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Abstract

A module M is called duo module if every submodule of M is fully
invariant. M has the SIP (or the SSP) if the intersection (or the sum) of
two direct summands of M is direct summand. In this note we prove that
every duo module has the SSP and the SIP.

1. Introduction

Throughout R will be a ring with identity, and modules are unital
right R-modules. Let M be a module. Then we use MN ≤  to mean that

N is a submodule of M and MN ⊕⊆  to indicate that N is a direct

summand of M. Let ( ).MEndS R=  A submodule N of M is said to be

fully invariant if ( ) NNf ≤  for each .Sf ∈  A module M is called duo

module if every submodule of M is fully invariant. The ring R is called
right duo ring if every right ideal in R is a left ideal. In fact, R is a duo
ring if every one-sided ideal is two-sided.

A right artinian right self-injective ring is called quasi-Frobenius ring
(or QF-ring for short). When we were discussing and reporting papers on
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the question of when a right perfect right self-injective ring is QF, we
encountered the following results in the context:

(I) In [3, Corollary 2.5] it is proved that: Let M be a quasi-p-

injective and duo module. If A and B are direct summands of M, then so

are BA ∩  and .BA +

 (II) In [6, Proposition 3.3] it is proved that: Let M be a duo and

PQ-injective module. Then M has the SIP, and in [6, Proposition 3.4] it is

shown that: Let M be a duo, principal and PQ-injective. Then M has both

the SIP and the SSP.

(III) In [7, Theorem 3.1] it has been shown that: Let R be a right

P-injective right duo ring. If A and B are right ideals of R with RRA ⊕⊆

and ,RRB ⊕⊆  then ( ) RRBA ⊕⊆∩  and ( ) .RRBA ⊕⊆⊕

(IV) In [8, Lemma 2.5] it is proved that: Let M be a quasi-principally

injective module and A and B be its submodules.

(1) If A is a direct summand of M and ,AB ≅  then B is a direct

summand of M.

(2) If A and B are direct summands of M with ,0=BA ∩  then

BA ⊕  is a direct summand of M.

  (V) In [9, Proposition 4.4] it is shown that: Every duo and semi-

projective module has the SIP, and in [9, Proposition 4.6] it is also proved

that: Every duo and semi-projective module with the property ( )3C  has

the SSP.

(VI) In [11, Proposition 3.6] it has been shown that every duo and

semi-injective module has the SIP and the SSP.

We generalize the aforementioned results (I)-(VI) and we prove that

every duo module has the SIP and the SSP. For the unexplained

terminology, the reader is referred to [2], [5] or [10].

2. Duo Modules

We start by proving the following results.
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Lemma 1. R is a right duo ring if and only if the right R-module RR

is a duo module.

Proof. Assume that R is a right duo ring. Then every right ideal is a
left ideal. Let I be any right ideal and ( ).RREndf ∈  Let .Ix ∈  Then

( ) ( ) Ixfxf ∈= 1  since f is also a left ideal. Hence ( ) .IIf ≤

Conversely, suppose that RR  is a duo module, and let I be any right

ideal in R. For Rx ∈  define RR
xf
→  by ( ) ,xrrfx =  where .Rr ∈  xf  is a

well-defined right R-homomorphism of R. By hypothesis ( ) .IIfx ≤  Hence

IxI ≤  for all .Rx ∈  It follows that R is a left ideal of R.

Lemma 2. Let a module MMM ′′⊕′=  be the direct sum of modules

M ′  and .M ′′  If M is a duo module, then M ′  and M ′′  are duo modules,

( ) 0, =′′′ MMHom  and ( ) .0, =′′′ MMHom

Proof. Let MN ′≤  and ( )., MMHomf ′′′∈  Then f can be extended

to a ( ),RMEndg ∈  so that ( ) .0=′′Mg  By assumption, ( ) ( ) .NNgNf ≤=

The rest is clear.

Lemma 3. Let M be any duo left R-module. Then the natural
projections of M are central idempotents of the endomorphism ring

( )MEndS =  of M.

Proof. Let MMM ′′⊕′=  and π denote the projection of M with

kernel .M ′′  Let Sf ∈  and ,mmm ′′+′=  where ., MmMm ′′∈′′′∈′  By

Lemma 2, ,fff ′′+′=  where ( ) ( )., MEndfMEndf ′′∈′′′∈′  Now

( ) ,mm ′=π  ( ) ( ) ( ) ( ) ( ) ( ) ( ).,, mfmfmfmfmfmfmf ′′′′=′′′′=′′′′′+′′=  Then

( )( ) ( )mfmf ′=π  ( ) ( )( )mfmf π=′′=  for all .Mm ∈  Hence ff π=π  for all

.Sf ∈

Example 4. Let Z denote the ring of integers. Then for any prime

integer p and positive integer n, nZpZ  as Z-modules are duo but the

rational numbers Q as a Z-module is not duo.

Proof. Let ( )ZEndf Z∈  and nZI =  be an ideal of Z. Since f is

determined by ( ),1f  for all ,Zt ∈  ( ) ( ) .1 Intfntf ∈=  Hence ( ) IIf ≤  and

so Z is duo module. Same holds for nZpZ  since any ( )n
Z ZpZEndf ∈  is
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determined by ( ),1f  where .11 nn ZpZZp ∈+=  Let ( )QEndf Z∈  be

given by ( ) ,2babaf =  where Qba ∈  and let ( )ZI 21=  be the

Z-submodule of Q. Then ( ) 4121 =f  and .41 I∉  It follows that I is not

invariant under f and so Q is not a duo Z-module.

We now come to our main result and prove the following theorem
which unifies and generalizes several known results in [3, 6-9, 11].

Theorem 5. Let M be a duo module. Then M has the SIP and the
SSP.

Proof. Suppose that M is a duo module. Let N and K be two direct
summands of M. Notice that for the natural projections α and β as

NNNM
α
→′⊕=  and ,KKKM

β
→′⊕=  respectively, ( )MN α=

and ( ).MK β=  Hence ( ) NMM ′⊕α=  and ( ) .KMM ′⊕β=  By

hypothesis

( ) ( )( ) ( )( ) ( )KMKMM ′α+βα≤′⊕βα=α ( ) ( ) ( ) ( ).MKMMM α≤′α+βα≤ ∩∩

Hence

( ) ( ) ( ) ( ) .KMMMM ′α⊕βα=α ∩∩ (1)

It follows that ( ) ( )MMKN βα= ∩∩  is a direct summand of M. Hence

M has the SIP. Then (1) also shows that if ,BAM ⊕=  then

( ) ( )( ) ( )( ).BMAMM ∩∩ α⊕α=α (2)

Since ( )Mα  and ( )Mβ  are direct summands and M has the SIP, there

exists MU ≤  such that

( ) ( )( ) .UMMM ⊕βα= ∩ (3)

Then ( ) ( ) ( ) ( )MUMMM β⊕βα=β ∩∩  by the modularity. So ( ) ( )MM β+α

( ) ( ) ( ) ( ) ( ) ( ).MUMMUMMM β⊕α=β+βα+α= ∩∩∩  Since M has

the SIP and ( )Mβ  and U are direct summands, there exists MV ≤  such

that

( ) .VMUM ⊕β= ∩ (4)

By (4), (2) and ( ) ( ) ,0=βα MUM ∩∩

( ) ( ) ( ) ( ) ( ) .VVMVMMUMM ≤α=α⊕βα=α ∩∩∩∩
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Hence ( ) ,VNMV ∩′⊕α=  by modularity and ( ) .NMM ′⊕α=  So we

replace V in ( ) VMUM ⊕β= ∩  to obtain

( ) ( ) ( ) ( )( ) ( ).VNMMVNMMUM ∩∩∩ ′⊕β+α=′+α+β=

Thus ( ) ( )MMKN β+α=+  is direct summand of M. Thus M has the SSP.

We now provide the following example which is an application of our
main result.

Example 6. Let Z and Q denote the ring of integers and the field of
rational numbers, respectively.

(1) The Z-module AZ ⊕  is not duo for any Z-module A.

(2) For any distinct prime integers ( ),...,,2,1 nipi =  the Z-module

in
i

n
i ZpZM 1=⊕=  is duo module for any positive integers ( )....,,2,1 nini =

(3) The Z-module AQ ⊕  is not a duo module for any Z-module A.

Proof. (1) Let A be any nonzero Z-module. Assume that AZ ⊕  is

duo Z-module. By Theorem 5, AZ ⊕  has the SIP and the SSP. Hence by

[1] and [4] the image and kernel of any ( )AZHomf Z ,∈

( )( )ZAHomf Z ,or ∈  are direct summands. It follows that A is isomorphic

to a direct summand of Z and Z is isomorphic to a direct summand of A. A
contradiction. Hence AZ ⊕  is not duo Z-module.

(2) We complete the proof by induction and we may assume .2=n  Let

p and q be distinct prime integers. Then we prove ( ) sr ZqZZpZM ⊕=

is duo, where r and s are positive integers, and let r′ and s′  be integers

such that .1=′+′ sqrp sr  Now assume N is any submodule of M and

( ) ., Nba ∈  Then ( ) ( ) ( ) Nbbrpbarp rr ∈=′=′ ,0,0,  and ( ) ( ) =′=′ 0,, asqbasq ss

( ) .0, Na ∈  Hence ( ( )) ( ( )).sr ZqZNZpZNN ∩∩ ⊕=  Let ∩NN =1

( )rZpZ  and ( ).2
sZqZNN ∩=  Let ( ).MEndf Z∈  Then ( ) ( )0,, afbaf =

( ) NNNbf =+∈+ 21,0  since rZpZ  and sZqZ  are duo and ( ) 10, Na ∈

and ( ) .,0 2Nb ∈  Hence M is duo Z-module.

(3) If AQ ⊕  is duo module for any Z-module A, then Q will be a duo

Z-module by Lemma 2. But this contradicts Example 4. Therefore,
AQ ⊕  is not duo module for any Z-module A.
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