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Abstract 

We calculate the growth series of the Weyl group of the 4-extended affine 

root system of type 1A  (of index 15), which is denoted by ( ) ( ).121,1,1,1
1

∗A  

The 4-extended affine root systems of type 1A  are classified into 12 
types similarly to [1, 2]. 

1. Introduction 

In 1985, Saito [5] introduced the notion of an extended affine root 
system and especially classified 2-extended affine root systems associated 
to the elliptic singularities. In 1997, Allison et al. [1] also introduced the 
extended affine root systems associated to the extended affine Lie 
algebras and gave a complete description of them by using the concept of 
a semilattice. In the cases of n-extended affine root systems, Azam and 
Shahsanaei [2, 3] have given a presentation of the corresponding Weyl 
groups. After that in the cases of the 3 and 4-extended affine root 
systems, the author described them in terms of the 3 and 4-extended 



TADAYOSHI TAKEBAYASHI 324 

affine diagrams [7, 8]. The 4-extended affine root systems of type 1A  are 
classified into 12 types, from index 4 to index 15. The growth series (also 
called Poincaré series) ( )tW  of a group W with respect to a given 

generator system is defined by ( ) ( )∑ ∈
= Ww

wlttW  [4], where t is an 

indeterminate and ( )wl  is the length of a minimal expression of an 
element w in W in terms of the given generator system. In the previous 
papers [9, 10, 11], we examined the growth series of the Weyl groups of 
the cases of index 4, 5, 6 and 7. In this paper, in the case of the 

4-extended affine root system of type 1A  (of index 15) ( ( ) ( )),12: 1,1,1,1
1

∗= A  

we calculate the growth series of the corresponding Weyl group. 

2. The Weyl Group of Type ( ) ( )121,1,1,1
1

∗A  

The 4-extended affine root systems of type 1A  are classified into 12 
types similarly to [1, 2], from index 4 to index 15. The root system of type 

( ) ( )121,1,1,1
1

∗A  (of index 15) is given as follows: 

Type ( ) ( )121,1,1,1
1

∗A  

( ),,,,,: ZlkmnldkcmanbR ∈++++ε±  

where .: 21 ε−ε=ε  

The Weyl group of the 4-extended affine root system is defined as 
follows [1, 5]: Let V be an ( )4+l -dimensional real vector space equipped 

with a positive semi-definite bilinear form. Let 0V  be the 4-dimensional 

radical of the form ,  and ( )∗0V  be the dual space of .0V  Set 

,0VVV ⊕=  and ( ) .~ 00 ∗⊕⊕= VVVV  Let { }lεε ...,,1  be the standard 

basis of V  satisfying ijji δ=εε ,  for all ....,,1, lji =  We define the 

bilinear form ,  on ,~V  so that ,  extends the form on V and ,  is 

nondegenerate on .~V  For ,R∈α  we define the reflection ( )VGLw ~∈α  by 

( ) ( )Vuuuuw ~, ∈αα−= ∨
α  with .,

2
αα
α=α∨  Set RwWR ∈α|= α

~  
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( ).~VGL⊆  Then RW~  is the Weyl group of the 4-extended affine root 

system R. Further, let us denote αw  be the reflection in ( )VGL  such that 

,αα =| ww V  and set .RwWR ∈α|= α  In this paper, we call RW  the 

Weyl group of R and RW~  the central extension of .RW  In the sequel, we set 

,~,,~,,, 101 cadcab iiiiiiii ++α=α+α=α+α=α+α=α+α−=αε=α ∗∗

( ),1,0~,~, =+++α=α++α=α++α=α ∗∗ idcadcda iiiiii  and set the 

corresponding reflections ,: iwwi α=  ,: ∗α
∗ =

i
wwi  ,:~ ~iwwi α=  ,: ii ww α=  

( ).1,0~,~,,~
~~~ ===== ∗∗∗ α

∗
αα

∗
α

∗ iwwwwwwww
iii iiiii  

Proposition 2.1. The Weyl group RW  of type ( ) ( )121,1,1,1
1

∗A  is 

described as follows: 

Generators: ( ).1,0~,~,,~,,~,, =∗∗∗∗ iwwwwwwww iiiiiiii  

Relations: ( ),1,01~~~~ 22222222 ========= ∗∗∗∗ iwwwwwwww iiiiiiii  

,ABBA =∗∗  for { } ,~~,~,,~,, ABBAwwwwBA iiii =∈  for { ,,, ∗∈ ii wwBA  

},, ∗
ii ww ,ABBA =  for { }( )1,0~,~,,, =∈ ∗∗ iwwwwBA iiii  and ( ) ,12 =uvw  

for all distinct u, v and w in the above generators. 

Proof. It is easily checked by direct calculations. 

3. The Growth Series of ( ( ) ( ))121,1,1,1
1

∗AW  

Our main result is the following: 

Theorem 3.1. The growth series of the Weyl group ( ( ) ( ))121,1,1,1
1

∗AW  

with the above generator system is given as follows: 

( )

( ) ( )
( ( ) ( ))

.
11

27016623017676161

12
44

8765432

1,1,1,1
1

∑
∗∈

+−

−+++++++=

AWw

wl

tt
ttttttttt  
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In the sequel, by using the result [6], we prove the theorem. We set 
,,~,, 11111101 wwUwwSwwRwwT ==== ∗  then 2

11 ,,,, wUSRTwWR |≅  

( ) ( ) ( ) ( ) ,12
1

2
1

2
1

2
1 ===== UwSwRwTw  and T, R, S, U are all 

commutative to each ,other  and { 1, wUTRSUTRSW lnmklnmk
R =  

( )}.,,, Z∈lnmk  To calculate the growth series of ( ( ) ( )),121,1,1,1
1

∗AW  

similarly to the case of ( ( ) ( )),41,1,1,1
1

∗AW  we divide Twgp ,1  into four 
cases (I)~(IV) ([11]) and the same method [6]. From the generator and its 

expression, ,,~,,~,, 11111111111 RUwwRSwwUwwSwwRwww ===== ∗∗∗

,~,,,~,~
1

11
01

11
01

1
01111 wSTwwRTwwTwRSUwwSUww −−−−∗−∗ =====  

,~,,~, 1
111

01
111

01
111

01
11

0 wUSTwwURTwwSRTwwUTw −−−−−−∗−−−∗−− ====

.~
1

1111
0 wUSRTw −−−−∗ =  We see that the part sum ( ) ( )1I ≥nW  

( )

( ) ( )
( )II:

1I
Wt

nWw

wl == ∑
≥∈

 and ( ) ( ).IVIII WW =  

The case of ( ) ( )0I =nW  is easily calculated, so we show the cases of 
(II) and (IV). 

(II) ( ) ( ).110 ≥=− nwwT nn  

(i) ( ) ( ) ( ).01010 nlwwwwTR lnlnl ≤≤= −∗−−  

( ) ( ) ( ) ( ) ( ) lnlkpnlkp wwwwwwwwpkTRSU −∗−− =≥≥ 10101111
~0,1  

( )
( )




+⇒−≤
+⇒≥

=
.21

2
nkkp

npkp  

( ) ( ) ( ) ( ) ( ) lnlkpnlkp wwwwwwwwpkTRSU −∗−−− =≥≥ 10101111
~0,0  

( ) ( ) ( )nkp wwwwww 101111
~⇔  

( ) ( ) ( ) ( )
( )

( )
( ) ( ) ( ) ( )











+⇒−≤







−⇒−−≤

+⇒−≥
≥

⇔

−

.212
212

22
2~~~

1011

10
2

1111

npnkwwww
nknkp

npnkp
nkwwwwww

np

nnkp
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( ) ( ) ( ) ( ) ( ) lnlkpnlkp wwwwwwwwpkTRSU −∗−−− =≥≥ 10101111
~1,1  

( ) ( ) ( )npk wwwwww 101111
~⇔  

( )

( )

( )

( ) ( )











+⇒−≤

−⇒−−≤

+⇒−≥

≥

=

.212ii

212

22

2i

nknp

npnpk

nknpk

np

 

( ) ( ) ( ) ( ) ( ) lnlkpnlkp wwwwwwwwpkTRSU −∗−−−− =≥≥ 10101111
~1,0  

( ) ( ) ( )nkp wwwwww 101111
~⇔  

( )

( )

( )














⇒−≤−≤

−⇒≥−≤

−⇒−≤≥

−⇒≥≥

=

.212,12

22,12

21,2

2,2

nnpnk

npnpnk

nkkpnk

npkpnk

 

(ii) ( ) ( ) ( ).11011 ≥= ∗− mwwwwTR nmnm  

( ) ( ) ( ) ( ) ( )nmkpnmkp wwwwwwwwpkTRSU 10111111
~0,0 ∗− =≥≥  

( )

( )

( )

( )











+⇒−≤−≤

+⇒≥−≤

+⇒−≤≥

+⇒≥≥

=

.21,1

2,1

21,

2,

nmmpmk

npmpmk

nkkpmk

npkpmk

 

( ) ( ) ( ) ( ) ( )nmkpnmkp wwwwwwwwpkTRSU 10111111
~0,1 ∗−− =≥≥  

( )

( )

( )

( )











−⇒++≥−≤

+⇒+≤−≤

−⇒++≥≥

+⇒+≤≥

=

.212,1

22,1

212,

22,

nkmnkmp

nmmnkmp

nkpnkmp

nppnkmp

 

( ) ( ) ( ) ( ) ( )nmkpnmkp wwwwwwwwpkTRSU 10111111
~1,0 ∗−− =≥≥  

( ) ( ) ( ) .~
101111

npmk wwwwww +⇔  

This is the same as the above case. 
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( ) ( ) ( ) ( ) ( )nmkpnmkp wwwwwwwwpkTRSU 10111111
~1,1 ∗−−− =≥≥  

( )

( )

( )

( )

( )













+⇒−≤−≤

−⇒++≥−≤

+⇒+≤≤−≤

−⇒++≥≤

+⇒+≤≤≤

=

.212,12

212,1

222,1

212,

222,

nmnknp

nkmnkkp

nmmnknkp

npmnppk

mnmnpnpk

 

(iii) ( )
( ) ( ) ( )

( ) ( ) ( )





≤

+≥
=≥

−∗∗∗

∗∗−∗
−−−

.

1
1

1010

1010

nmwwww

nmwwww
mTR

mnm

nnm
nnm  

(a) When ,1+≥ nm  

( ) ( ) ( ) ( ) ( )nnmkpnnmkp wwwwwwwwpkTRSU ∗∗−∗−−− =≥≥ 10111111
~0,0  

( )

( )

( )

( )
















⇒−−≤

+⇒−≥

−≤

⇒−−≤

+⇒−≥

≥

=

.21

2

1ii

21

2

i

mnmk

nknmk

kp

mnmp

npnmp

kp

 

( ) ( ) ( ) ( ) ( )nnmkpnnmkp wwwwwwwwpkTRSU ∗∗−∗−−−− =≥≥ 10111111
~0,1  

( ) ( ) ( ) ( ) ( )
( )

( )

( )

( )

( )
( ) ( ) ( ) ( )

( )






























⇒−−≤

+⇒−≥
=

−≤


















−⇒−−≤

+⇒−≥

++≥

⇒−−≤

+⇒−≥

+≤

=

≥

⇔

∗∗−∗

∗∗−−∗

.21

2
12

.212

22

1ii

21

2

i
2~~~

101111

10
2

111111

mnmp

npnmp
nkwwwwww

nknkp

npnkp

nmk

mnmp

npnmp

nmk
nkwwwwwwww

nnmp

nnknmp
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( ) ( ) ( ) ( ) ( ) .~1,0 10111111
nnmkpnnmkp wwwwwwwwpkTRSU ∗∗−∗−−−− =≥≥  

This is the same as the above case. 

( ) ( ) ( ) ( ) ( )nnmkpnnmkp wwwwwwwwpkTRSU ∗∗−∗−−−−− =≥≥ 10111111
~1,1  

( )

( )

( )


















⇒−≤≤−≤≤

−⇒++≥−≤≤

⇒+≤≤−≤≤

−⇒−≤++≥

⇒−≤+≤≤

−⇒≤≤++≥

⇒≤≤+≤≤

=

.2121,121

21,121

22,121

21,1

21,2

22,1

22,1

mnpnk

npnmpnk

mnmpnnk

nkkpnmk

mkpnmkn

nppknnmp

mpknnmp

 

(b) When ,nm ≤  

( ) ( ) ( ) ( ) ( ) mnmkpnnmkp wwwwwwwwpkTRSU −∗∗∗−−− =≥≥ 10101111
~0,0  

( )

( )



+⇒−≤

+⇒≥
=

.21

2

nkkp

npkp
 

( ) ( ) ( ) ( ) ( ) mnmkpnnmkp wwwwwwwwpkTRSU −∗∗∗−−−− =≥≥ 10101111
~0,1  

( ) ( ) ( )nkp wwwwww ∗⇔ 101111
~  

( ) ( ) ( ) ( )
( )

( )
( ) ( ) ( ) ( )











+⇒−≤







−⇒−−≤

+⇒−≥
=

≥

⇔

∗

∗−

.212
212

22
2~~~

1011

10
2

1111

npnkwwww
nknkp

npnkp
nkwwwwww

np

nnkp

 

( ) ( ) ( ) ( ) ( ) .~1,0 10101111
mnmkpnnmkp wwwwwwwwpkTRSU −∗∗∗−−−− =≥≥  

This is the same as the above case. 

( ) ( ) ( ) ( ) ( ) mnmkpnnmkp wwwwwwwwpkTRSU −∗∗∗−−−−− =≥≥ 10101111
~1,1  

( ) ( ) ( )nkp wwwwww ∗⇔ 101111
~  
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( )

( )

( )














⇒−≤−≤

−⇒≥−≤

−⇒−≤≥

−⇒≥≥

=

.212,12

22,12

21,2

2,2

nnpnk

npnpnk

nkkpnk

npkpnk

 

(IV) ( ) ( ).10
1

101 ≥= −− nwwwwT nn  

(i) ( ) ( ) ( ).100
1

10101 −≤≤= −−∗−− nlwwwwwwTR lnlnl  

( ) ( ) ( ) ( ) ( ) 0
1

101011111
~0,1 wwwwwwwwwpkwTRSU lnlkpnlkp −−∗−− =≥≥  

( )

( )





−+⇒−≤

−+⇒≥
=

.121

12

nkkp

npkp
 

( ) ( ) ( ) ( ) ( ) 0
1

101011111
~0,0 wwwwwwwwwpkwTRSU lnlkpnlkp −−∗−−− =≥≥  

( ) ( ) ( ) 0
1

101111
~ wwwwwww nkp −⇔  

( ) ( ) ( ) ( )
( )

( )
( ) ( ) ( ) ( )











−+⇒−≤







+−⇒−≤

−+⇒+−≥
=

−≥

⇔

−

−+−

.1222
122

1212
12~~~~

0
1

1011

0
1

10
12

1111

npnkwwwww
nknkp

npnkp
nkwwwwwww

np

nnkp

 

( ) ( ) ( ) ( ) ( ) 0
1

101011
1

111
~1,1 wwwwwwwwwpkwTRSU lnlkpnlkp −−∗−−−− =≥≥  

( ) ( ) ( ) 0
1

10
1

1111
~ wwwwwww npk −−⇔  

( ) ( ) ( ) ( )
( )

( )
( ) ( ) ( ) ( )











−+⇒−≤







+−⇒−≤

−+⇒+−≥
=

−≥

⇔

−

−+−

.1222~
122

1212
12~

0
1

1011

0
1

10
12

1111

nknpwwwww
npnpk

nknpk
npwwwwwww

nk

nnpk

 

( ) ( ) ( ) ( ) ( ) 0
1

101011
1

111
~1,0 wwwwwwwwwpkwTRSU lnlkpnlkp −−∗−−−−− =≥≥

 

 ( ) ( ) ( ) 0
1

1011
1

11
~ wwwwwww nkp −−⇔
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( ) ( ) ( ) ( )
( )

( )

( )

( ) ( ) ( )
( )



























−⇒−≤

+−⇒−≥
=

=














−⇒−≤−≤

+−⇒−≥−≤

+−⇒−≤−≥

+−⇒≥−≥

=

≥

=

−−

−−−

.1222

1212
0

1222,22

1212,22

121,12

12,12
1~~

0
1

10
1

11

0
1

10
1

11
1

11

nnp

npnp
kwwwww

nnpnk

npnpnk

nkkpnk

npkpnk
kwwwwwww

np

nkp

 

(ii) ( ) ( ) ( ).10
1

10111 ≥= −∗− mwwwwwwTR nmnm  

( ) ( ) ( ) ( ) ( ) .~0,0 0
1

101111111 wwwwwwwwwpkwTRSU nmkpnmkp −∗− =≥≥  

( )

( )

( )

( )












−+⇒−≤−≤

−+⇒≥−≤

−+⇒−≤≥

−+⇒≥≥

=

.121,1

12,1

121,

12,

nmmpmk

npmpmk

nkkpmk

npkpmk

 

( ) ( ) ( ) ( ) ( ) 0
1

1011
1

11111
~~0,1 wwwwwwwwwpkwTRSU nmkpnmkp −∗−−− =≥≥  

( )

( )

( )

( )

( )

( )

( )

( )



















−+⇒−≤

−+⇒≥

−≤

+−⇒+≥−≤

−+⇒−+≤−≤

+−⇒−≤≥

−+⇒+−≥≥

−≥

=

.121

12

22ii

122,1

1212,1

122,

1212,

12i

nmmp

npmp

nk

nknmkmp

nmnmkmp

nknkpmp

npnkpmp

nk

 

( ) ( ) ( ) ( ) ( ) .~1,0 0
1

101111111 wwwwwwwwwpkwTRSU nmkpnmkp −∗−− =≥≥  

This is the same as the above case. 

( ) ( ) ( ) ( ) ( ) 0
1

1011
1

11111
~~1,1 wwwwwwwwwpkwTRSU nmkpnmkp −∗−−−− =≥≥  



TADAYOSHI TAKEBAYASHI 332 

( ) ( ) ( ) ( ) ( )
( )

( )

( )

( )

( )

( )
( ) ( ) ( ) ( )

( )

( )
( ) ( ) ( ) ( )

( )

( )
( ) ( ) ( ) ( )





























−+⇒−≤−≤







+−⇒+≥

−+⇒−+≤
=

−≥−≤







+−⇒+≥

−+⇒−+≤
=

−≤−≥


















+−⇒+≥

−+⇒−+≤

−≤

+−⇒+≥

−+⇒−+≤

≥

=

−≥−≥

⇔

−∗

−+−∗

−+−∗

−+−+−∗

.1222,22~
122

1212
12,22~~~~

122

1212
22,12~

122

1212

1ii

122

1212

i
12,12~~~~

0
1

1011

0
1

10
12

1111

0
1

10
12

1111

0
1

10
12

11
12

1111

nmnknpwwwww
nkmnk

mnmnk
nknpwwwwwww

npmnp

nmmnp
nknpwwwwwww

nknmk

nmnmk

kp

npnmp

nmnmp

kp
nknpwwwwwwwww

nm

nnkm

nnpm

nnknpm

 

(iii) ( )
( ) ( ) ( )

( ) ( ) ( )





+≥

≤≤
=≥

∗−∗∗−∗

∗−∗−∗∗
−+−−

.1

1
1

0
1

1011

010
1

10
1

1

nmwwwww

nmwwwww
mwTR

nnm

mnm
nnm  

(a) When ,1 nm ≤≤  

( ) ( ) ( ) ( ) ( ) ∗−∗−∗∗−+−− =≥≥ 010
1

1011111
1 ~0,0 wwwwwwwwwpkwTRSU mnmkpnnmkp

 
( )

( )





−+⇒−≤

−+⇒≥
=

.121

12

nkkp

npkp
 

( ) ( ) ( ) ( ) ( ) ∗−∗−∗∗−+−−− =≥≥ 010
1

1011111
1 ~0,1 wwwwwwwwwpkwTRSU mnmkpnnmkp  

( ) ( ) ( ) ∗−∗−⇔ 0
1

10
1

1111
~~ wwwwwww nkp  

( ) ( ) ( ) ( )
( )

( )
( ) ( ) ( ) ( )











−+⇒−≤







+−⇒−≤

−+⇒+−≥
=

−≥

⇔

∗−∗

∗−∗+−

.1222~
122

1212
12~~~~

0
1

1011

0
1

10
12

1111

npnkwwwww
nknkp

npnkp
nkwwwwwww

np

nnkp

 

( )1,01
1 ≥≥−+−−− pkwTRSU nnmkp  

( ) ( ) ( ) ( ) .~
010

1
101111

∗−∗−∗∗= wwwwwwwww mnmkp  
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This is the same as the above case. 

( )1,11
1 ≥≥−+−−−− pkwTRSU nnmkp  

( ) ( ) ( ) ( ) ∗−∗−∗∗= 010
1

101111
~ wwwwwwwww mnmkp  

( ) ( ) ( ) ∗−∗−−⇔ 0
1

10
1

11
1

11
~~ wwwwwww nkp  

( )

( )

( )












−⇒−≤−≤

+−⇒−≥−≤

+−⇒−≤−≥

+−⇒≥−≥

=

.1222,22

1212,22

121,12

12,12

nnpnk

npnpnk

nkkpnk

npkpnk

 

(b) When ,1+≥ nm  

( )0,01
1 ≥≥−+−− pkwTRSU nnmkp  

( ) ( ) ( ) ( ) ∗−∗∗−∗= 0
1

10111111
~ wwwwwwwww nnmkp  

( )

( )

( )

( )
















−⇒−−≤

−+⇒−≥

−≤

−⇒−−≤

−+⇒−≥

≥

=

.121

12

1ii

121

12

i

mnmk

nknmk

kp

mnmp

npnmp

kp

 

( )0,11
1 ≥≥−+−−− pkwTRSU nnmkp  

( ) ( ) ( ) ( ) ∗−∗∗−∗−= 0
1

1011
1

1111
~~ wwwwwwwww nnmkp  

( ) ( ) ( ) ( ) ( )
( )

( )

( )

( )

( )
( ) ( ) ( ) ( )

( )






























−⇒−−≤

−+⇒−≥
=

−≤


















+−⇒−≤

−+⇒+−≥

+≥

−⇒−−≤

−+⇒−≥

−+≤

=

−≥

⇔

∗−∗∗−∗

∗−∗∗+−−∗

.121

12
22~

122

1212

ii

121

12

1i
12~~~~

0
1

101111

0
1

10
12

111111

mnmp

npnmp
nkwwwwwww

nknkp

npnkp

nmk

mnmp

npnmp

nmk
nkwwwwwwwww

nnmp

nnknmp
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( ) ( ) ( ) ( ) ( ) .~1,0 0
1

10
1

1111111
1 ∗−∗∗−−∗−+−−− =≥≥ wwwwwwwwwpkwTRSU npnmknnmkp

 
This is the same as the above case. 

( ) ( ) ( ) ( ) ( ) .~~1,1 0
1

1011
1

11
1

111
1 ∗−∗∗−∗−−−+−−−− =≥≥ wwwwwwwwwpkwTRSU nnmkpnnmkp  

( )

( )

( )


















−⇒−≤−≤

+−⇒+≥−≤

−⇒−+≤≤−−≤

+−⇒−≤+≥

−⇒−≤−+≤≤−

+−⇒≤≤−+≥

−⇒≤≤−−+≤

=

.1222,22

12,22

12112,22

121,

121,112

1212,

1212,1

mnpnk

npnmpnk

mnmpnnk

nkkpnmk

mkpnmkn

nppknnmp

mpknnmp
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we obtain the result. 
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