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Abstract

In this paper, we consider within the framework of classical elasticity
under assumptions pertinent to plane strain, the problem of analytically
finding the distribution of stress in a wedge-shaped homogeneous
isotropic elastic solid, when the plane faces are indented by rigid
punches of unequal size away from the apex of the wedge.

The solution of the three resulting parts mixed boundary value problem
is reduced to the solution of triple integral equations involving Mellin
transforms. Closed form solutions of the triple integral equations are
obtained and the displacement component and resultant pressure on the
faces are expressed in closed form. Numerical values for the resultant
pressure are given in the form of a table. The results may be applicable
to certain foundation problems.

1. Introduction

Problems concerning contact between deformable solids are of
considerable theoretical and practical importance since contact is the
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commonest way to transmit loads from one structural member to
another. This is why contact mechanics continues to be one of the most
important branches of theoretical elasticity. Extensive accounts of this
progress of contact problems are given by Gladwell [3], Hills et al. [4] and
Jonson [5]. The problem of distribution of stress due to rigid punches in
the wedge-shaped region has been discussed by Matczynski [7],
Srivastav and Narain [8], Srivastav and Parihar [9]. Matczynski [7]
reduced the problem to a Wiener-Hopf integral equation which is solved
by an approximate method suggested by Koiter [6].

Srivastav and Narain [8] solved the contact problem when the plane
faces of the wedges are indented normally and symmetrically by a rigid
punch. They reduced the solution of the problem into dual integral
equations by the use of Mellin transforms and finally reduced the
problem into solving a Fredholm integral equation of the second kind.
The Fredholm integral equation was solved numerically to find the
physical quantities. Srivastav and Parihar [9] discussed the problem of a
wedge with its plane faces indented by rigid punches of unequal size.
They reduced the solution of the problem into two simultaneous
Fredholm integral equations of the second kind, which are solved
numerically to find the physical quantities. The three-part mixed
boundary value problem for contact and crack problems at the middle of
the wedge-shaped region has been solved by Erdogan and Gupta [2] and

approximate results have been obtained.

This work i1s further extension of the work of Matczynski [7] and
Srivastav and Narain [8], who considered the two-parts mixed boundary

value problem.

As we know, an analytic solution in closed form has some advantages
over numerical and approximate solutions, so that in many cases
analytical solutions in closed form are desired for accurate analysis and
design. Moreover, analytical solutions serve as a benchmark for the
purpose of judging the accuracy and efficiency of various numerical and
approximate methods. However, owing to the mathematical complexity,

certain practical problems of complicated configurations are only solved



STRESS DISTRIBUTION IN A WEDGE-SHAPED ELASTIC ... 21

with recourse to numerical schemes and it is difficult to obtain their
analytic solution in closed form.

In this paper, we consider a wedge with plane faces indented by rigid
punches of unequal size. The boundary value problem is reduced into the
three-part mixed boundary value problem. The solution of the problem is
reduced to the triple integral equations by using Mellin transforms. The
closed form solution of the triple integral equations and the closed form
expressions for shear stress and displacement component and the
resultant pressures under the punches are obtained. The numerical
results for the resultant pressure under the punch are given. With the
application in foundation engineering in mind, the main interest in these

problems is in the evaluation of the contact pressure.

The analysis throughout the paper is formal. As is customary for
dealing with problems of this nature, we make no attempt to justify the
change of order of integrations.

2. Solutions of Equations of Elastic Equilibrium

Let the wedge occupy the region defined in plane polar coordinates by

0<r<ow,—-a <0< a Theequations of equilibrium:

0 10 1
Eﬁrﬂr;%creﬂL;(Gr—Ge):O, 1)
0 10 2
56,«9 +7%Geg+?0re =O, (2)

are satisfied, if we assume that

:(za_uL&j

o T\ T or T2 g2
52

GCpp = _;C’ (3)
or

oo =L 10%
7,280 roeor)

where y is the airy stress function, while the strain components in terms
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of displacement and stresses are expressed as follows:

ou 1
r = arr = F(Grr _VGOO)’
_ Uy 10ug 1
gg = r r 00 - E(GGG Vcrr)’ (4)
_1(10u,  Ouy ug) -(1-v)
8re‘z(r ® o r) E OO

The condition of compatibility imposed on yx yields a biharmonic

equation
(g_zgigﬂxo ®
Considering (3) and (4), we find that
e
A

For plane strain, we replace

E by ———

5 and E by 2u(l + v). 9)
1-v

v
v by T

In the above equations, E and v represent the shear modulus and the

Poisson’s ratio for the material, respectively and p represents the shear

modulus.

With the help of equations (4), (6), (7) and (9), we get the

displacement components:

2, (r, 0) = (1 = V)] (Vp)ar - %, (10)

2 (r, 0) = (1 - v){r I (V2y)d6 — I j (V2x)drd9} - % (11)

where we have assumed that the constants of integration are zero as
r — o,
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3. Statement of the Problem

Let us consider, the problem of distribution of stresses and
displacements on the boundary of an infinite homogeneous isotropic plate
having the form of a wedge with the vertex angle 25. We consider that
the wedge with plane faces 6 = £8 is indented by punches of unequal
size. Furthermore, the boundaries of the plate 6 = +8 are free from shear
stress as shown in Figure 1. The line OX bisects the interior angle of 23
of the wedge. The sign of 0 is positive, when measured in the counter

clockwise direction from OX to r.

The displacement and stress components for the upper part of the
wedge 0<6<a are defined by [ug(r, 0)], [u.(r, 0)];, [0,.(r, B)];,

[cge(r, B)], and [o,9(r, ). For the lower part -o<6<0, the
displacement and stress components are defined by [ug(r, 0)],, [u,(r, 0)],,
[Grr (l", e)]27 [Gee(’% 9)]2 and [Gre(rr e)]2

The boundary value problem is reduced to the mixed boundary value
problem at the planes 6 = 8 and 6 = —8. The boundary conditions are

[ug(r, d)), = A(r), a <r<b, (12)
[ogo(r, 8)}y =0, 0<r<a,r>b, (13)
[6,6(r, 8)], =0, 0 <7 < (14)
and
[ue(’”, _8)]2 = _fZ(r)’ @ <r< bl’ (15)
[oge(r, =8), =0, 0 <r <ay, r> by, (16)
[c,0(r, =8), =0, 0 <r < . (17)

We assume that along the line OX two pieces of same materials are
joined to make one wedge. At the upper surface due to the frictionless

joints along OX, we assume the following boundary conditions:

[ogo(r, O)]; = [oe0(r, 0)];, (18)
[Grr(r’ 0)]1 = [Grr(r’ 0)]2 (19)
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We take the stress function y satisfying equation (5) in the form (see
[10, 12]):

1 [etie s_lA(s)rl_S

xr, ©) = i ) o m [(s + l)cos[(s -1) (6 -8 %ﬂ

2
+(s- 1)005[(3 + 1)(6 -5- %jﬂds, 0>0,-1<c<1 (20)

and

1 Cc+1i0 S_lA(s)rl_S

wr, ©) = i) m [(s + 1)cos[(s - 1)(9 +8+ %ﬂ

2
+(s - 1)cos[(s + 1)(6 +8+ g)ﬂds, 0<0,-1<c<1. (21

Equations (3), (10), (11) and (20) lead to

1 [etio A(s)r_s_1

[0 = “om c—iooK(n_sj[(s + 3)cos(s — 1)(6 -86- %)
2

+(s+1)cos(s — 1) (9 -56- %Hds, (22)

1 chL““’A(s)r_s_1

[099]1 = o e—ivo (nsj
2 cos 5

[(s —1)cos(s +1) (6 -8 %)

+(s+1)cos(s — 1) (6 -5- gﬂds, (23)

[or0]y = L[l DAErT [sin(s + 1)(9 -5- Ej

2 i 2 cos(n—sj 2
2

+ sin(s — 1) (6 -5- %H ds, (24)
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[, ] = (H—Vj L J.Hioo Als)r [(s +1)cos(s — 1) (6 -8- g)

2t Je—ico 2s cos(n—s]
2

+ (s + 3 —4v)cos(s + 1)(6 -56- %ﬂds, (25)
ME Zvjﬁj:% 5+ Dsints - 1)(0-5-7)
2
+ (s =3+ 4v)sin(s + 1) (6 -5- %Hds. (26)

From equations (3), (10), (11) and (21), we obtain

1 (et A(s)r st
211 J e TS
9 s

cos( 5 )

+(s+1)cos(s — 1) (6 +8+ %ﬂds, 27

[opr]y = — [(s + 3)cos(s + 1) (6 +3+ %)

[ceels = 21” :124(3);"( _) [(s 1)cos(s + 1) (9 +08+ %)
2

+ (s +1)cos(s — 1) (6 +8+ %Hds, (28)
[5r0), = —% CCJ;ZO(S ;2;2?%55_1 [sin(s + 1)(9 +8+ %)
+sin(s — 1) (6 +8+ H ds, (29)

[,y = (H_Vj 2}ri I ::ﬁiés)[

+ (s +3 - 4v)cos(s + 1)(6 +8+ %ﬂds, (30)

(s +1)cos(s — 1)(9 +38+ %)
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[uply = (HT\))% j:j;% [(s +1)sin(s - 1) (9 +3+ %)

+ (s — 3 + 4v)sin(s + 1)(6 +8+ gﬂds. (31)

From equations (22)-(26) and (27)-(31), the boundary conditions (14),
(17)-(19) are satisfied identically and the boundary conditions (12), (13),
(15) and (16) reduce to the following two sets of triple integral equations:

1 .c+iws tan| = | A (s)r®ds=0, 0<r<a (32)
2mi J c—ioo 2 1 - ’
L ~c+i00A (S)rfsds _ Ll(r) a<r<b (33)
PR P To1+v)(v-1)’ ,
1 c+1%0 s » )
o ] c_iwstan(TjAl(s)r ds=0,r>b (34)
and
1 o C+ioo s . )
P | c_ioostan(?)Al(s)r ds =0, 0<r<ay, (35)
1 [e+io —_— —Efz(’”)
o ) oin A (s)r~ds = T v)(v-1)’ a <r<b, (36)
1 ¢ C+10 s i B
2ni | c_iWStan(g)Al(S)r ds =0, r>b, 37
where
A(S) = SAl(S). (38)

To find the solution of the problem, we shall consider the triple
integral equations (32), (33) and (34).

Let us suppose that

1 Cc+1ioo

stan(%sj Ai(s)r~®ds =rg(r), a<r<b. (39)

2mi J oo
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The inversion theorem for Mellin transforms and equations (32), (34)
and (39) lead to

sAl(s)tan(%S) = J.bg(t)tsdt, c>0. (40)

Substituting the value of A;(s) from equation (40) into equation (33)

and interchanging the order of integration and using the result from
Erde‘lyi [1 (18), p. 315]:

c+10o 2 .2
L. lc t( ) t5r78%ds = llog r -t , 2<c¢<0, (41)
21 J e i S 2 T r
we find that
1[0 t2
—j g)log 1 - |dt = F(r), a <r<b, (42)
T Jag r
where
F(r) = - —Zh0) (43)

20 +v)(v-1)

Differentiating both sides of equation (42) with respect to r, we find
that

L Jb2t g(t)dt -rF'(r), a<r<b, (44)

where the prime denotes derivative with respect to r. With the Hilbert

transform theorem discussed by Tricomi [11], we obtain
1 1
ta(t) = t2 a? 2J'b b2 — 122 r2F'(r)dr
b2 alr? - a2 r? -2
C
1 )

(% - a®)(v® - )2

where C is an arbitrary constant.

+ a<t<b, (45)

If
filr) = fo (a constant), (46)
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then

—Ef,
0= Fo = gy 1)

F'(r)=0
With equation (45), we find that
C

W2 - a?) (v - 12)

g(t) = , a<t<hb,

(47)

(48)

(49)

when F(r) is constant. Substituting equation (49) into equation (42) and

making use of the equation

t2
1-=
r

log| dt

b

a 1 (% - a?)(b? - £2)

T m/(b2 %)+ b\/(az -r?)
%log Ha+b) , 0<r<a,
T b-a i
= gb_]og—a*_b‘, a<r<b,
LA ax/(b2—r2)+b\/(a2—r2) r b
ab |8 r(a +0b) ’ ’
we find that
_ Fy
CT il
2ab ¥ a1+ b

Now, equation (49) may be written in the following form:

gt) =

1o N(t a)(B? - 1)

We can easily find that

1

c+ioo
cgo(r, 8) = o3 sA;(s)r—571 tan( 5 )ds a<r<b,

C—100

=g(r), a<r<b.

(50)

(51)

(52)

(53)

(54)
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The total pressure P, under the stamp is given by
b b
P = —I cgo(r, 8)dr = —j g(r)dr. (55)
a a

Substituting equation (52) into equation (565) and making use of the

following integral:

b dt T
| - =, (56)
a t\/(t2 _ a2)(b2 _ t2) 2ab
we find that
—nF|
L o
log a+b

Making use of equations (43) and (9), we can write expression (57) in
the following form:

(v-1)P _

wo

T
- (58)

1
08 a+b

The expression for the displacement component can be written in the
following form:

t2
-
r

dt. (59

T

ol = (1) st

Substituting the value of g(¢) from equation (52) into equation (59)

and making use of equations (47) and (50), we get

2 2 2 2
2fo log a\/b -r +b\/a -r 0<r<a
log b-a r(a +b)
b
oh =1 17 (60)
' 2fo a\/r2 - b2 + b\/r2 —a?
log , r>b.
log b-a r(a +b)
a+b

Solution of the triple integral equations (35)-(37) may be obtained by
replacing a, b, ¢, fi(r) by ay, by, ¢; and f5(r), respectively in the above

solution.
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Numerical values of the total pressure P; are given in Table 1.

It is interesting to note that the physical quantities P; and [ue]1 at
0 = 6 are independent of the angle 3.

In the same way, the total pressure under the punch a; < r < b,

0 = -3 can be obtained.

Table 1. Values of % for b=1

Wo

a (v p.ft)Pl
0.3 -5.0750
0.4 -3.7078
0.5 —2.8596
0.6 —2.2662
0.7 -1.8111
0.8 —1.4298

Figure 1. Wedge-shaped elastic solid indentation by rigid punches.
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