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Abstract

We describe the Weyl group associated to the nonreduced 4-extended
affine root systems which satisfy an assumption, the quotient affine root
system R/(Rd ® Rc @ Ra) is reduced in terms of the 4-extended affine

diagram. The nonreduced 4-extended affine root systems have been
classified by the author [12].

1. Introduction

In 1985, Saito [4] introduced the notion of an extended affine root
system and considered the classification of 2-extended affine root systems
which are the root systems belong to a positive semi-definite quadratic
form whose radical has rank two. Since 2-extended affine root systems
are assocliated to the elliptic singularities, they are also called elliptic root
systems. Saito achieved a complete classification of elliptic root systems
when the quotient of the root system modulo a certain one-dimensional

subspace called a marking is a reduced affine root system. In 1997,
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Allison et al. [1] also introduced the extended affine root systems
associated to the extended affine Lie algebras and gave a complete
description of them by using the concept of a semilattice. The generators
and their relations of elliptic Weyl groups associated to the elliptic root
systems were described from the viewpoint of a generalization of Coxeter
groups by Saito and the author [5]. In the cases of n-extended affine root
systems, Azam and Shahsanaei [2, 3] have given a presentation of the
corresponding Weyl groups. After that in the case of 3-extended affine
root systems, the author described them in terms of the 3-extended affine
diagrams [7-9]. In the previous papers [10, 11] in the case of reduced
4-extended affine root systems, the author described their Weyl groups in
the terms of the 4-extended affine diagrams. In this paper, we describe
the Weyl group associated to the nonreduced 4-extended affine root
systems which satisfy an assumption, the quotient affine root system
R/(Rd @ Rc @ Ra) is reduced in terms of the 4-extended affine diagram.

The nonreduced 4-extended affine root systems have been classified by
the author [12].

2. The Nonreduced 4-Extended Affine Root Systems

We classify the nonreduced 4-extended affine root systems which

satisfy an assumption, the quotient affine root system R/(Rd ® Rc @ Ra)

is reduced.
Type BC>111(1 > 1)

R:+g; +nb+ma+kc+rd (1 <i<l)(n,m, k,relZ),
te

tg;tej+nbrmat+ke+rd (1<i<j<l)(n,mk rel),

+2¢; +2n+1)b+ma+kc+rd 1 <i<l)(n,m, k,rel).
Type BC211D*(1) (1 > 1)
R:+g; +nb+ma+kc+rd (1 <i<l)(n,m, k,relZ),

ieiisj+nb+ma+kc+rd(1£i<jsl)(n, m, k,r eZ),
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+2¢; + (2n +1)b+ma +2kc+2rd 1 <i <1)(n, m, k, r € Z),

A

12¢; +2n +1)b+2ma +kc+2rd 1 <i <l)(n, m, k, r € Z),

IN

+2¢; + (2n +1)b + 2ma + 2kc +rd (1 < i < 1)(n, m, k, r € 7).

Type BC>111%(2)(1 > 1)

ctg; +nb+ma+ke+rd (1<i<]),

tg; tgj+nb+rmat+ke+rd (1<i<j<l),
+2 +@2n+1)b+ma+ke+2rd 1 <i <),
+2¢; +(2n +1)b + 2ma + 2kc +rd (1 < i < 1).
Type BC>111*(3)(1 > 1)

ctg; +nb+ma+ke+rd (1<i<]),

tg; tegj+nb+rma+ke+rd (1<i<j<l),

2 +@2n+1)b+ma+kc+rd (1<i<l),(m-k=0mod?2).

Type BC>11D*(4)(1 > 1)
ctg; +nb+ma+ke+rd (1<i<l),

tg; tgj+nb+rma+ke+rd (1<i<j<l),

+2¢; +2n+1)b+ma+kc+rd 1 <i<l),(m-k-r=0mod?2).

Type BC>>1V(1) (1 > 2)
ctg; +nb+ma+ke+rd (1<i <),

tg;

IA

1),
D).

tegj+nb+ma+kec+rd(1<i<]

+2¢; + (2n +1)b +2ma + ke +rd (1 < i

IA
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158 TADAYOSHI TAKEBAYASHI
Type BC\>211(2)(1 > 1)

R:+g; +nb+ma+kc+rd (1<i<l),
tg; +gj +nb+2ma+ke+rd (1<i<j<l),
+2¢; + (2n +1)b+2ma + ke +rd (1 < i < ).

Type BC>>LV*(1)(1 > 1)

R:+g; +nb+ma+kec+rd (1 <i<l),

IA

D),
1), (k-r =0mod 2).

tg; tgj+nb+rma+ke+rd (1<i<j

+2¢; + (2n +1)b+2ma + kc+rd 1 < i

IA

Type BC>>11*(2)(1 > 2)
R:+g; +nb+ma+kec+rd (1 <i<l),
tg; tegj+nb+rma+ke+rd (1<i<j<l),

+2¢; +(2n +1)b + 2ma + ke + 2rd (1 < i < 1),

+2¢; + (2n +1)b+2ma + 2k +1)c+rd 1 <i < 1).
Type BC>>L1V*(3)(1 > 1)

R:+g; +nb+ma+kec+rd (1 <i<l),

tg;

D),
<),
D).

A
~.
IA

tej+nb+2ma+kec+rd (1<i

A\
o~
A\

+2¢; + (2n +1)b + 2ma + ke + 2rd (1 <

A
IA

+2¢; +(2n +1)b + 4ma + 2kc + rd (1 <
Type BC\>211%(4)(1 > 1)

R:+g; +nb+ma+kc+rd (1 <i<l),
tg; +gj +nb+2ma+ke+rd (1<i<j<l),

+2¢; + (2n +1)b+2ma +kc+rd 1 <i <), (k-r = 0mod 2).
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Type BC\>211*(5)(1>1)
ctg; +nb+ma+ke+rd (1<i <),
tg;+ej +nb+2ma+ke+rd (1<i<j<l),

+2¢; +(2n +1)b+2ma +kec+rd 1 <i <), (k-r =0mod 2),

+2¢ +@2n+1)b+4ma+ke+rd (1 <i<1).
Type BC>%*2V(1)(1 > 2)
ctg; +nb+ma+ke+rd (1<i <),

tg; tegj+nb+rma+ke+rd (1<i<j<l),

+2¢; + (2n +1)b + 2ma + 2kc +rd (1 < i < ).
Type BC\*2%1(2)(l > 2)

ctg; +nb+ma+ke+rd (1<i<l),

tg; tgj+nb+rma+ke+rd (1<i<j<l),

+2¢; + (2n +1)b + 2ma + (2k +1)c +rd (1 <@ < 1).

Type BC>%21(3)(I > 2)

ctg; +nb+ma+ke+rd (1<i<l),

tg; te;+nb+ma+kec+rd (1<i<j<l),(m -k=0mod2),

J
+2¢; +(2n +1)b + 2ma + 2kc +rd (1 < i < 1).
Type BC>%21(4)(1 > 1)
ctg; +nb+ma+ke+rd (1<i <),
tg;+ej +nb+2ma+ke+rd (1<i<j<lI),

+2¢; + (2n +1)b + 2ma + 2kc +rd (1 < i < 1).
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Type BC\*22V(5)(1>1)

R:+g; +nb+ma+kec+rd (1 <i<l),
tg; + g +nb+2ma+2kc+rd (1<i<j<l),
+2¢; +(2n +1)b + 2ma + 2kc +rd (1 <1 < 1).
Type BC\>%2V(6)(1 > 1)

R:+g; +nb+ma+kc+rd (1<i<l),(m-k=0mod?2),
tg; +gj +nb+2ma+2kc+rd (1<i<j<l),
+2¢; + (2n +1)b + 2ma + 2kc +rd (1 < i < 1).
Type BC*22V*(1)(1 > 1)

R:tg; +nb+ma+kc+rd (1<i<l),
tg; +ej +nb+2ma+2kc+rd (1<i<j<l),
+2¢; + (2n +1)b + 4ma + 4ke +rd (1 < i < 1),

+2¢; + (2n +1)b + 2ma + 4kc + 2rd (1 < i < 1),

+2¢; +(2n +1)b + 4ma + 2kc + 2rd (1 < &

IA

D).
Type BC\>%21%(2)(1 > 1)
R:+g; +nb+ma+kec+rd (1 <i<l),

tg; +gj +nb+2ma+2kc+rd (1<i<j<l),

IA

+2¢; + (2n +1)b + 2ma + 2kc + 2rd (1 < i < 1),

+2¢; + (2n +1)b + dma + 4kc +rd (1 <1 < 1).
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Type BC\>2%1V*(3)(1 > 1)
ctg; +nb+ma+ke+rd (1<i <),
tg; + g +nb+2ma+2kc+rd (1<i<j<l),

+2¢; + (2n +1)b + dma + 2kc +rd (1 < i < 1),

+2¢; + (2n +1)b + 2ma + 2kc + 2rd (1 < i < 1).
Type BC\>2%V*(4)(1 > 1)

ctg; +nb+ma+ke+rd (1<i<l),

+e-

tg; te; +nb+2ma+2kc+rd 1<i<j<l),

j
+2¢; + (2n +1)b + 2ma + 4ke +rd (1 <1 < 1),
+2¢; + (2n +1)b + 2ma + 2kc + 2rd (1 < i < 1),

+2¢; + (2n +1)b + 4ma + 2kc +rd (1 < i < 1).

Type BC\>%2V*(5)(1 > 1)
ctg; +nb+ma+kc+rd (1<i<l),(m-k=0mod?2),
tg; + g +nb+2ma+2kc+rd (1<i<j<l),

+2¢; + (2n +1)b + 4ma + 4ke +rd (1 < i < 1),

+2¢; + (2n +1)b + 2ma + 4ke + 2rd (1 < i < 1),

+2¢; +(2n +1)b + dma + 2ke + 2rd (1 < i < 1).

Type BC\>%21%(6) (I > 1)
ctg; +nb+ma+kc+rd (1<i<l),(m-k=0mod?2),

tg; +gj +nb+2ma+2kc+rd (1<i<j<l),
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+2¢; + (2n + 1)b + 2ma + 2ke + 2rd (1 < i < 1),

+2¢; + (2n +1)b + 4ma + 4ke +rd (1 < i < 1).
Type BC>%2V(7)(1 > 1)

R:+g; +nb+ma+kc+rd (1<i<l),(m-k=0mod?2),
tg; + g +nb+2ma+2kc+rd (1<i<j<l),

+2¢; + (2n +1)b + 4ma + 2kec +rd (1 < i < 1),

+2¢; + (2n +1)b + 2ma + 2kc + 2rd (1 < i < 1).
Type BC\*>22V*(8)(1 > 1)
R:tg; +nb+ma+kc+rd (1<i<l),(m -k=0mod?2),
tg; +gj +nb+2ma+2ke+rd (1<i<j<l),
+2¢; + (2n +1)b + 2ma + 4ke +rd (1 < i < 1),

+2¢; + (2n +1)b + 2ma + 2kc + 2rd (1 < i < 1),

+2¢; + (2n +1)b + 4ma + 2kc +rd (1 <1 < 1).
Type BC>%%2)(1)(I > 2)

R:+g; +nb+ma+kec+rd (1 <i<l),

+e.

tg; te;+nb+ma+ke+rd (1<i<j<l),

J

+2¢; + (2n +1)b + 2ma + 2kc + 2rd (1 < i < ).
Type BC\>%22)(2)(1 > 2)

R:+g; +nb+ma+kec+rd (1 <i<l),

tg; +ej +nb+ma+2ke+2rd (1<i<j<l),

tg; +gj +nb+2ma+ke+2rd (1<i<j<l),



WEYL GROUPS OF THE NONREDUCED 4-EXTENDED ...

tg; +gj +nb+2ma+2ke+rd (1<i<j

IA

1),
D).

+2¢; +(2n +1)b + 2ma + 2kc + 2rd (1 < i

IA

Type BC\>%*22)(3)(l > 2)

ctg; +nb+ma+ke+rd (1<i<l),

tg; te;+nb+ma+kec+rd 1<i< j<l),(m-k-r=0mod?2),

J

+2¢; + (2n +1)b + 2ma + 2kc + 2rd (1 < i < 1).
Type BC\*%22)(4)(l > 2)
ctg; +nb+ma+ke+rd (1<i<l),

teg; g +nb+2ma+2kc+rd (1<i<j

IA

),
D).

+2¢; + (2n +1)b + 2ma + 2kc + 2rd (1 < @

IA

Type BC>%%2)(5)( > 2)

ctxg; +nb+ma+ke+rd (1<i<l),(m-k=0mod?2),
tg; tgj +nb+2ma+2ke+rd (1<i<j<l),

+2¢; + (2n +1)b + 2ma + 2ke + 2rd (1 < i < 1).

Type BC\>%2%2)(6)(I > 1)

ctg; + nb+ma+ 2ke+2rd (1 <1 <1),

A

te; +nb+2ma+ ke +2rd 1 <i <),

tg; + nb + 2ma + 2kc + rd (1 <

A
~.
IN
o~

~—

tg; & +nb+ 2ma + 2kc + 2rd 1<i<j<l,

+2¢; + (2n +1)b + 2ma + 2kc + 2rd (1 < i < 1).
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Type BC>%22(7)(1 > 1)
R:+tg; +nb+ma+ke+2rd (1<i<l),
te; + nb +2ma + 2kec +rd (1 <i <),
+g; +gj +nb+2ma + 2ke +2rd (1 <i < j <),
+2¢; + (2n +1)b + 2ma + 2kc + 2rd (1 < i < ).
Type BC\>%22)(8)(l > 1)
R:tg; +nb+ma+kc+rd (1<i<l),(k-r=0mod2),
+g; +gj +nb+2ma + 2ke +2rd (1< i < j <),
+2¢; + (2n +1)b + 2ma + 2kc + 2rd (1 < i < 1).
Type BC\>%2%2)(9)(1 > 1)
R:+g; +nb+ma+kc+rd (1<i<l),(m-k-r=0mod?2),
+g; +gj +nb+2ma + 2ke +2rd (1< i < j <),
+2¢; + (2n +1)b + 2ma + 2ke + 2rd (1 < i < 1).
Type BC>*22F(1)(I > 2)

R:+g; +nb+ma+kec+rd (1 <i<l),

te; +nb +2ma + 2kec +rd (1 <i <),

tg; +gj +nb+2ma+2kc+rd (1<i<j<l),
+2¢; + (2n +1)b + 2ma + 4ke + 2rd (1 < i < 1),
+2¢; + (2n +1)b + 4ma + 2ke + 2rd (1 <1 < 1)



WEYL GROUPS OF THE NONREDUCED 4-EXTENDED ...

Type BC\>%22*(2)(1 > 2)

ctg;+nb+ma+ke+rd (1<i<1),(m-k=0mod?2),

D),

+2¢; + (2n +1)b + 2ma + 4ke + 2rd (1 < i < 1),

IA

tg; +gj +nb+2ma+2kc+rd (1<i<j

+2¢; +(2n +1)b + dma + 2ke + 2rd (1 < i < 1).
Type BC\>%*%2*(3)(1 > 1)
ctg; +nb+ma+ke+rd (1<i<l),
+g; +gj +nb+2ma + 2ke +2rd (1< i < j<]I),
+2¢; +(2n +1)b + dma + 4ke + 2rd (1 <1 < 1),

+2¢; + (2n +1)b + 4ma + 2ke + 4rd (1 < i < 1),

+2¢; + (2n +1)b + 2ma + 4kc + 4rd (1 <1 < 1).
Type BC\>%22*(4)(1 > 1)
ctg; +nb+ma+ke+rd (1<i<l),

tg te;+nb+2ma+2ke+2rd (1<i<j<l),

+2¢; +(2n +1)b + 2ma + 2ke + 4rd (1 <1 < 1),

+2¢; +(2n +1)b + dma + 4ke + 2rd (1 < i < 1).
Type BC\>%*22"(5)(1 > 1)
ctg; +nb+ma+ke+rd (1<i<l),

tg; +gj +nb+2ma +2ke +2rd (1 <i < j <),

+2¢; + (2n +1)b + 4ma + 2kc + 2rd (1 <

A
~.
IN
o~

:—/

+2¢; + (2n +1)b + 2ma + 4ke + 2rd (1 <

N
~.
IN
~

~—
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Type BC\>%22(6)(1 > 1)

R:+g; +nb+ma+kc+rd (1 <i<l),
tg; +gj +nb+2ma + 2ke +2rd (1 <i < j <),
+2¢; + (2n +1)b + 2ma + 2ke + 4rd (1 <1 < 1),
+2¢; +(2n +1)b + 2ma + 4kc + 2rd (1 < i < 1),
+2¢; + (2n +1)b + 4ma + 2ke + 2rd (1 < i < 1).

Type BC>*22%(7)(1 > 1)

R:+eg; +nb+ma+2kc+2rd 1 <i <),

A
~.
IN
o~

~—

tg; + nb + 2ma + ke + 2rd (1 <
te; + nb + 2ma + 2kc +rd (1 < i < 1),

tg; +gj +nb+2ma + 2ke +2rd (1 <i < j <),
+2¢; + (2n +1)b + 4ma + 4ke + 2rd (1 < i < 1),

+2¢; + (2n +1)b + dma + 2kc + 4rd (1 <1 < 1),

+2¢; + (2n +1)b + 2ma + 4ke + 4rd (1 < i < 1).
Type BC\>%2%2)*(8)(1 > 1)

R:+g; +nb+ma+ke+2rd 1 <i<l),
tg; + nb + 2ma + 2kc +rd (1 < i < 1),
tg; +gj +nb+2ma + 2ke +2rd (1 <i < j <),
+2¢; + (2n +1)b + 4ma + 4ke + 2rd (1 < i < 1),

+2¢; + (2n +1)b + dma + 2kc + 4rd (1 <1 < 1),

+2¢; + (2n +1)b + 2ma + 4ke + 4rd (1 < i < 1).
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Type BC\>%22(9)(1 > 1)
ctg; +nb+ma+kec+rd (1<i<l),(k-r=0mod?2),
tg; +gj +nb+2ma + 2ke +2rd (1 <i < j <),

+2¢; +(2n +1)b + dma + 4ke + 2rd (1 <1 < 1),

+2¢; + (2n +1)b + 4ma + 2ke + 4rd (1 < i < 1),

+2¢; + (2n +1)b + 2ma + 4ke + 4rd (1 < i < 1).

Type BC\*%%2*(10)(I > 1)
ctg; +nb+ma+ke+rd (1<i<l),(m-k-r=0mod2),
tg; +gj +nb+2ma + 2ke +2rd (1 <i < j <),

+2¢; +(2n +1)b + dma + 4ke + 2rd (1 <1 < 1),

+2¢; + (2n +1)b + dma + 2kc + 4rd (1 <1 < 1),

+2¢; + (2n +1)b + 2ma + 4ke + 4rd (1 < i < 1).

Type BC>%22*(11)(1 > 1)

:tg; +nb+ma+2kc+2rd 1 <1 <),

IN
™~
IN
~
SN

tg; + nb + 2ma + ke + 2rd (1

A
~
IN
~

SN

te; + nb+2ma +2ke +rd (1 <1
tg; +gj +nb+2ma + 2ke +2rd (1 <i < j <),
+2¢; + (2n +1)b + 2ma + 2kc + 4rd (1 < i < 1),

+2¢; + (2n +1)b + 4ma + 4ke + 2rd (1 < i < 1).
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Type BC\>%22*(12)(I > 1)

R:+g; +nb+ma+kc+2rd (1 <i<l),
te; + nb +2ma + 2kec +rd (1 <i <),

+g; +gj +nb+2ma + 2ke +2rd (1 <i < j <),

IN
~.
IN
o~
—

+2¢; + (2n +1)b + 2ma + 2ke + 4rd (1

A

+2¢; + (2n +1)b + 4ma + 4ke + 2rd (1 < i < 1).
Type BC>%22F(13)(1 > 1)

R:+g; +nb+ma+kc+rd (1<i<l),(k-r=0mod2),
tg; +gj +nb+2ma + 2ke +2rd (1 <i < j <),

+2¢; + (2n +1)b + 2ma + 2ke + 4rd (1

IN
~.
IN
~
~—

A

+2¢; +(2n +1)b + 4ma + 4ke + 2rd (1 <1 < 1).
Type BC\>%22*(14)(I > 1)
R:+g; +nb+ma+kc+rd (1<i<l),(m-k-r=0mod?2),

tg; +gj +nb+2ma + 2ke +2rd (1 <i < j <),

+2¢; + (2n +1)b + 2ma + 2ke + 4rd (1 < i < 1),

+2¢; +(2n +1)b + dma + 4ke + 2rd (1 <1 < 1).
Type BCZ(2’2’2’2)*(15) (1=1)

R:+tg; +nb+ma+2kc+2rd (1<i<l),

A

te; +nb+2ma+ke+2rd 1 <i <),

tg; + nb + 2ma + 2kc + rd (1 <

A
~.
IN
o~

~—

tg; +gj +nb+2ma + 2ke +2rd (1 <i < j <),
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+2¢; + (2n +1)b + 4ma + 2ke + 2rd (1 <

N
~.
IN
~

~—

+2¢; + (2n +1)b + 2ma + 4kc + 2rd (1

IN
~.
IN
~
~—

Type BC\>%22*(16)(I > 1)

it +nb+2ma+ke+rd 1 <1 <),

te; + nb+ ma+2ke +2rd (1 <i <),

+g; +gj +nb+2ma + 2ke +2rd (1 <i < j <),
+2¢; + (2n +1)b + 4ma + 2kc + 2rd (1 < i < 1),

+2¢; + (2n +1)b + 2ma + 4ke + 2rd (1 <1 < 1).

Type BC>%22F17)(1 > 1)
ctg; +nb+ma+kec+rd (1<i<l),(m-k=0mod?2),
tg; +gj +nb+2ma + 2ke +2rd (1 <i < j <),

+2¢; + (2n +1)b + 4ma + 2ke + 2rd (1 <

N
~.
IN
~

~—

+2¢; + (2n +1)b + 2ma + 4kc + 2rd (1

IN
~.
IN
~
~—

Type BC\>%22*(18)(I > 1)
ctxg; +nb+ma+ke+rd (1<i<l),(m-k-r=0mod2),
tg; +gj +nb+2ma + 2ke +2rd (1 <i < j <),

+2¢; + (2n +1)b + 4ma + 2ke + 2rd (1 < i < 1),

+2¢; +(2n +1)b + 2ma + 4ke + 2rd (1 < i < 1).
Type BCZ(2’2’2’2)*(19) (1>1)

:tg; +nb+ma+2ke+2rd 1 <1 <),

te; +nb+2ma+ke+2rd 1 <i <),
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te; + nb +2ma + 2kec +rd (1 <i <),
+g; +gj +nb+2ma + 2ke +2rd (1 <i < j <),
+2¢; + (2n +1)b + 2ma + 2ke + 4rd (1 <1 < 1),
+2¢; + (2n +1)b + 2ma + 4ke + 2rd (1 < i < 1),
+2¢; + (2n +1)b + 4ma + 2ke + 2rd (1 < i < 1).
Type BCZ(2’2’2’2)*(20) (=1

R:+g; +nb+ma+ke+2rd (1 <i<l),
tg; + nb+2ma + 2kec +rd (1 <i <),

tg; +gj +nb+2ma+2ke +2rd 1 <i < j <),

+2¢; + (2n +1)b + 2ma + 2kc + 4rd (1 <1 < 1),
+2¢; + (2n +1)b + 2ma + 4ke + 2rd (1 < i < 1),
+2¢; + (2n +1)b + 4ma + 2ke + 2rd (1 < i < 1)

Type BC\>%22*(21)(1 > 1)
R:+g; +nb+ma+kc+rd (1<i<l),(m-k=0mod?2),
tg; +gj +nb+2ma +2ke +2rd (1 <i < j <),
+2¢; + (2n +1)b + 2ma + 2ke + 4rd (1 < i < 1),
+2¢; + (2n +1)b + 2ma + 4kc + 2rd (1 < i < 1),
+2¢; +(2n +1)b + dma + 2ke + 2rd (1 < i < 1).
Type BC\>%%2)(22)(1 > 1)
R:tg; +nb+ma+kc+rd (1 <i<l),(m-k-r=0mod?2),

+g; +gj +nb+2ma + 2ke +2rd (1 <i < j <),
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+2¢; + (2n +1)b + 2ma + 2kc + 4rd (1 <1 < 1),
+2¢; + (2n +1)b + 2ma + 4ke + 2rd (1 < i < 1),
+2¢; + (2n +1)b + 4ma + 2ke + 2rd (1 < i < 1)

Type BC>*2V(1)(1 > 1)
ctg; +nb+ma+ke+rd (1<i <),

tg; tgj +nb+2ma+ke+rd 1<i<j<l),
+2¢; + (2n +1)b + dma + 2kc +rd (1 < i < 1).
Type BC>*2V(2)(1 > 1)
ctg; +nb+ma+ke+rd (1<i <),

tg; te; +nb+2ma+2kc+rd 1 <i< j<l),

j
+2¢; + (2n +1)b + dma + 2kc +rd (1 < i < 1).
Type BCZ(2’4’2’1)*(Z >1)

ctg; +nb+ma+ke+rd (1<i<l),
tg; + g +nb+2ma+2kc+rd (1<i<j<l),

+2¢; + (2n +1)b + 4ma + 2ke + 2rd (1 < i < 1),

+2¢; + (2n +1)b + 4ma + 4kec +rd (1 < i < 1).
Type BC>*22)(1)(1 > 1)
ctg; +nb+ma+ke+rd (1<i <),

tg; tgj +nb+2ma+2ke+rd (1<i<j<l),

+2¢; +(2n +1)b + dma + 2kec + 2rd (1 < i < 1).
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Type BC>*22(2)(l > 1)

R:+g; +nb+ma+kc+rd (1<i<l),(m-k=0mod?2),

IA

tg; e, +nb+2ma+2kc+rd (1<i<j

D),
D).

IA

+2¢; +(2n +1)b + 4ma + 2kc + 2rd (1 < &
Type BC>*+22)(3)(I > 1)

R:+g; +nb+ma+kec+rd (1 <i<l),
+g; +gj +nb+2ma + 2ke +2rd (1 <i < j <),
+2¢; + (2n +1)b + 4ma + 2ke + 2rd (1 < i < 1).

Type BC>*22(4)( > 1)

R:+tg; +nb+ma+2kc+2rd (1<i<l),

IN
™~
IN
~
SN

tg; + nb + 2ma + ke + 2rd (1

te; + nb+2ma +2ke +rd (1 <1

A
~
IN
~

SN

tg; +gj +nb+2ma +2ke +2rd (1 <i < j <),

+2¢; +(2n +1)b + 4ma + 2kc + 2rd (1 < i < 1).
Type BC>*22(5)(I > 1)
R:+g; +nb+ma+ke+2rd 1 <i<l),
tg; + nb + 2ma + 2kc +rd (1 < i < 1),
+g; +gj +nb+2ma + 2ke +2rd (1 <i < j <),

+2¢; + (2n +1)b + 4ma + 2ke + 2rd (1 < i < 1).
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Type BC\>*22(6)(l > 1)
ctg; +nb+ma+kec+rd (1<i<l),(k-r=0mod?2),
+g; +gj +nb+2ma + 2ke +2rd (1< i < j <),

+2¢; +(2n +1)b + dma + 2kc + 2rd (1 < i < 1).

Type BC>*22)(7)(1 > 1)
ctg; +nb+ma+kec+rd (1<i<l),(m-k-r=0mod?2),

tg; +gj +nb+2ma+ 2ke +2rd (1 <i < j<I),

+2¢; + (2n +1)b + 4ma + 2ke + 2rd (1 < i < 1).
Type BC\>*22)(8)(I > 2)
ctg; +nb+ma+ke+rd (1<i<l),

tg; +gj +nb+2ma+ke+rd (1<i<j<l),

+2¢; + (2n +1)b + 4ma + 2ke + 2rd (1 < i < 1).
Type BC\>*+22)(9)(l > 2)
ctg; +nb+ma+ke+rd (1<i <),

tg; +ej +nb+2ma+ke+rd (1<i<j<l),

+2¢; + (2n +1)b + (4m + 2)a + 2ke + 2rd (1 <1 < 1).

Type BC\>*+22(10)(1 > 2)

ctg; +nb+ma+ke+rd (1<i <),

tg;+ej +nb+2ma+kc+rd (1<i<j<lI),(k-r=0mod2),

+2¢; + (2n +1)b + (4m + 2)a + 2kc + 2rd (1 <1 < ).
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Type BC**4V1)( > 1)
R:+g;+nb+ma+kc+rd (1<i<l),
tg; +gj +nb+2ma+2kc+rd (1<i<j<l),
+2¢; + (2n +1)b + 4ma + 4ke +rd (1 < i < 1).
Type BC>*4V(2)(1 > 1)
R:+g; +nb+ma+kc+rd (1<i<l),(m-k=0mod?2),

+e.

tg; te; +nb+2ma+2kc+rd 1<i< j<l),

j
+2¢; + (2n +1)b + dma + 4ke +rd (1 < i < ).
Type BC>*+49(1)(1 > 1)

R:+g; +nb+ma+kec+rd (1 <i<l),
+g; +gj +nb+2ma + 2ke +2rd (1< i < j <),
+2¢; +(2n +1)b + dma + 4ke + 2rd (1 < i < 1).

Type BC>*+42(2)(l > 1)

R:+tg; +nb+ma+2kc+2rd (1<i<l),

A

te; +nb+2ma+ ke +2rd 1 <i <),

A

tg; + nb + 2ma + 2kc +rd (1 < i < 1),

+g; +gj +nb+2ma + 2ke +2rd (1< i < j<1I),
+2¢; +(2n +1)b + 4ma + 4ke + 2rd (1 <1 < 1).
Type BC>*+42(3)(l > 1)

R:+g; +nb+ma+2kc+rd (1 <i<l),

te; +nb+2ma + ke +2rd 1 <i <),
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tg; +gj +nb+2ma + 2ke +2rd (1 <i < j <),

+2¢; + (2n +1)b + 4ma + 4ke + 2rd (1 < i < 1).

Type BC>**2(4)(1 2 1)
ctg; +nb+ma+kec+rd (1<i<l),(m-k=0mod?2),
+g; +gj +nb+2ma + 2ke +2rd (1 <i < j <),

+2¢; + (2n +1)b + 4ma + 4ke + 2rd (1 < i < 1).

Type BC>*49(5)(1 > 1)
ctg; +nb+ma+kc+rd (1<i<l),(m-k-r=0mod?2),
+g; +gj +nb+ 2ma + 2ke +2rd (1 <i < j <),

+2¢; +(2n +1)b + dma + 4ke + 2rd (1 < i < 1).

Type BC\>*42(6)(l > 2)
ctg; +nb+ma+ke+rd (1<i<l),(m-k=0mod?2),
tg; tgj +nb+2ma+2ke+rd (1<i<j<l),

+2¢; +(2n +1)b + 4ma + 4ke + 2rd (1 <1 < 1).

Type BC>+4Y1)(1 > 1)
ctg; +nb+ma+ke+rd (1<i <),

tg; +gj +nb+2ma + 2ke +2rd (1 <i < j <),

+2¢; + (2n +1)b + 4ma + 4ke + 4rd (1 < i < ).

Type BC> 44V (2)(1 > 1)
ctg; + nb+ma+ 2ke+2rd (1 <1 <1),

tg; + nb + 2ma + ke + 2rd (1 < i < 1),
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te; + nb +2ma + 2kec +rd (1 <i <),
tg; +gj +nb+2ma + 2ke +2rd (1 <i < j <),

+2¢; + (2n +1)b + 4ma + 4ke + 4rd (1 < i < ).
Type BC>*4Y(3)(1 > 1)
R:+g; +nb+ma+ke+2rd 1 <i<l),
tg; + nb + 2ma + 2kc +rd (1 < i < 1),
tg; +gj +nb+2ma + 2ke +2rd (1 <i < j <),
+2¢; + (2n +1)b + 4ma + 4ke + 4rd (1 < i < ).
Type BC> 44V (4)(1 > 1)
R:+g; +nb+ma+kc+rd (1<i<l),(k-r=0mod?2),

+g; +gj +nb+2ma + 2ke +2rd (1 <i < j <),
+2¢; +(2n +1)b + dma + 4ke + 4rd (1 <1 < ).
Type BC>+4Y(5)(1 > 1)
R:+g; +nb+ma+kc+rd (1<i<l),(m-k-r=0mod?2),
tg; +gj +nb+2ma + 2ke +2rd (1 <i < j <),
+2¢; +(2n +1)b + 4ma + 4kc + 4rd (1 < i < 1).

The 3-extended affine diagram is defined to be consisting of all

vertices a;, o, d; (0 <i <), so that it has the following subdiagram for

all o, B s.t. (o, B¥) = =2, (@, B) = 1.
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21

Further, we define the 4-extended affine diagram T'(R) by adding the

vertices o; (0 < i <) to the 3-extended affine diagram.

3. The Weyl Group of the 4-Extended Affine Root System
The Weyl group of the 4-extended affine root system is defined as
follows [1, 4]. Let Vbe an (I + 4)-dimensional real vector space equipped
with a positive semi-definite bilinear form. Let VY be the 4-dimensional
radical of the form (,) and (V%)" be the dual space of V. Set
V=vVeV®and V=vVev®e V. Let {g,.., g} be the standard

basis of V satisfying (e, €j) = 8; for all i, j=1,.. L Define the

i
bilinear form (,) on V so that (,) extends the form on Vand (,) is

nondegenerate on V. For o € R, we define the reflection W,y € GL(V) by

wo W) = u—(u, a"Ya(ueV) with a¥ = oo Set Wg = (wy |0 € R)

c GL(V). Then WR is the Weyl group of the 4-extended affine root

system R. Our main result is the following:

Theorem 3.1. The Weyl groups of the nonreduced 4-extended affine

root systems are described as follows:
Generators: for each o € I'(R), we attach a generator a, = w,. For
simplicity, we shall write a, a", @, a, b, b", b, b, ... instead of a,, a.

ag, ag, aB, GB* G/g, aﬁ,
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Relations:
0
e
1.t
C——0
a t 3
II.0
B
R
I
P
A
II.t
A
(] B
A t
A
':>f
o
II1.¢
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t=0 = (ab)? =1
t=1 = (ab)® =1

t=2 = (ab)* =1

= (ABC)? = (BCA)* = (CAB)?

t=1 = (ABAB)’ =1
21—  (ABAB) =1
t =4™1 = (AAB)? = (ABA)? = (BAA)?

where A # A € {o, o, @, a}

= (AaAB)3 = 1; Where A = a’: B = B*’ E»

A=a",B=BporA=a B=p"7

t =1,
(i) ABA = BAB, where
AiZe{a,a*,&,g},Bige{B,B*,ﬁ,g},

A, Band A , B are chosen in the same tunts,
respectively.

(i) (ABB)*A = A(ABB)?, (AABY*B = B(AAB)?,

where A # A and B = B are arbitrary chosen.
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A=o+pp, B=p+qgp

In the sequel, we set _
A =oa+rpy, B =p+sps.

t =2,

.. (D @ 2 1\ (4 2\ (4 2 bAb = BaB
(111) = ) ’ = = T
r s 1 1 1 1 2 2 aBa = AbA

P q 1 1 _ _
(i)[ J:[ J:ABA:ABA
S 1 1

p q 2 1 aAbB = AbBa = bBaA = BaAb
(i1) = =4_ _ _
r 1 1 AbA = aBa

p q 2 1 . o
(1i1) = — AABB = ABBA = BBAA = BAAB
2 1

P q 4 1 bAb = BaB
iv) = =9 _ _ __ _ _
r s 2 1 aAbB = AbBa = bBaA = BaAb

P q 4 1 bAb = BaB
) = =93 _ _ _
r s 1 1 aBa = AbA
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I11.0
B C
RSP
PN G — (ABC)’D = D(ABC)?
Gt
A ol
ITL.o
o D
i t =1, 2%, 41 = (ABC)’D = D(ABC)?
(] o _\
B A
IV().t
5
a N Y t =1,2"' = (aBaBcB)? =1, (aBaBcB) =1,
1 O — ~
11 where B # B ¢ {B, B*, B, E}
B
IV(i).¢
B
A :q:\oc t=1,2"1 = (BABBCB) =1
B
V.t
A
t =2,

O {p q} (2 1] BaBA = BAbA, BAAB = AABb
1 = - . _ o
BBAa = ABBA = BAAb
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1 1)

i) (p qJ {4 2) {4 2) BBAa = ABBA, AABB = bAAB
11 = = 9_ _ _
2 2 BAAB = AABb

~

S

t =4,

O [p q] _ [1 1J _ {A(aZ)zbE = (aA’bBA

ros) 01 B(aA)*bB = (aA)*bBB

o (Ppoq)y_(2 1
(1) (r s) B (1 lj
aAbBA = AaAbB, aAbBB = BaAbB
= {(aA)’bBA = A(aA)*bB, (aA)*bBB = B(aA)*bB
AABb = BAAB

o (Ppoq) (41
@ (r sj_(4 1)

— aA(bB)*A = AaA(bB)?, aA(bB)*B = BaA(bB)’

(P oq)_(4 1
) (r sj B (1 1)
aA(bB)*A = AaA(bB)?, aA(bB)*B = BaA(bB)*
(aA)*bBA = A(aA)’bB, (aA)*bBB = B(aA)’bB
3 — p— p— p— p— p— p—
AABBa = ABbAB, ABAaBA = aABAaB
BaABB = bBaAB, bBaABb = BbBaAB
© (p qj (4 1j aAbBA = AaAbB, aAbBB = BaAbB
\% = = . . _ _
roos 2 1 AABB = ABBa, aABB = ABBA.

Proof. It is proved similarly to the 3-extended affine cases [7, 9].

Let us denote w, be the reflection in GL(V) such that w, |y = w,,
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and set Wy = (i, |a € R). Then we see the following:

Proposition 3.2. (i) The central elements v,, v5 and y5 in W(I'(R))
are given as follows:

m

y = T wo TTewars| -
ael“(R/(Rc@]Rd), ]Ra)\(]"maxul'*;lax) a€lmax

where T(R/(Rc ® Rd), Ra) is the elliptic Dynkin diagram, T .y, Fr;ax are

the subdiagrams of T(R/(Rc @ Rd), Ra) (see [4]), m : m(R/(Rc ® Rd), Ra)

is the order of the Coxeter element in the elliptic Weyl group.

Similarly,
m
Y2 = I1 wy [ [wao | -
ael(R/(Ra®Rd), ReN\Tiax UThax)  *€lmax
m
Y3 = H We, Hwau—’a

ael(R/(Ra®Rc), RA\(Tax Ulmax)  %€lmax

Further, we set t; := wjw;, s; = W;w;, q; = w,w;, [A, Bl:== ATBAB,

then v4, v5, Yg are given as follows:

BCPLLY, Be@LLD* )1 < i < 4)

va =[50, tol = T¢, v5 = [0, to]l = T, v6 = [90, 0]l = T}
BCZ(2,2,1,1)(1)’ BCZ(2’2’1’1)*(i)(i ~1,92), BCZ(2,2,2,1)(2)

Y4 = {[So, to] = TCZG (Z = ]_, 2) 5= {[qO’ to] = Ta%a (Z = ]_, 2)
[t1, so] = T.* (1 2 3), [t1, a2] = T4 (1 = 3),

ve = [q0, s0] = Ty
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BC210)(2), BC 211 ()3 < i < 5)
va =[50, to] = T2%, v5 = [q0. to] = T3%, v6 = 90> so] = TS
BCZ(Z,Q,Z,I)(]_), BCI(Q,Z,Q,I)(S)

Yy = {[t]_’ 52] = TCZ(Z (Z = 2) — {[(Io, tO] = Tc%a (l = 2)
[t s2] = T, (1 2 3), [t g2l = T (1 2 3),

Ve = {[qu sol = T3 (1 =2)
[s1, g2] = T4 (1 = 3),

BCZ(Z, 2, 2,1)(4)

Jto] =T (1=1
42{[80 ol =7 =1) v5 = [s0. to] = Ti°,

[to, 511 = T2 (1 2 2),

v = {[QO, sol=T§ (1=1,2)
51, 2] = T (1> 3)

BC®22(;)(i = 5, 6), BC>22V*()(1 < i < 8)
_ _ mda _ _ m2a _ _ m2c
va =[50, to] = T, v5 = lao, to]l = T3%, v6 = g0, s0] = T}

BC*223(j)(1 < i < 3)

[s0, to] = T.** (1 = 1) 90, to] = T4 (1 =1)
va =1l 82l = T2 (1 =2) v5=1[t, a2] = T3 (1 = 2)
[tl’ 32] = Tca (l 2 3)’ [tl’ qZ] = Tc? (l 2 3)’

g0, s0] = T4 (1 =1)
ve = 1[s1, a2l = T (1 = 2)
[s1, 921 = T4 (1 > 3)
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BC®222)()(4 < i < 9), BC®222*()(i = 1, 2)

[0, to] = T* (1 = 1)
Y4 =[50, to] = T, 5 = {
‘ [to, 1] = T3 (1 > 2),

Ve = {[QO’ sol =Ti° (I =1)
[s2, 1] = T3 (1 2 2)

BC?222%(;)(3 < i < 22)
_ _ mda _ _ mda _ _ mdc
va =[50, to] = T2, v5 = [a0, to] = Ty%, ve = g0, s0] = T}
2,4,2,1
BC! )(1)

[90, sl = T (1 = 1, 2)

4a 4a
ve = [s 4] =T, ,Y5=[ql’tl]=Td’Y6={
¢ [s1, g2] = T (1 > 3)

BCZ(Q, 4, 2,1)(2), Bcl(2,4, 2,1)*

va =[50 1] = T2, v5 = [t1, qo] = Tja, 16 = [90, sol = TdZC
) NP2
BCEH41(i) (i = 1, 2)

lg, 4] = T3% (1 =1, 2)

va =[5, 4] = T2, v = {
¢ [t o] = T3 (1 2 3),

Yo = {[qz, s]=TF(1=1,2)
[s1, g2] = T3¢ (1 > 3)

BCZ442)(4) (1 < i < 5)

4c

va =[50, 1] = T2 5 = la, t1] = T4%, v = a1, 1] = T}
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BCZ(Z, 4,4, 2)(6)

[q1, t1] = T;a (=1

va =lsp )] = T2, v5 =
‘ [tZ’ ql] = sza (l 2 2)’

Yo = {[QL s1]=T4(1=1)
[s9, 1] = T (1 > 2)

BCZ422)(j)(i = 1, 2)

h]=TF (1 =1
Y4 = [Sl’ tl] = Tc4a’ 5 = {[(h 1] dza( )
[t2’ ql] = Td (l 2 2)’

Ve = {[qu sol =Ty (1=1)
[s9, 1] = TF° (1 = 2)

BCA422)()(3 < i < 10)

_ _ mi4a _ _ mda _ _ mic
va = [s0, 1] = T2 v5 = lag, 1] = T;% ve = [, 1] = Ty
BCE44Y4) (1 < i < 5)

_ _ m4a _ _ mda _ _ mic
Y4 = [Sl’ tl] =T, v5 = [ql’ tl] = Td » Y6 = [ql’ Sl] = Td

(ii) We have an isomorphism W(I(R))/(y; (1 < i < 6)) = Wp.

Proof. (i) is directly checked and (ii) is trivial.
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