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Abstract

A differential game of pursuit of an evader by a finite number of
pursuers on a closed convex set in Iy -space is studied. The game is
described by simple differential equations and players’ controls obeyed
the integral constraints. The game is deemed to be completed if exact
contact of a pursuer with the evader is occured. It is shown that even if
the resources for controls of an individual pursuer is less than that of the
evader, the completion of game is still possible.

1. Introduction

Numerous researches deal with differential games and fundamental

results are given by Isaacs [4], Pontryagin [7], Krasovskii and Subbotin

[5]. Differential pursuit games involving several players in R" are

discussed by authors [1, 2, 3, 8]. Recently, Leong and Gafurjan [6]

investigated pursuit game in the space of I5.
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In this paper, we consider differential games with integral
constraints on controls of players; namely a pursuit of one player by finite

number of dynamical players in a closed convex subset of the space of I5.
Consider the [y-space of elements o = (aq, g, ..., A, -..),

Z:=1 a% < o with inner product (a, B) = Z:=1 agBr and norm | o |

1/2
= (Z:zl (X%J . Let S be a closed convex subset of I5-space. Define

H(xg, r)=1{x ely : || x — x| < r} as a ball in the I;-space with center

xo and radius r.

The motions of the finite number of pursuers P, and the evader E are

described by the equations:

Pi . a’ci = U, xl(O) = X0, 1= 1, m,

E:j=uv 50)=y @
where x;, xg, ¥, Y0, U;, U € ly, u; = (w1, Ujg, ..., Ujp, ...) 1is the control
parameter of the ith pursuer P;, and v = (v, vy, ..., U, ...) is the control

parameter of the evader E.

It is necessary to give the following definitions:

Definition 1. A function ;(-); u; : [0, 8] = Il with components u;,
are Borel measurable functions for all &, such that

* 2 2
Jo |wi(@)|"dt < pi, @

where p; and 0 are some given positive numbers, is called an admissible
control of the ith pursuer, P,.

Definition 2. A function v(-); v : [0, 8] — Iy with components vj, are

Borel measurable functions for all &, such that

j:u olt) [Pdt < o2, 3)
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where ¢ and 0 are some given positive numbers, is called an admissible

control of the evader, E.

When the players’ admissible controls ;(-) and v(-) are chosen, the
corresponding motions x;(-) and y(-) of the players can be easily

obtained as

x;(t) = (x1(2), xi2(t), -oor i (2), ..), %3, (8) = x2,(0) + I; uip(s)ds (4
and

7 = 010, 350, s 310, ) 00 = 0O+ [ s @

It can be verified that for a positive number 0, x;(-), ¥(-) € C(0, 6; Iy),

where C(0, 0; ly) is the space of functions
f@t)=(A@), @), ..., @), ...) ely, t 20,
such that

1. fx(t), 0 <t < 0 are absolutely continuous functions;
2. f(¢), 0 <t < 0 is a continuous function in the norm of Is.

Definition 3. A function U;(x;, y, v), U; : Iy x Iy x Iy — I such that
the system of
% = Ui(x;, y, ), x;(0) = xy9,
y = v, 5(0) = ¥o,
has a unique solution (x;(-), ¥(-)), where x;(-), ¥(-) € C(0, ; ly) for any
admissible controls u; = u;(t), and v = v(¢), 0 < ¢ < 0 of the pursuers P;
and the evader E is called a strategy of the pursuer P,. A strategy U; is
admissible if each control that is used to form this strategy is admissible.
Definition 4. It is said that the differential game (1) with the initial
position  {¥g, %10 %20, --» Xm0 }» X0 # Yo,i =1, m can be completed, if

there exists strategies U;,i =1, m of pursuers such that for any
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admissible control v(-) of evader E, xj(t) = y(¢) for some ¢ > 0 and an

index k.

2. A Pursuit Problem in [y

Let us consider the game (1) with admissible controls of the pursuers

and evader as (2) and (3), respectively such that

p? < o2, forall i =1, m. (6)
In other words, we are considering a game, where the evader E has
advantage in control resources over each pursuer of the game. However,

we prove that the completion of the game is still possible.

Theorem 1. Consider the game (1) with admissible controls of the

pursuers and evader as (2) and (3), respectively such that (6) holds. If

m
2 2
Zpi > ¢, )
=1
then for any initial position {yg, %10, X205 --» Xm0} the game (1) is

completable.

Proof. Without loss of generality, we assume that yg, # x;y, for all

i =1 m. Let p2 = Z;nlplz and o; = Epi, for i =1, m. Clearly,
= p
Giz < pi2 and ZZIG% = o2

Let T be a finite and sufficiently large constant denotes the prefix
terminal time of the game.
We shall construct the strategies as follows:

First, we divide the duration of the game into m periods.

At the first period, we define the pursuers’ strategy as follows:

uy () = %Jr u(t),0<¢<0; and w(t)=0,Vi=2m, (8
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2

- 0

where 6; = (MJ L If j o) ||2dt < o?, then the strategy
P1 01 0

defined is admissible, since

12 wora)” <[
(1)

Yo — X
sl
1

Yo — %10 +(?)
0,

o N2
dt]

1/2
Yo — %10

01

/2
2dt]1 v ( f 061 o) ||2dtj

=p1 — 01 +01 =pP1.

Consequently,

0
xl(Gl) = X190 +J‘ ! u(t)dt
0
0 _
= X10 + I ! (yoe& + U(t)jdt
0 1

01
=10+ 30~ 3o + [ v(t)dt = 5(6y)

and hence completes the proof. Therefore, if x;(t;)# y(r;) for all
. . 0 2 2 2
7, € [0, 6;], then we will have either IO [ v@)||“dt > pi or > of. Since

0
p? > o7, the inequality .[01 [ v(®) ||2dt > 6% holds if there is no contact

between the first pursuer and the evader during the time interval [0, 0, ].

In such case, the game will continue into next period. In a general period

after the first period, says at ith period, for any i = 2, m, we construct
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the pursuers’ strategy as follows:

— k=i —
Denote ©; = Zk—l 0y, where ©y = 0,

wlt) = 2050 ) B << @y
l

up(t) = 0, Vk = 1, m\{i}, 9)

15@1.41) - xio ]}’ 2

where 0; = [I2ZHU =500} Again if [ | v(@) |*dt < 62, then the

l L ) . 12
pi = G; 01

considered strategy is admissible and it guarantees the completion of the
game. Thus, if the contact between the i-pursuer and the evader is not
occured, then

o
[ ToPde > o
0,1

Now, assume that in contrary the theorem is false, in which there is
no contact occured between the evader with all the pursuers until the

terminal time. Since x;(t) # y(t) for all i =1, m and t € [0, ©,,], we

must have
[2)
[ o Pde > of
0
[2)
[ @ Pae > o3
0,
O
[ 1@ Pae > o
Om-1
It follows that
o [} [2) [
[ 1o Par= [ "o Paes [ @) Paes - [ oo Par
0 0 0, Om-1

>c512-|-cs%+-~+631 =02,
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which is a contradiction with (3). Obviously, there must exist an i such
®.

that I 6L | v() |*dt < 6?. At that particular time interval, contact is
i-1

ensured and thus, complete the proof.

3. A Pursuit Problem in a Closed Convex Set of [,

In this section, we still consider the game (1) with admissible controls
of the pursuers and evader as (2) and (3), respectively such that (6) holds.
However, unlike in the preceding section, the considered game is

restricted within a closed convex subset S c 5.

Theorem 2. Consider the game (1) in which x;, xq, ¥, Yo € S < Iy

with admissible controls of the pursuers and evader as (2) and (3),
respectively such that (6) holds. If

m
Zp% > o2, (10)
=1

then for any initial position {yq, X10, X90s--» Xm0}, the completion of the

game (1) is possible.

Proof. First, we introduce m fictitious pursuers P/, i =1, m by

means of their motions can be described as
P :z=ul,i=1m; z(0) (11)
with their controls satisfy

INECIR RS (a2

Here, the fictitious players can go beyond the boundaries of S. Let us

define a continuous function F : [y — S,
F(Zi) = X, if 2 € ZQ\S,

F(Zi) =2 =X, if 2; € S. (13)
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Define the strategy of the fictitious pursuers with the same notations

as in Theorem 1.

B )2 _ _
ui(t) = AOi1) =20 L_é? 0 1 u(t), €1 << 0y
l

up(t) =0, vk =1, m\{i}. (14)
Now, we construct the strategy for the actual pursuers as follows:
u;(t) = ul(t), if z;(¢) € S;
u;(t) = F(z;)), if 2;(t) ¢ S. (15)

We need to prove that the contact between the actual pursuer and the

evader occurs and the above strategy is admissible.

From Theorem 1, we can conclude that at some moment 1 € [0, ®,,],

the equality
zi(1) = y(1) (16)

holds for an index i. Hence taking into account of the condition y(t) € S
by (13), we have z;(r)= x;(t) = y(tr). Now, we shall show the

admissibility of the pursuers’ strategy:

1. If z;(t) € S for some moment ¢ € [0, ©,,], then
O O,
[, " lu@Pae= [ " e Fae < p?. a7
2.1f 2;(t) ¢ S for some moment ¢ € [0, ®,,], then

O o [Omy
[, " lw@ P = | " FEOFa

I,
0

Iy 2
_ J‘@m hmh—)O " F(Zi(t + h22_ F(Zi(t)) " dt. (18)

| et e )= F(0)

limh%
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Since F(z;()) = x;(-) € S and S is closed convex,
| F(zi(t + h)) = Fz; (@) || < || z:(t + h) - (1) |.

Therefore,

O 2, _ [On | F(zi(t + b)) - F(z;(0) |2
Jo [ w;(t)] dt—jo limy, e dt
[
< IO

Oy 9
SR ECIRE

) . 2
Ozl(t+h) z;(t) dt

h

limh%

[°)
- jo " k) |Pdt < p?.

4. Conclusion

213

(19)

(20)

We show that under the integral constraints, an evading player

cannot avoid an exact contact with any finite number of pursuing players

whose individual resources are less than of this evading player. In the

case, where the pursuers are of countably many, an anologue proof

should be possible.
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