
 

Far East Journal of Applied Mathematics 
Volume 33, Number 2, November 2008, Pages 155-186 
Published online: October 24, 2008 
This paper is available online at http://www.pphmj.com
© 2008 Pushpa Publishing House 

 

:tionClassifica jectSub sMathematic 2000 17B10.
 Keywords and phrases: nonreduced 4-extended affine root system, Weyl group. 

Received July 10, 2008 

WEYL GROUPS OF THE NONREDUCED 4-EXTENDED 
AFFINE ROOT SYSTEMS 

TADAYOSHI TAKEBAYASHI 

Department of Mathematics 
School of Science and Engineering 
Waseda University 
Ohkubo Shinjuku-Ku 
Tokyo, 169-8555, Japan 
e-mail: takeba@aoni.waseda.jp 

Abstract 

We describe the Weyl group associated to the nonreduced 4-extended 
affine root systems which satisfy an assumption, the quotient affine root 
system ( )acdR RRR ⊕⊕  is reduced in terms of the 4-extended affine 
diagram. The nonreduced 4-extended affine root systems have been 
classified by the author [12]. 

1. Introduction 

In 1985, Saito [4] introduced the notion of an extended affine root 
system and considered the classification of 2-extended affine root systems 
which are the root systems belong to a positive semi-definite quadratic 
form whose radical has rank two. Since 2-extended affine root systems 
are associated to the elliptic singularities, they are also called elliptic root 
systems. Saito achieved a complete classification of elliptic root systems 
when the quotient of the root system modulo a certain one-dimensional 
subspace called a marking is a reduced affine root system. In 1997, 
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Allison et al. [1] also introduced the extended affine root systems 
associated to the extended affine Lie algebras and gave a complete 
description of them by using the concept of a semilattice. The generators 
and their relations of elliptic Weyl groups associated to the elliptic root 
systems were described from the viewpoint of a generalization of Coxeter 
groups by Saito and the author [5]. In the cases of n-extended affine root 
systems, Azam and Shahsanaei [2, 3] have given a presentation of the 
corresponding Weyl groups. After that in the case of 3-extended affine 
root systems, the author described them in terms of the 3-extended affine 
diagrams [7-9]. In the previous papers [10, 11] in the case of reduced 
4-extended affine root systems, the author described their Weyl groups in 
the terms of the 4-extended affine diagrams. In this paper, we describe 
the Weyl group associated to the nonreduced 4-extended affine root 
systems which satisfy an assumption, the quotient affine root system 

( )acdR RRR ⊕⊕  is reduced in terms of the 4-extended affine diagram. 

The nonreduced 4-extended affine root systems have been classified by 
the author [12]. 

2. The Nonreduced 4-Extended Affine Root Systems 

We classify the nonreduced 4-extended affine root systems which 
satisfy an assumption, the quotient affine root system ( )acdR RRR ⊕⊕  

is reduced. 

Type ( )( )11,1,1,2 ≥lBCl  

( ) ( ),,,,1: Z∈≤≤++++ε± rkmnlirdkcmanbR i  

( ) ( ),,,,1 Z∈≤<≤++++ε±ε± rkmnljirdkcmanbji  

( ) ( ) ( ).,,,1122 Z∈≤≤+++++ε± rkmnlirdkcmabni  

Type ( ) ( ) ( )111,1,1,2 ≥∗ lBCl  

( ) ( ),,,,1: Z∈≤≤++++ε± rkmnlirdkcmanbR i  

( ) ( ),,,,1 Z∈≤<≤++++ε±ε± rkmnljirdkcmanbji  
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( ) ( ) ( ),,,,122122 Z∈≤≤+++++ε± rkmnlirdkcmabni  

( ) ( ) ( ),,,,122122 Z∈≤≤+++++ε± rkmnlirdkcmabni  

( ) ( ) ( ).,,,122122 Z∈≤≤+++++ε± rkmnlirdkcmabni  

Type ( ) ( ) ( )121,1,1,2 ≥∗ lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),1 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),12122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).122122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )131,1,1,2 ≥∗ lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),1 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ) ( ).2mod0,1122 ≡⋅≤≤+++++ε± kmlirdkcmabni  

Type ( ) ( ) ( )141,1,1,2 ≥∗ lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),1 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ) ( ).2mod0,1122 ≡⋅⋅≤≤+++++ε± rkmlirdkcmabni  

Type ( )( ) ( )211,1,2,2 ≥lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),1 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).12122 lirdkcmabni ≤≤+++++ε±  
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Type ( )( ) ( )121,1,2,2 ≥lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),12 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).12122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )111,1,2,2 ≥∗ lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),1 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ) ( ).2mod0,12122 ≡⋅≤≤+++++ε± rklirdkcmabni  

Type ( ) ( ) ( )221,1,2,2 ≥∗ lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),1 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),122122 lirdkcmabni ≤≤+++++ε±  

( ) ( ) ( ).1122122 lirdckmabni ≤≤++++++ε±  

Type ( ) ( ) ( )131,1,2,2 ≥∗ lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),12 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),122122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).124122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )141,1,2,2 ≥∗ lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),12 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ) ( ).2mod0,12122 ≡⋅≤≤+++++ε± rklirdkcmabni  
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Type ( ) ( ) ( )151,1,2,2 ≥∗ lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),12 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ) ( ),2mod0,12122 ≡⋅≤≤+++++ε± rklirdkcmabni  

( ) ( ).14122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )211,2,2,2 ≥lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),1 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).122122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )221,2,2,2 ≥lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),1 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ) ( ).1122122 lirdckmabni ≤≤++++++ε±  

Type ( )( ) ( )231,2,2,2 ≥lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ) ( ),2mod0,1 ≡⋅≤<≤++++ε±ε± kmljirdkcmanbji  

( ) ( ).122122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )141,2,2,2 ≥lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),12 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).122122 lirdkcmabni ≤≤+++++ε±  
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Type ( )( ) ( )151,2,2,2 ≥lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),122 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).122122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )161,2,2,2 ≥lBCl  

( ) ( ),2mod0,1: ≡⋅≤≤++++ε± kmlirdkcmanbR i  

( ),122 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).122122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )111,2,2,2 ≥∗ lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),122 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),144122 lirdkcmabni ≤≤+++++ε±  

( ) ( ),1242122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).1224122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )121,2,2,2 ≥∗ lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),122 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),1222122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).144122 lirdkcmabni ≤≤+++++ε±  
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Type ( ) ( ) ( )131,2,2,2 ≥∗ lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),122 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),124122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).1222122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )141,2,2,2 ≥∗ lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),122 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),142122 lirdkcmabni ≤≤+++++ε±  

( ) ( ),1222122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).124122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )151,2,2,2 ≥∗ lBCl  

( ) ( ),2mod0,1: ≡⋅≤≤++++ε± kmlirdkcmanbR i  

( ),122 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),144122 lirdkcmabni ≤≤+++++ε±  

( ) ( ),1242122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).1224122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )161,2,2,2 ≥∗ lBCl  

( ) ( ),2mod0,1: ≡⋅≤≤++++ε± kmlirdkcmanbR i  

( ),122 ljirdkcmanbji ≤<≤++++ε±ε±  
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( ) ( ),1222122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).144122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )171,2,2,2 ≥∗ lBCl  

( ) ( ),2mod0,1: ≡⋅≤≤++++ε± kmlirdkcmanbR i  

( ),122 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),124122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).1222122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )181,2,2,2 ≥∗ lBCl  

( ) ( ),2mod0,1: ≡⋅≤≤++++ε± kmlirdkcmanbR i  

( ),122 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),142122 lirdkcmabni ≤≤+++++ε±  

( ) ( ),1222122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).124122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )212,2,2,2 ≥lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),1 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).1222122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )222,2,2,2 ≥lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),122 ljirdkcmanbji ≤<≤++++ε±ε±  

( ),122 ljirdkcmanbji ≤<≤++++ε±ε±  
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( ),122 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).1222122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )232,2,2,2 ≥lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ) ( ),2mod0,1 ≡⋅⋅≤<≤++++ε±ε± rkmljirdkcmanbji  

( ) ( ).1222122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )242,2,2,2 ≥lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),122 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).1222122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )252,2,2,2 ≥lBCl  

( ) ( ),2mod0,1: ≡⋅≤≤++++ε± kmlirdkcmanbR i  

( ),122 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).1222122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )162,2,2,2 ≥lBCl  

( ),122: lirdkcmanbR i ≤≤++++ε±  

( ),122 lirdkcmanbi ≤≤++++ε±  

( ),122 lirdkcmanbi ≤≤++++ε±  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).1222122 lirdkcmabni ≤≤+++++ε±  
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Type ( )( ) ( )172,2,2,2 ≥lBCl  

( ),12: lirdkcmanbR i ≤≤++++ε±  

( ),122 lirdkcmanbi ≤≤++++ε±  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).1222122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )182,2,2,2 ≥lBCl  

( ) ( ),2mod0,1: ≡⋅≤≤++++ε± rklirdkcmanbR i  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).1222122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )192,2,2,2 ≥lBCl  

( ) ( ),2mod0,1: ≡⋅⋅≤≤++++ε± rkmlirdkcmanbR i  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).1222122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )212,2,2,2 ≥∗ lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),122 lirdkcmanbi ≤≤++++ε±  

( ),122 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),1242122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).1224122 lirdkcmabni ≤≤+++++ε±  
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Type ( ) ( ) ( )222,2,2,2 ≥∗ lBCl  

( ) ( ),2mod0,1: ≡⋅≤≤++++ε± kmlirdkcmanbR i  

( ),122 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),1242122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).1224122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )132,2,2,2 ≥∗ lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),1244122 lirdkcmabni ≤≤+++++ε±  

( ) ( ),1424122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).1442122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )142,2,2,2 ≥∗ lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),1422122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).1244122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )152,2,2,2 ≥∗ lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),1224122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).1242122 lirdkcmabni ≤≤+++++ε±  
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Type ( ) ( ) ( )162,2,2,2 ≥∗ lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),1422122 lirdkcmabni ≤≤+++++ε±  

( ) ( ),1242122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).1224122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )172,2,2,2 ≥∗ lBCl  

( ),122: lirdkcmanbR i ≤≤++++ε±  

( ),122 lirdkcmanbi ≤≤++++ε±  

( ),122 lirdkcmanbi ≤≤++++ε±  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),1244122 lirdkcmabni ≤≤+++++ε±  

( ) ( ),1424122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).1442122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )182,2,2,2 ≥∗ lBCl  

( ),12: lirdkcmanbR i ≤≤++++ε±  

( ),122 lirdkcmanbi ≤≤++++ε±  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),1244122 lirdkcmabni ≤≤+++++ε±  

( ) ( ),1424122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).1442122 lirdkcmabni ≤≤+++++ε±  
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Type ( ) ( ) ( )192,2,2,2 ≥∗ lBCl  

( ) ( ),2mod0,1: ≡⋅≤≤++++ε± rklirdkcmanbR i  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),1244122 lirdkcmabni ≤≤+++++ε±  

( ) ( ),1424122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).1442122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )1102,2,2,2 ≥∗ lBCl  

( ) ( ),2mod0,1: ≡⋅⋅≤≤++++ε± rkmlirdkcmanbR i  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),1244122 lirdkcmabni ≤≤+++++ε±  

( ) ( ),1424122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).1442122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )1112,2,2,2 ≥∗ lBCl  

( ),122: lirdkcmanbR i ≤≤++++ε±  

( ),122 lirdkcmanbi ≤≤++++ε±  

( ),122 lirdkcmanbi ≤≤++++ε±  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),1422122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).1244122 lirdkcmabni ≤≤+++++ε±  
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Type ( ) ( ) ( )1122,2,2,2 ≥∗ lBCl  

( ),12: lirdkcmanbR i ≤≤++++ε±  

( ),122 lirdkcmanbi ≤≤++++ε±  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),1422122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).1244122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )1132,2,2,2 ≥∗ lBCl  

( ) ( ),2mod0,1: ≡⋅≤≤++++ε± rklirdkcmanbR i  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),1422122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).1244122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )1142,2,2,2 ≥∗ lBCl  

( ) ( ),2mod0,1: ≡⋅⋅≤≤++++ε± rkmlirdkcmanbR i  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),1422122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).1244122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )1152,2,2,2 ≥∗ lBCl  

( ),122: lirdkcmanbR i ≤≤++++ε±  

( ),122 lirdkcmanbi ≤≤++++ε±  

( ),122 lirdkcmanbi ≤≤++++ε±  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  
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( ) ( ),1224122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).1242122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )1162,2,2,2 ≥∗ lBCl  

( ),12: lirdkcmanbR i ≤≤++++ε±  

( ),122 lirdkcmanbi ≤≤++++ε±  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),1224122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).1242122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )1172,2,2,2 ≥∗ lBCl  

( ) ( ),2mod0,1: ≡⋅≤≤++++ε± kmlirdkcmanbR i  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),1224122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).1242122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )1182,2,2,2 ≥∗ lBCl  

( ) ( ),2mod0,1: ≡⋅⋅≤≤++++ε± rkmlirdkcmanbR i  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),1224122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).1242122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )1192,2,2,2 ≥∗ lBCl  

( ),122: lirdkcmanbR i ≤≤++++ε±  

( ),122 lirdkcmanbi ≤≤++++ε±  
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( ),122 lirdkcmanbi ≤≤++++ε±  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),1422122 lirdkcmabni ≤≤+++++ε±  

( ) ( ),1242122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).1224122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )1202,2,2,2 ≥∗ lBCl  

( ),12: lirdkcmanbR i ≤≤++++ε±  

( ),122 lirdkcmanbi ≤≤++++ε±  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),1422122 lirdkcmabni ≤≤+++++ε±  

( ) ( ),1242122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).1224122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )1212,2,2,2 ≥∗ lBCl  

( ) ( ),2mod0,1: ≡⋅≤≤++++ε± kmlirdkcmanbR i  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),1422122 lirdkcmabni ≤≤+++++ε±  

( ) ( ),1242122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).1224122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( ) ( )1222,2,2,2 ≥∗ lBCl  

( ) ( ),2mod0,1: ≡⋅⋅≤≤++++ε± rkmlirdkcmanbR i  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  
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( ) ( ),1422122 lirdkcmabni ≤≤+++++ε±  

( ) ( ),1242122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).1224122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )111,2,4,2 ≥lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),12 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).124122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )121,2,4,2 ≥lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),122 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).124122 lirdkcmabni ≤≤+++++ε±  

Type ( ) ( )11,2,4,2 ≥∗ lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),122 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ),1224122 lirdkcmabni ≤≤+++++ε±  

( ) ( ).144122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )112,2,4,2 ≥lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),122 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).1224122 lirdkcmabni ≤≤+++++ε±  
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Type ( )( ) ( )122,2,4,2 ≥lBCl  

( ) ( ),2mod0,1: ≡⋅≤≤++++ε± kmlirdkcmanbR i  

( ),122 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).1224122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )132,2,4,2 ≥lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).1224122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )142,2,4,2 ≥lBCl  

( ),122: lirdkcmanbR i ≤≤++++ε±  

( ),122 lirdkcmanbi ≤≤++++ε±  

( ),122 lirdkcmanbi ≤≤++++ε±  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).1224122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )152,2,4,2 ≥lBCl  

( ),12: lirdkcmanbR i ≤≤++++ε±  

( ),122 lirdkcmanbi ≤≤++++ε±  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).1224122 lirdkcmabni ≤≤+++++ε±  
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Type ( )( ) ( )162,2,4,2 ≥lBCl  

( ) ( ),2mod0,1: ≡⋅≤≤++++ε± rklirdkcmanbR i  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).1224122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )172,2,4,2 ≥lBCl  

( ) ( ),2mod0,1: ≡⋅⋅≤≤++++ε± rkmlirdkcmanbR i  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).1224122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )282,2,4,2 ≥lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),12 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).1224122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )292,2,4,2 ≥lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),12 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ) ( ).12224122 lirdkcambni ≤≤++++++ε±  

Type ( )( ) ( )2102,2,4,2 ≥lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ) ( ),2mod0,12 ≡⋅≤<≤++++ε±ε± rkljirdkcmanbji  

( ) ( ) ( ).12224122 lirdkcambni ≤≤++++++ε±  



TADAYOSHI TAKEBAYASHI 174 

Type ( )( ) ( )111,4,4,2 ≥lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),122 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).144122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )121,4,4,2 ≥lBCl  

( ) ( ),2mod0,1: ≡⋅≤≤++++ε± kmlirdkcmanbR i  

( ),122 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).144122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )112,4,4,2 ≥lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).1244122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )122,4,4,2 ≥lBCl  

( ),122: lirdkcmanbR i ≤≤++++ε±  

( ),122 lirdkcmanbi ≤≤++++ε±  

( ),122 lirdkcmanbi ≤≤++++ε±  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).1244122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )132,4,4,2 ≥lBCl  

( ),12: lirdkcmanbR i ≤≤++++ε±  

( ),122 lirdkcmanbi ≤≤++++ε±  
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( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).1244122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )142,4,4,2 ≥lBCl  

( ) ( ),2mod0,1: ≡⋅≤≤++++ε± kmlirdkcmanbR i  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).1244122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )152,4,4,2 ≥lBCl  

( ) ( ),2mod0,1: ≡⋅⋅≤≤++++ε± rkmlirdkcmanbR i  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).1244122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )262,4,4,2 ≥lBCl  

( ) ( ),2mod0,1: ≡⋅≤≤++++ε± kmlirdkcmanbR i  

( ),122 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).1244122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )114,4,4,2 ≥lBCl  

( ),1: lirdkcmanbR i ≤≤++++ε±  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).1444122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )124,4,4,2 ≥lBCl  

( ),122: lirdkcmanbR i ≤≤++++ε±  

( ),122 lirdkcmanbi ≤≤++++ε±  
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( ),122 lirdkcmanbi ≤≤++++ε±  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).1444122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )134,4,4,2 ≥lBCl  

( ),12: lirdkcmanbR i ≤≤++++ε±  

( ),122 lirdkcmanbi ≤≤++++ε±  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).1444122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )144,4,4,2 ≥lBCl  

( ) ( ),2mod0,1: ≡⋅≤≤++++ε± rklirdkcmanbR i  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).1444122 lirdkcmabni ≤≤+++++ε±  

Type ( )( ) ( )154,4,4,2 ≥lBCl  

( ) ( ),2mod0,1: ≡⋅⋅≤≤++++ε± rkmlirdkcmanbR i  

( ),1222 ljirdkcmanbji ≤<≤++++ε±ε±  

( ) ( ).1444122 lirdkcmabni ≤≤+++++ε±  

The 3-extended affine diagram is defined to be consisting of all 

vertices ( ),0~,, liiii ≤≤ααα ∗  so that it has the following subdiagram for 

all βα,  s.t. .1,,, −=βα−=βα ∨∨ t  
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Further, we define the 4-extended affine diagram ( )RΓ  by adding the 

vertices ( )lii ≤≤α 0  to the 3-extended affine diagram. 

3. The Weyl Group of the 4-Extended Affine Root System 

The Weyl group of the 4-extended affine root system is defined as 
follows [1, 4]. Let V be an ( )4+l -dimensional real vector space equipped 

with a positive semi-definite bilinear form. Let 0V  be the 4-dimensional 

radical of the form ,  and ( )∗0V  be the dual space of .0V  Set 

0VVV ⊕= &  and ( ) .~ 00 ∗⊕⊕= VVVV &  Let { }lεε ...,,1  be the standard 

basis of V&  satisfying ijji δ=εε ,  for all ....,,1, lji =  Define the 

bilinear form ,  on V~  so that ,  extends the form on V and ,  is 

nondegenerate on .~V  For ,R∈α  we define the reflection ( )VGLw ~∈α  by 

( ) ( )Vuuuuw ~, ∈αα−= ∨
α  with .,

2
αα
α=α∨  Set RwWR ∈α|= α

~  

( ).~VGL⊆  Then RW~  is the Weyl group of the 4-extended affine root 

system R. Our main result is the following: 

Theorem 3.1. The Weyl groups of the nonreduced 4-extended affine 
root systems are described as follows: 

Generators: for each ( ),RΓ∈α  we attach a generator .: αα = wa  For 

simplicity, we shall write ...,,~,,,,~,, bbbbaaaa ∗∗  instead of ,, ∗αα aa  

.,,,,, ~,~ Lββββαα ∗ aaaaaa  
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Relations: 

 
12 =⇒ a  

I.t 

 

( ) 10 2 =⇒= abt  

( ) 11 3 =⇒= abt  

( ) 12 4 =⇒= abt  

II.0 

 

( ) ( ) ( )222 CABBCAABC ==⇒  

II.t 

 

( ) 11 3 =⇒= BAABt  

( ) 12 21 =⇒= ± BAABt  

( ) ( ) ( )22214 ABABAABAAt ==⇒= ±  

where { }αααα∈≠ ∗ ,~,,AA  

 

( ) ,13 =⇒ AaAB  where ,,,~ ββ=α= ∗BA  

ββ=α= ∗ ,~, BA  or ββ=α= ∗ ~,, BA  

III.t 

 

,1=t  

(i) ,BABABA =  where 

{ } { },,~,,,,~,, ββββ∈≠αααα∈≠ ∗∗ BBAA  

A, B and BA ,  are chosen in the same tunts, 

respectively. 

(ii) ( ) ( ) ( ) ( ) ,, 2222 BAABBBAABABAABAB ==  

where AA ≠  and BB ≠  are arbitrary chosen. 
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In the sequel, we set 






+β=+α=

+β=+α=

.,

,

22

11

spBrpA

qpBppA
 

,2=t  

(i) ABAABA
sr

qp
=⇒






























=





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




22

22
,

11

22
,

11

11
 

(ii) BABBAB
sr

qp
=⇒






























=











12

24
,

24

24
,

12

12
 

(iii) 




=
=

⇒





















=








AbAaBa
BaBbAb

sr
qp

22
24

,
11
24

,
11
12  

,4=t  

(i) ABAABA
sr

qp
=⇒










=











11

11
 

(ii) 






=

===
⇒










=











aBaAbA

BaAbbBaAAbBaaAbB

sr

qp

11

12
 

(iii) BAABAABBABBABBAA
sr

qp
===⇒










=











12

12
 

(iv) 






===

=
⇒










=











bAaBAaBbaBbABbAa

BaBbAb

sr

qp

12

14
 

(v) 






=

=
⇒










=











AbAaBa

BaBbAb

sr

qp

11

14
 

(vi) BABBAB
sr

qp
=⇒










=











14

14
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III.0 

 

( ) ( )22 ABCDDABC =⇒  

III.∞ 

 

( ) ( )2211 4,2,1 ABCDDABCt =⇒= ±±  

IV(i).t 

 

( ) ( ) ,1,12,1 221 ==⇒= ± aBcBBaBcBaBat

where { }ββββ∈≠ ∗ ,~,,BB  

IV(ii).t 

 

( ) 12,1 21 =⇒= ± BCBBABt  

V.t 

 
,2=t  

(i) 






==

==
⇒










=











AbABABBAaABB

BbAABAABbAABAaBB

sr

qp ,

11

12
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(ii) 






=

==
⇒












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





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
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
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qp ,

22

24
,
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,4=t  

(i) 
( ) ( )

( ) ( )





=

=
⇒










=











BBbAaBbAaB

ABbAaBbAaA
sr

qp
22

22

11

11
 

(ii) 





=








11
12

sr
qp

 

( ) ( ) ( ) ( )










=

==

==

⇒

BAABBbAA

BbAaBBBbAaBbAaAABbAa

aAbBBBaAbBaAbBAAaAbB
2222 ,

,

 

(iii) 





=








14
14

sr
qp

 

( ) ( ) ( ) ( )2222 , bBaABBbBaAbBaAAAbBaA ==⇒  

(iv) 





=








11
14

sr
qp

 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )














==

==

==

==

⇒

BAbBaBBbAbBaBAbBaBBABa

BaABAaABaABABABbAaBBAA

BbAaBBBbAaBbAaAABbAa

bBaABBbBaAbBaAAAbBaA

,

,

,

,
2222

2222

 

(v) 






==

==
⇒










=











.,

,

12

14

ABBABBAaaBBABBAA

BbABaBBbAaBbAAaABbAa

sr

qp
 

Proof. It is proved similarly to the 3-extended affine cases [7, 9]. 

Let us denote αw&  be the reflection in ( )VGL  such that ,αα =| ww V &  
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and set .RwWR ∈α|= α&  Then we see the following: 

Proposition 3.2. (i) The central elements 21, γγ  and 3γ  in ( )( )RW Γ~  

are given as follows: 

( )( ) ( )

,
maxmax max\,

1

m

adcR

www















=γ ∏ ∏

∗ΓΓ⊕Γ∈α Γ∈α

∗
ααα

URRR
 

where ( )( )adcR RRR ,⊕Γ  is the elliptic Dynkin diagram, ∗ΓΓ maxmax ,  are 

the subdiagrams of ( )( )adcR RRR ,⊕Γ (see [4]), ( )( )adcRmm RRR ,: ⊕  

is the order of the Coxeter element in the elliptic Weyl group. 

Similarly, 

( )( ) ( )

,~

maxmax max\,
2

m

cdaR

www















=γ ∏ ∏

∗ΓΓ⊕Γ∈α Γ∈α
ααα

URRR
 

( )( ) ( )

.
maxmax max\,

3

m

dcaR

www















=γ ∏ ∏

∗ΓΓ⊕Γ∈α Γ∈α
ααα

URRR
 

Further, we set [ ] ,:,,:,~:,: 11 ABBABAwwqwwswwt iiiiiiiii
−−∗ ====  

then 654 ,, γγγ  are given as follows: 

( ) ( ) ( ) ( )41, 1,1,1,21,1,1,2 ≤≤∗ iiBCBC ll  

[ ] [ ] [ ] c
d

a
d

a
c TsqTtqTts ==γ==γ==γ 006005004 ,,,,,  

( )( ) ( ) ( ) ( ) ( )( )2,2,1,1 1,2,2,21,1,2,21,1,2,2
lll BCiiBCBC =∗  

[ ] ( )
[ ] ( )

[ ] ( )
[ ] ( )



≥=
===γ





≥=
===γ

,3,
2,1,

,3,
2,1,

21

2
00

5
21

2
00

4 lTqt
lTtq

lTst
lTts

a
d

a
d

a
c

a
c  

[ ] c
dTsq ==γ 006 ,  
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( )( ) ( ) ( ) ( )53,2 1,1,2,21,1,2,2 ≤≤∗ iiBCBC ll  

[ ] [ ] [ ] c
d

a
d

a
c TsqTtqTts ==γ==γ==γ 006

2
005

2
004 ,,,,,  

( )( ) ( )( )3,1 1,2,2,21,2,2,2
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2
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d
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d  
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lBC  
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1, 2
0052
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4
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4
a
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c
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c Tts
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lTts ==γ
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

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2
00

6 lTqs
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c
d

c
d  

( )( ) ( ) ( ) ( ) ( )81,6,5 1,2,2,21,2,2,2 ≤≤= ∗ iiBCiiBC ll  

[ ] [ ] [ ] c
d

a
d

a
c TsqTtqTts 2

006
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004 ,,,,, ==γ==γ==γ  

( )( ) ( )312,2,2,2 ≤≤ iiBCl  
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( )( ) ( ) ( ) ( ) ( )2,1,94 2,2,2,22,2,2,2 =≤≤ ∗ iiBCiiBC ll  
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[ ] [ ] ( )
[ ] ( )



≥=
===γ==γ

,3,
2,1,,, 2

21

4
5

4
4 lTqt

lTtqTts a
d

a
dlla

cll  

[ ] ( )
[ ] ( )



≥=
===γ

3,
2,1,

2
21

4
6 lTqs

lTsq
c

d

c
dll  

( )( ) ( )512,4,4,2 ≤≤ iiBCl  

[ ] [ ] [ ] c
dll

a
dll

a
cll TsqTtqTts 4

6
4

5
4

4 ,,,,, ==γ==γ==γ  
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( )( )62,4,4,2
lBC  

[ ] [ ] ( )
[ ] ( )





≥=

==
=γ==γ

,2,
1,

,, 2
12

4
11

5
4

4 lTqt
lTtq

Tts a
d

a
da

cll  

[ ] ( )
[ ] ( )



≥=
===γ

2,
1,

2
12

4
11

6 lTqs
lTsq

c
d

c
d  

( )( ) ( )2,12,2,4,2 =iiBCl  

[ ] [ ] ( )
[ ] ( )



≥=
===γ==γ

,2,
1,,, 2

12

4
11

5
4

4 lTqt
lTtqTts a

d

a
da

cll  

[ ] ( )
[ ] ( )



≥=
===γ

2,
1,

2
12

4
00

6 lTqs
lTsq

c
d

c
d  

( )( ) ( )1032,2,4,2 ≤≤ iiBCl  

[ ] [ ] [ ] c
dll

a
dll

a
cll TsqTtqTts 4

6
4

5
4

4 ,,,,, ==γ==γ==γ  

( )( ) ( )514,4,4,2 ≤≤ iiBCl  

[ ] [ ] [ ] c
dll

a
dll

a
cll TsqTtqTts 4

6
4

5
4

4 ,,,,, ==γ==γ==γ  

(ii) We have an isomorphism ( )( ) ( ) .61~
Ri WiRW ≅≤≤γΓ  

Proof. (i) is directly checked and (ii) is trivial. 
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