper, he gave only the following two theorems:

Theorem 1 [1]. Let {x,, y,} be a solution of difference equation

system (1.1). Then all solutions of equating system (1.1) are periodic with
period four.

Theorem 2 [1]. Let {x,, y,} be a solution of difference equation

system. Then for n = 0,1, 2, ..., all solutions of equation system (1.1) are
1 b
X4n+1 = B’ Yan+1 = a’
ak 1
Xan+2 = B Yan+2 = kb’

1
Xanvy = aRR, Yanez =
=b.

Xgnia = h, Yan+4a

From Theorem 2, it is seen that in [1], the solutions {x,, y,},_, of
equating system (1.1) have been presented in eight forms as x4,,1,

X4n+2s ¥4n+3> Xan+a A0A Yani1, Yant2> Yane3s Yanta for n=0,1,2, .. In
this paper, we have simplified this situation reducing from eight forms to

two forms. Also, using periodicity of the sine and cosine functions, we say
immediately that the solutions {x,, y,}._, of equating system (1.1) are

periodic with period four.
2. Main Theorem

Theorem 3. Let {x,, y,} be a solution of difference equation system.

Then all solutions of equation system (1.1) are

b%(l+cos(%)+sin(%)jk%(—l+cos(%)—sin(%)) sin(%), n=1, 2, ...,
= a

Yn =

1( (nnj . [nn)) 1[ (nnj . (nnD . [nn)
—=|1+cos| — |+sin| — —=| =14+cos| — |-sin| — —sin| — |, n=0, 1, 2, ...
Xy = b 2 2 2 k 2 2 2 a 2

and all solutions of equating system (1.1) are periodic with period four.
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Proof. By substituting

1
Xpil = —— (2.1
n
into the equation
In
Yy =,
nrl Xp-1Yn-1
we obtain
Yn-29n
Yy =
n+1 Vo1
or
Yn-1Yn+1 = Yn-2¥n- (2-2)

Letting z,, = y,_1¥n+1>, 2 = 0, 1, 2, ... in equation (2.2) creates
2, —2,1=0,n=0,1, 2, .... (2.3)

The characteristic equation of the difference equation (2.3) is A —1 = 0,

and thus we have the general solution of (2.3) as

2, =Y_9Y0,n=0,1,2, ..

or

Yn-1¥ns1 = Y-2)0,n =0,1,2, ... (2.4)
Since y,, > 0 for n =0, 1, 2, ..., using the transformation

w, =lny,, n=012,.. (2.5)

in equation (2.4), we obtain
exp(w,_1 + Wy41) = explw_g +wg), n =0,1, 2, ...
From where we get

Wy 1+ Wy =W_g +Wwy, B =0,1,2, ... (2.6)
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Since the characteristic equation roots of the homogeneous equation

are pu; =1 and py = —i, we obtain the general solution of equation (2.6)

as

w, = cos(%) + Co sin(%) + %(w,g +wy),n=012 ... (2.7

From equations (2.5) and (2.7), we have

nm . (nm
Yo = exp(cl cos(7) + ¢y 51n[7))1/y_2y0, n=0,12...
To find the constants ¢; and c9, we use the initial data
Yo = et \y-230,
= ey 250

Finally, after solving the above system of equations, we obtain

1 1 VY0 Vb
¢c; ==In(ypx_1)==Inbk and ¢y =ln——=-— =In——. Hence all

the solutions {x,,, y,},_, of the equation system are given by

_ oxp| L cog 7% L gin( 7\ 1 b \ﬁ
yn—exp{2cos(2)lnbk+zsm(2)lnka2} A

= (bk)1/2 cos(%)(#jl/z sin(%) %

b%(l+cos(%)+sin(%))k%(—l%—cos(%)—sin(%n sin(%), n=l1, 2, ...
= a

and

1
Xn+l =
n

—l(1+cos(ﬂj+sin(ﬂj) —l(—1+cos(ﬂj—sin(ﬂj) —sin(ﬂj, n=0,1, 2, ...
- b 2 2 2 k 2 2 2 a 2
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Since the functions f(x) = sinx and g(x) = cosx have 2rn period,

solutions of equating system (1.1) are periodic with period four.

Therefore, the proof is completed.
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