
 

Far East Journal of Applied Mathematics 
Volume 33, Number 2, November 2008, Pages 205-214 
Published online: October 24, 2008
This paper is available online at http://www.pphmj.com
© 2008 Pushpa Publishing House 

 

:tionClassifica jectSub sMathematic 2000 49N70, 49N75.
 Keywords and phrases: pursuit, Hilbert space, integral constraints, closed convex set. 

This work is partially supported by the Malaysian RU Grant Scheme No. 91171. 

Received April 23, 2008 

A MULTIPERSON PURSUIT PROBLEM ON A 
CLOSED CONVEX SET IN HILBERT SPACE 

WAH JUNE LEONG and IBRAGIMOV I. GAFURJAN 

Institute for Mathematical Research 
University Putra Malaysia 
43400 Serdang, Selangor, Malaysia 
e-mail: leong@math.upm.edu.my 

University of World Economy and Diplomacy 
54, Buyuk Ipak Yuli, Tashkent, Uzbekistan 

Abstract 

A differential game of pursuit of an evader by a finite number of 
pursuers on a closed convex set in 2l -space is studied. The game is 
described by simple differential equations and players’ controls obeyed 
the integral constraints. The game is deemed to be completed if exact 
contact of a pursuer with the evader is occured. It is shown that even if 
the resources for controls of an individual pursuer is less than that of the 
evader, the completion of game is still possible. 

1. Introduction 

Numerous researches deal with differential games and fundamental 
results are given by Isaacs [4], Pontryagin [7], Krasovskii and Subbotin 

[5]. Differential pursuit games involving several players in nR  are 
discussed by authors [1, 2, 3, 8]. Recently, Leong and Gafurjan [6] 
investigated pursuit game in the space of .2l  
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In this paper, we consider differential games with integral 
constraints on controls of players; namely a pursuit of one player by finite 
number of dynamical players in a closed convex subset of the space of .2l  

Consider the 2l -space of elements ( ),...,...,,, 21 kααα=α  

∑∞
=

∞<α1
2

k k  with inner product ( ) ∑∞
=

βα=βα 1, k kk  and norm α  

.
21

1
2








α= ∑∞

=k k  Let S be a closed convex subset of 2l -space. Define 

( ) { }rxxlxrxH ≤−∈= 020 :,  as a ball in the 2l -space with center 

0x  and radius r. 

The motions of the finite number of pursuers iP  and the evader E are 

described by the equations: 

( ) ,,1,0,: 0 mixxuxP iiiii ===&  

( ) ,0,: 0yyvyE ==&  (1) 

where ( )...,...,,,,,,,,, 21200 ikiiiii uuuulvuyyxx =∈  is the control 

parameter of the ith pursuer ,iP  and ( )...,...,,, 21 kvvvv =  is the control 

parameter of the evader E. 

It is necessary to give the following definitions: 

Definition 1. A function ( ) [ ] 2,0:; luu ii →θ⋅  with components iku  

are Borel measurable functions for all k, such that 

( )∫
∞

ρ≤
0

22 ,ii dttu  (2) 

where iρ  and θ are some given positive numbers, is called an admissible 

control of the ith pursuer, .iP  

Definition 2. A function ( ) [ ] 2,0:; lvv →θ⋅  with components kv  are 

Borel measurable functions for all k, such that 

( ) ,
0

22∫
∞

σ≤dttv  (3) 
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where σ and θ are some given positive numbers, is called an admissible 
control of the evader, E. 

When the players’ admissible controls ( )⋅iu  and ( )⋅v  are chosen, the 

corresponding motions ( )⋅ix  and ( )⋅y  of the players can be easily 

obtained as 

( ) ( ) ( ) ( )( ) ( ) ( ) ( )∫+==
t

ikikikikiii dssuxtxtxtxtxtx
0

21 0,...,...,,,  (4) 

and 

( ) ( ) ( )( ) ( ) ( ) ( )∫+==
t

kkkk dssvytytytytyy
0

21 .0,...,...,,,  (5) 

It can be verified that for a positive number ( ) ( ) ( ),;,0,, 2lCyxi θ∈⋅⋅θ  

where ( )2;,0 lC θ  is the space of functions 

( ) ( ) ( ) ( )( ) ,0,...,...,,, 221 ≥∈= tltftftftf k  

such that 

1. ( ) θ≤≤ ttfk 0,  are absolutely continuous functions; 

2. ( ) θ≤≤ ttf 0,  is a continuous function in the norm of .2l  

Definition 3. A function ( ) 2222:,,, llllUvyxU iii →××  such that 

the system of 
( ) ( ) ,0,,, 0iiiii xxvyxUx ==&  

( ) ,0, 0yyvy ==&  

has a unique solution ( ) ( )( ),, ⋅⋅ yxi  where ( ) ( ) ( )2;,0, lCyxi θ∈⋅⋅  for any 

admissible controls ( ),tuu ii =  and ( ),tvv =  θ≤≤ t0  of the pursuers iP  

and the evader E is called a strategy of the pursuer .iP  A strategy iU  is 

admissible if each control that is used to form this strategy is admissible. 

Definition 4. It is said that the differential game (1) with the initial 

position { } miyxxxxy im ,1,,...,,,, 00020100 =≠  can be completed, if 

there exists strategies miUi ,1, =  of pursuers such that for any 
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admissible control ( )⋅v  of evader ( ) ( )tytxE k =,  for some 0≥t  and an 

index k. 

2. A Pursuit Problem in 2l  

Let us consider the game (1) with admissible controls of the pursuers 
and evader as (2) and (3), respectively such that 

,22 σ<ρi  for all .,1 mi =  (6) 

In other words, we are considering a game, where the evader E has 
advantage in control resources over each pursuer of the game. However, 
we prove that the completion of the game is still possible. 

Theorem 1. Consider the game (1) with admissible controls of the 
pursuers and evader as (2) and (3), respectively such that (6) holds. If 

∑
=

σ>ρ
m

i
i

1

22 ,  (7) 

then for any initial position { },...,,,, 020100 mxxxy  the game (1) is 

completable. 

Proof. Without loss of generality, we assume that ,00 ixy ≠  for all 

.,1 mi =  Let ∑ =
ρ=ρ

m
i i1

22  and ,ii ρ
ρ
σ=σ  for .,1 mi =  Clearly, 

22
ii ρ<σ  and ∑ =

σ=σ
m
i i1

22 .  

Let T be a finite and sufficiently large constant denotes the prefix 
terminal time of the game. 

We shall construct the strategies as follows: 

First, we divide the duration of the game into m periods. 

At the first period, we define the pursuers’ strategy as follows: 

( ) ( ) ;0, 1
1

100
1 θ≤≤+

θ
−

= ttvxytu   and  ( ) ,,2,0 mitui =∀=  (8) 
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where .
2

11
100

1 







σ−ρ
−

=θ
xy  If ( )∫

θ
σ≤1

0
2
1

2 ,dttv  then the strategy 

defined is admissible, since 

( ) ( )
212

0 1
100

21

0
2

1
11














+

θ
−

=






 ∫∫
θθ

dttvxydttu  

( )
21

0
2

212

0 1
100 11









+















θ
−

≤ ∫∫
θθ

dttvdtxy  

121
1

100 σ+
θ

−
≤

xy  

.1111 ρ=σ+σ−ρ=  

Consequently, 

( ) ( )∫
θ

+=θ
1

0
1011 dttuxx  

( )∫
θ







 +

θ
−

+=
1

0 1
100

10 dttvxyx  

( ) ( )∫
θ

θ=+−+=
1

0
110010 ydttvxyx  

and hence completes the proof. Therefore, if ( ) ( )111 τ≠τ yx  for all 

[ ],,0 11 θ∈τ  then we will have either ( )∫
θ

σ>ρ>1
0

2
1

2
1

2 .ordttv  Since 

2
1ρ ,2

1σ>  the inequality ( )∫
θ

σ>1
0

2
1

2dttv  holds if there is no contact 

between the first pursuer and the evader during the time interval [ ].,0 1θ  

In such case, the game will continue into next period. In a general period 

after the first period, says at ith period, for any ,,2 mi =  we construct 
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the pursuers’ strategy as follows: 

Denote ∑ =

=
θ=Θ

ik

k ki 1
,  where ,00 =Θ  

( ) ( ) ( ) ;, 1
01

ii
i

ii
i ttvxytu Θ≤≤Θ+

θ
−Θ

= −
+  

( ) { },\,1,0 imktuk =∀=  (9) 

where ( ) .
2

01








σ−ρ
−Θ

=θ +

ii
ii

i
xy  Again, if ( )∫

Θ

Θ −
σ≤i

i
idttv

1
,22  then the 

considered strategy is admissible and it guarantees the completion of the 
game. Thus, if the contact between the i-pursuer and the evader is not 
occured, then 

( )∫
Θ

Θ −
σ>

i

i
idttv

1
.22  

Now, assume that in contrary the theorem is false, in which there is 
no contact occured between the evader with all the pursuers until the 
terminal time. Since ( ) ( )τ≠τ yxi  for all mi ,1=  and [ ],,0 mΘ∈τ  we 
must have 

( )∫
Θ

σ>
1

0
2
1

2dttv  

( )

M

∫
Θ

Θ
σ>

2

1

2
2

2dttv
 

( )∫
Θ

Θ −
σ>

m

m
mdttv

1
.22  

It follows that 

( ) ( ) ( ) ( )∫∫ ∫ ∫
Θ

Θ

∞ Θ Θ

Θ −
+++≥

m

m
dttvdttvdttvdttv

1

1 2

1

2
0 0

222 L  

,222
2

2
1 σ=σ++σ+σ> mL  
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which is a contradiction with (3). Obviously, there must exist an i such 

that ( )∫
Θ

Θ −
σ≤i

i
idttv

1
.22  At that particular time interval, contact is 

ensured and thus, complete the proof. 

3. A Pursuit Problem in a Closed Convex Set of 2l  

In this section, we still consider the game (1) with admissible controls 
of the pursuers and evader as (2) and (3), respectively such that (6) holds. 
However, unlike in the preceding section, the considered game is 
restricted within a closed convex subset .2lS ⊂  

Theorem 2. Consider the game (1) in which 200 ,,, lSyyxxi ⊂∈  

with admissible controls of the pursuers and evader as (2) and (3), 
respectively such that (6) holds. If 

∑
=

σ>ρ
m

i
i

1

22 ,  (10) 

then for any initial position { },,...,,, 020100 mxxxy  the completion of the 

game (1) is possible. 

Proof. First, we introduce m fictitious pursuers miPi ,1, =′  by 

means of their motions can be described as 

( )0;,1,: iii zmiuzP =′=′ &  (11) 

with their controls satisfy 

( )∫
∞

ρ≤′
0

22 .ii dttu  (12) 

Here, the fictitious players can go beyond the boundaries of S. Let us 
define a continuous function ,: 2 SlF →  

( ) ,\if, 2 SlzxzF iii ∈=  

( ) .if, SzxzzF iiii ∈==  (13) 
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Define the strategy of the fictitious pursuers with the same notations 
as in Theorem 1. 

( ) ( ) ( ) ;, 1
01

ii
i

ii
i ttvzytu Θ≤≤Θ+

θ
−Θ

=′ −
−  

( ) { }.\,1,0 imktuk =∀=′  (14) 

Now, we construct the strategy for the actual pursuers as follows: 

( ) ( ) ( ) ;if, Stztutu iii ∈′=  

( ) ( )( ) ( ) .if, StztzFtu iii ∉= &  (15) 

We need to prove that the contact between the actual pursuer and the 
evader occurs and the above strategy is admissible. 

From Theorem 1, we can conclude that at some moment [ ],,0 mΘ∈τ  

the equality 
( ) ( )τ=τ yzi  (16) 

holds for an index i. Hence taking into account of the condition ( ) Sty ∈  

by (13), we have ( ) ( ) ( ).τ=τ=τ yxz ii  Now, we shall show the 

admissibility of the pursuers’ strategy: 

1. If ( ) Stzi ∈  for some moment [ ],,0 mt Θ∈  then 

( ) ( )∫ ∫
Θ Θ

ρ≤′=
m m

iii dttudttu
0 0

222 .  (17) 

2. If ( ) Stzi ∉  for some moment [ ],,0 mt Θ∈  then 

( ) ( )( )∫ ∫
Θ Θ

=
m m

dttzFdttu ii
0 0

22 &  

( )( ) ( )( )∫
Θ

→
−+

=
m

dth
tzFhtzF ii

h
0

2
0lim  

( )( ) ( )( )
∫
Θ

→
−+

=
m

dt
h

tzFhtzF ii
h

0 2

2
0 .lim  (18) 
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Since ( )( ) ( ) SxzF ii ∈⋅=⋅  and S is closed convex, 

( )( ) ( )( ) ( ) ( ) .tzhtztzFhtzF iiii −+≤−+  (19) 

Therefore, 

( ) ( )( ) ( )( )
∫ ∫
Θ Θ

→
−+

=
m m

dt
h

tzFhtzFdttu ii
hi

0 0 2

2
0

2 lim  

( ) ( )
∫
Θ

→
−+

≤
m

dth
tzhtz ii

h
0

2
0lim  

( )∫
Θ

=
m

dttzi
0

2&  

( )∫
Θ

ρ≤′=
m

ii dttu
0

22 .  (20) 

4. Conclusion 

We show that under the integral constraints, an evading player 
cannot avoid an exact contact with any finite number of pursuing players 
whose individual resources are less than of this evading player. In the 
case, where the pursuers are of countably many, an anologue proof 
should be possible. 
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