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Abstract

We calculate the growth series of the Weyl group of the 4-extended affine
root system of type A; (of index 15), which is denoted by Al(l’l’l’l)*(l2).

The 4-extended affine root systems of type A; are classified into 12
types similarly to [1, 2].

1. Introduction

In 1985, Saito [5] introduced the notion of an extended affine root
system and especially classified 2-extended affine root systems associated
to the elliptic singularities. In 1997, Allison et al. [1] also introduced the
extended affine root systems associated to the extended affine Lie
algebras and gave a complete description of them by using the concept of
a semilattice. In the cases of n-extended affine root systems, Azam and
Shahsanaei [2, 3] have given a presentation of the corresponding Weyl
groups. After that in the cases of the 3 and 4-extended affine root
systems, the author described them in terms of the 3 and 4-extended
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affine diagrams [7, 8]. The 4-extended affine root systems of type A; are

classified into 12 types, from index 4 to index 15. The growth series (also

called Poincaré series) W(t) of a group W with respect to a given
generator system is defined by W(t) = ZweW £1w) [4], where ¢ is an

indeterminate and [(w) is the length of a minimal expression of an

element w in W in terms of the given generator system. In the previous
papers [9, 10, 11], we examined the growth series of the Weyl groups of
the cases of index 4, 5, 6 and 7. In this paper, in the case of the

4-extended affine root system of type A; (of index 15) (= Al(l’l’l’l)* (12)),

we calculate the growth series of the corresponding Weyl group.
2. The Weyl Group of Type Al(l’l’l’l)*(IZ)

The 4-extended affine root systems of type A; are classified into 12
types similarly to [1, 2], from index 4 to index 15. The root system of type
A{l’l’l’l)* (12) (of index 15) is given as follows:

Type Al(l’l’l’l)*(12)
R:tc+nb+ma+kc+ld, (n,m k1 cZ),
where ¢ = g —gq.

The Weyl group of the 4-extended affine root system is defined as
follows [1, 5]: Let Vbe an (I + 4)-dimensional real vector space equipped

with a positive semi-definite bilinear form. Let VY be the 4-dimensional
radical of the form (,) and (V°)" be the dual space of V°. Set
V=veV® and V=vVeVv®eV°" Let {e, .., ¢ be the standard
basis of V satisfying (e, 8j) = 8 for all i, j =1, .., 1. We define the
bilinear form (,) on V, so that (,) extends the form on Vand (,) is

nondegenerate on V. For o e R, we define the reflection w, € GL(V) by

20,

o o)

wo W) = u—(u, a"Yo (u e V) with o = Set Wg = (wy |a € R)
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c GL(V). Then WR is the Weyl group of the 4-extended affine root

system R. Further, let us denote w, be the reflection in GL(V) such that

Wy ly=w,, and set Wp = (i, |a € R). In this paper, we call Wx the

Weyl group of R and VT’R the central extension of Wg. In the sequel, we set
* ~ ~ %k

a; =g 0pg=-01 +b,0; =0a; +a,d; =a; +c,a; =a; +d,q; =a; +a+c,

o =o;+a+d, 8 =o; +c+d,d =a;+a+c+d (i=0,1), and set the

We;»

. . * ~
corresponding reflections w; = Wo;, Wi =W x, Wi =W, W;:=
12

~% * ~ ~%
Wi = Way> Wy = W, Wy = Wa;» W

= We (@=0,1).

Proposition 2.1. The Weyl group Wgx of type Al(l’l’l’l)*(12) is
described as follows:
Generators: w;, w;, W;, w;, W;, w;, W;, w; (i =0, 1).

Relations: w? = w?? = v? :yiz =2 :Q:Z :ELZ :@:2 =1(=0,1),

A*B* = AB, for A, B e {w;, @;, w;, @;}, AB = AB, for A,B e {w;, w;,

w;, w;}, AB=AB, for A, B e {w;, w;, W;, w; }(i =0,1) and (wow)® =1,

for all distinct u, v and w in the above generators.

Proof. It is easily checked by direct calculations.

3. The Growth Series of W(Al(l’l’l’l)* (12))

Our main result is the following:

Theorem 3.1. The growth series of the Weyl group W(Al(l’l’l’l)* (12))

with the above generator system is given as follows:

Jlw) _ 1+16t+766% +176¢° +230¢" +166¢° +70t° + 207 ~¢°

4 4
wEW(A{Ll,l,l)*(lz)) (1 - t) (1 + t)
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In the sequel, by using the result [6], we prove the theorem. We set
T = wiwy, R = wjwy, S = Wwy, U = wywy, then Wy =(wy, T, R, S, U|w?
=T = wR)? = wS)P? =wU? =1, and T, R, S, U are all
commutative to each other), and Wp = (SER™TMUY, SFR™TUw,
(k, m, n,l € Z)}. To calculate the growth series of W(Al(l’l’l’l)*(IZ)),

(1,1,1,1)*
1

similarly to the case of W(A (4)), we divide gp(w;, T) into four

cases (D~(V) ([11]) and the same method [6]. From the generator and its
expression,wy, wy = Rw, @; = Swy, w; = Uwy, &7 = RSw,, w; = RUw,,
@, = SUw,, 0] = RSUwy, wy = T Yy, w = TR wy, @y = TS wy,
wo =T 0w, @5 =T RS wy, wly =T RU  wy, @, =TS0y,
@y = T'RISWw,. We see that the part sum W(I) (n >1)

=Y ¢® = w(II) and W(IIL) = W(IV).
weW(I)(n>1)

The case of W(I) (n = 0) is easily calculated, so we show the cases of
(IT) and (IV).

AD) T7" = (wowy)" (n > 1).
G) R7T™ = (wow] ) (wow,)" ™ (0 <1 <n).
UPSFRTIT™ (k> 1, p 2 0) = (ww, P (@hn ) (wowy ) (worwy )"

_[p2k=2p+n)
Clp<k-1=2Fk+n)

UPS™*RTIT™ (k> 0, p 2 0) = (w,w, )P (wy iy * (wowor ) (woroy )™
~ \k
g @1w1)p(w1w1) (w0w1)n

(wyt01 )P (wr @ )~ @0, )" (R > 2n)
{p >k-2n= 2(p+n)
&
p<k-2n-1= 2(k-n)
(wywy )P (wow, )" (k < 2n—1) = 2(p + n).
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U PSFRIT™ (k>1,p21)= (wy w; )P (Wywy ) (whw, ) (wowy )

~ k
< (Wywy )" (wy Wy )P (wow, )n

(i) p=>2n

k>p-2n= 2Fk+n)
k<p-2n-1=2(p-n)
(i) p<2n-1= 2(k + n).

UPSTFRIT™ (k2 0, p21) = (ww,)P (wity)* (wow, ) (wow, )" !
~ R
= (w1&1)p(w1w1) (wow, )"
k>2n,p>k= 2p-n)
k>2n,p<k-1= 2k-n)

k<2n-1,p>2n= 2(p-n)
k<2n-1, p<2n-1= 2n.
Gi) R = (wfor)" (wuer )" (m > 1),

UPS*R™T™ (k2 0, p 2 0) = @1w1)p@1w1)k(wikw1)m(w0w1)n
k>m,p>k = 2(p+n)
k>m,p<k-1= 2k+n)
k<m-1,p>m= 2(p+n)

E<m-1,p<m-1= 2(m+n).

UPST*R™™ (k 21, p = 0) = (wyw, VP (i@ ) (wiw; )" (wowr )"
p=>m, k<2n+p= 2p+n)
p>2mk>2n+p+1= 2k-n)
p<m-1,k<2n+m= 2(m+n)

p<m-1,k>2n+m+1= 2(k-n).
UPS*R™T™ (k2 0, p 21) = (wyw, )P (@ (wiwy)™ (wouw; )"

~ k
< (Wyw) +m(wl%)p(wowl)n-

This is the same as the above case.
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UPSTFR™™ (k2 1, p 2 1) = (wyw, P (widy ) (wiw; )™ (wow, )"

E<p,2n<p<2n+m= 2(n+m)
E<p,p=22n+m+1= 2(p-n)
=ip<k-1,2n<k<2n+m = 2(m+n)

p<k-1,k>22n+m+1= 2(k-n)

p<2n-1,k<2n-1= 2(m +n).

(i) BT (m > 1) = {(wowf )" wiwt)" (m o2 o+ 1)
(wows )™ (wowy )*™ ™ (m < n).

(a) When m > n +1,
UPS*R™™ T (k2 0, p 2 0) = (wyw; )P @01)* (wywy) )" " (wiwr )"
)p=k
p=m-n= 2(p+n)
p<m-n-1=2m
(i) p<k-1

k>m-n= 2k+n)

kR<m-n-1= 2m.

UPSTFR T (21, p 2 0) = (w; 207 )P (w7 ) (wyw )™ " (wiwr )"
*\M— ~ \k—2n [~* ~x*

@1w1)p(w1w1 )m n(wlwl) n(wowl )n (k > 2n)

(i)k<m+n

p>m-n= 2(p+n)

p<m-n-1=2m

(ii)k>2m+n+1

p>k-2n= 2(p+n)

p<k-2n-1= 2k -n).
(wywy )P (wyor)™ " (wowr )* (k < 2n —1)
{pZm—n:>2(p+n)

p<m-n-1= 2m.
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UPSFR™ M (R 2 0, p 2 1) = (wyw, P (@) (wywr )" (wewr )"
This is the same as the above case.
U PSR T (R 21, p 2 1) = (wyw, P (wi@)* (e} " wewr )

1<p<m+n,2n<k<p=2m
p>m+n+1,2n<k<p= 2p-n)
2n<k<m+n,p<k-1=2m
=sk>2m+n+1l, p<k-1=2k-n)
1<k<2n-1,2n<p<m+n=2m

1<k<2n-1,p>m+n+1= 2(p-n)

1<k<2n-1,1<p<2n-1= 2m.
(b) When m < n,
UPS*R™ "™ (k2 0, p 2 0) = (wywy )P (@ ) (wowi )™ wowt )"~

p>k=2p+n)
- p<k-1= 2(k+n).

UPS*RT™ T (k 21, p 2 0) = (wywy )P (wyidy ) (wews )™ (wows Y™
S (U_)lwl )p (w1w1 )k (wowik )n

@1wl)p(wlﬁl)ki2n(i)oﬁ1 Y' (k> 2n)
p>k-2n= 2(p+n)
< =
p<k-2n-1= 2(k-n)

(w,w; )P (wowy V' (k < 2n —1) = 2(p + n).

_ —m- — ~ ko *x % * -
UPSKR™ T (k2 0, p > 1) = (wyw, P (@, ) (wowr)" @wow ).
This is the same as the above case.

UPS*R™ T (k 21, p 2 1) = (wyw, P (wiB ) (wowi )" (wowr '™

~ \k
g (w1&1)p(w1w1) (wowf )n
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k>2n,p>k= 2p-n)
k>2n p<k-1= 2k-n)
k<2n-1,p>2n= 2(p-n)
k<2n-1,p<2n-1= 2n.
V) T™"w; = (wowy )" 'wp (n = 1).
() R w, = (wow; ) (wow, )" "wy (0 <1< n-1).
UPS*RTTw; (k 21, p = 0) = (wyw; P (@, ) (wowr ) (woro)* ™ wy
p2k=2p+n)-1
Cp<k-1=2k+n)-1.
UPS™RIT™wy (k2 0, p > 0) = (wyw; )P (@) (wowr ) (wow; )~ wy

~ \k -1
A (&1w1)p(w1w1) (wowy )" wo

(w0 )P (wy@y Y2 @iy Y Yy (k> 20 - 1)
{pzk—2n+1 = 2p+n)-1
o

- p<k-2n=2Fk-n)+1
(wyw; )P (wowy )" 'wo(k < 2n - 2) = 2(p +n) - 1.

UPS*RIT™w, (k>1, p21) = (wyw,)P (@, )k(wal)l(wowl)”*l*IU_;O

~ \k -1 -1
& (@ywy)" (wyw; )P (wowy )" wy

(O )k(w1Q1)p_znﬂ(woﬂl)n_lﬁo (p=2n-1)
{k >p-2n+1=2k+n)-1
o =

k<p-2n=2(p-n)+1
(@11 ) (wowy ) Mwy (p < 2n-2) = 2k +n)-1.

U PSR Mwy (k> 0, p 2 1) = ()P~ or@))* (wowr ) (wowy )~

“1p 0~k -1
& (wiwy)P (Wi ) (wowy )" wy
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_ ~ b 1~
(wy0 )P~ (e )* (worwy )" @B (k2 1)
k>2n-1,p>k=2(p-n)+1

k>2n-1,p<k-1=2k-n)+1

k<2n-2,p>2n-1=2(p-n)+1

kR<2n-2,p<2n-2=2n-1
(Wi, )P~ wowy )" wy (k = 0)
{pZZn—l:Z(p—n)Jrl

p<2n-2=2n-1.
(i) R™T "w, = (wjw, )m(wowl)n71w0 (m >1).
UPS*R™Tw, (k >0, p>0)= @1w1)p@1w1)k(wfw1)m(wowl)n_lwo.

k>m,p>k=2(p+n)-1
k>m,p<k-1=2k+n)-1
k<m-1,p>2m=2p+n)-1

k<m-1,p<m-1=2m+n)-1.
UPS™*R™ My (k> 1, p > 0) = (wyw; )P (wyidy Y (wiuoy Y™ (wow, )" i,

(i)k>=2n-1
p>mp>k-2n+1=2p+n)-1
px2m,p<k-2n=2k-n)+1
p<m-Lk<m+2n-1=2m+n)-1
p<m-1L,k>m+2n= 2k-n)+1
(i) k < 2n - 2

p=2m=2p+n)-1

p<m-1=2m+n)-1.
U_pSkRmT_nwl (k =0, p21)= (ww )" (@w )k(wfw1)m(wow1 )" g,
This is the same as the above case.

UPS*R™w, (k21,p>1)= (w1&1)p(w1w1)k_l(wfwl)m(wowﬂn_l@o
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(i)™ (i )P~ iy )2 @@y ) T By (p 2 20 -1, k 2 20 - 1)
)p=k

p<m+2n-1=2m+n)-1

p2m+2n=2p-n)+1

(i) p<hk-1

E<m+2n-1=2(m+n)-1

< k>m+2n=2k-n)+1
(wfwl)m(w1&1)p72n+1(&0&1)n71@0 (p>2n-1,k<2n-2)
{p£2n+m—1:>2(m+n)—1

p>22n+m= 2(p-n)+1

(iwy )™ (w0, Y2 (@i, @y (p < 2n -2, k> 20— 1)
E<2n+m-1=2mn+m)-1
k>2n+m = 2(k-n)+1

(wiw, )™ (wowr )" '@y (p < 2n -2, k < 2n-2) = 2m +n)-1.

)nfm

(wiwr )" wowi ) wg (1< m < n)

(i) R "7 (m > 1) = { )
)

(wywy )" M (wowy ) wy (m = n o+ 1).

(@) When 1 < m < n,

UPSkR™ My (R20,p20)= (wqwy )P (Wyw; ) (wor )™ wowd Y™ wi

p2k=2p+n)-1
lp<k-152k+n)-1.

UPSTFRT™ Ty (R 21, p > 0) = (wywy )P (i@ ) (wow )™ (wowr ' wg
~ \k—1 #\n—1 ~*
< (wlwl )P (wy @0y )" (wowy )"~ i

(g1 )P (g )* 2" @0 )" 05 (R = 2n-1)
p>2k-2n+1=2(p+n)-1
— e
p<k-2n=2k-n)+1
(w0 )P (wows )" L@y (k < 2n—2) = 2p+n)-1.
U PSkR™M=n+lp=ny (>0, p >1)

*

~ k -1 _
= (wywy )? (@w;)" (wowr )™ (wowy )" " wp.
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This is the same as the above case.
UPSFR™ Iy (R>1,p>1)

= (wywy )P (i@ )* (wiwy )" (wowi )" wg

< (wiw; )p_l(wlwl )k_l(wowf )”‘1@3
k>2n-1,p>2k=2(p-n)+1
k>2n-1,p<k-1=2k-n)+1
k<2n-2,p>2n-1=2(p-n)+1
k<2n-2 p<2n-2= 2n-1.
(b) When m > n +1,

UPSkR™M=n+ ="y (k> 0, p > 0)

= (wywy)P @) (wy )" (wowi )" wg
Ap=zk
p2m-n=2p+n)-1
p<m-n-1=2m-1
(i) p<k-1
E>m-n=2k+n)-1
k<m-n-1=2m-1.

UPS~*R=™m=nHl7 "y, (k> 1, p > 0)
= (wywy )’ (w0 )k_l (w07 )" ™" (wowy )n_l g

(g1 )P (wywr )" oy )* 2 @iy ) @, (k= 20 - 1)
()k<m+n-1
p=2m-n=2p+n)-1
p<m-n-1=2m-1
(i)k=2m+n

p>2k-2n+1=2(p+n)-1

p<k-2n=2Fk-n)+1
(w1 P (wyw} Y™ (wiwr )" vy (k < 2n - 2)
{pZm—n:Z(p+n)—1

p<m-n-1=2m-1.
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*

UPSFR™ T M (R 2 0, p 2 1) = (@) (wyor )" wywy )P whwr ) wg

This is the same as the above case.
U PSFR™ ™7y (k21, p21) = (w; wy )P (wyiy ) g Y (s )n_lﬁa
p<m+n-1,2n-1<k<p=2m-1
p>m+n2n-1<k<p=2p-n)+1

2n-1<k<m+n-1,p<k-1=2m-1

=ik>2m+n,p<k-1=2k-n)+1

k<2n-2,2n-1<p<m+n-1=2m-1
k<2n-2,p>m+n=2p-n)+1
k<2n-2, p<2n-2=2m-1.

_ @+’ e+ 22 1)
M-t +1)>

From the above, we have W(I)(n = 0) , W(II)

_ 327 +115¢% + 46t*)
a-ota+o?

we obtain the result.

_ t(8+ 88t + 83t +1°)

and from these,
4 4
T-t)"A+¢)

, W(aV)
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