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Abstract 

In this paper, we study the properties of prime submodules of a finite 
module over a Noetherian local ring. The results of the paper show that 
the properties of such prime submodules are similar to that of prime 
ideals. We will prove a prime avoidance theorem for prime submodules 
under a slight weaker assumption. Moreover, we will give an upper 
bound for the length of ascending chains of prime submodules of a finite 
module. 

1. Introduction 

In this paper, we will study the properties of prime submodules of a 
finite generated module over a Noetherian local ring. 

As one of the most important notions of commutative rings, prime 
ideals play an essential role in the classical theory of commutative 
algebra. A very useful property of them is the prime avoidance theorem. 
We will prove a similar result for prime submodules under a slight 
weaker assumption. Another important property of prime ideals is that 
one can use them to define the Krull dimension for a Noetherian local 
ring. To be more explicit, the upper bound of the length of every 
ascending chain of prime ideals is finite. We will extend this to the case 
of prime submodules. 
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Let A be a ring and let N be an A-module. Recall that a submodule 
,, NMNM ≠⊂  is said to be prime if for every ,Aa ∈  the homothety 

,: MNMNha →  ( ) ,xaxha =  ,Nx ∈  is either injective or null [2], 
where x  stands for the image of x in .MN  In particular, it is clear that 
an ideal P of A is a prime submodule if and only if P is a prime ideal of A. 
The main results of the paper state as follows they stand cited in the 
paper: 

Theorem 3.4. Let ( )mA,  be a local ring with infinite residue field. 
Let NM ⊆  be a pair of finitely generated A-module. If kMMM ...,,, 21  
are prime submodules of N and ,21 kMMMM ∪∪∪⊆  then there 
exists some ( )kii ≤≤1  such that .iMM ⊆  

Theorem 4.5. Let A be a d-dimensional ring and N be an A-module 
generated by s elements. Then one upper bound of the length of every 
ascending chain of prime submodules of N is sd. 

Throughout this paper all rings are commutative Noetherian rings 
with unit and all notions unexplained are standard, one can find in [3]. 

2. Basic Facts 

In this section, we recall some basic facts about prime submodules 
and extend some results of [2]. 

Let A be a ring and let N be an A-module, a submodule ,NM ⊂  
,NM ≠  is said to be prime if for every ,Aa ∈  the homothety MNha :  

( ) ,, xaxhMN a =→  for ,Nx ∈  is either injective or null [2]. It is clear 
that an ideal P of A is a prime submodule if and only if P is a prime ideal 
of A. In the following we give some more examples. 

Example 2.1. (i) If K is a field, then the prime submodules of a             
K-vector space V are exactly the vector subspaces ., VWVW ≠⊂  

 (ii) If A is a local ring with maximal ideal m, then 2m  is a prime 
submodule of m. 

(iii) If AAM ⊕=  is a free-module over domain A, then every direct 
factor MSMS ≠⊂ ,  is a prime submodule of M. 
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It is easy to see by the definition that if M is a prime submodule of N, 
then ( )MNann  is a prime ideal of A, denoted by .MP  We call MP  the 
prime ideal of M. 

Clearly, if 21 MM ⊆  are prime submodules of N, then .21 MM PP ⊆  

For a prime submodule M of N, we have for Aa ∈  and Nn ∈  with 
Man ∈  if and only if either MPa ∈  or .Mn ∈  In particular, it follows 

.MNPM ⊆  Thus to every prime submodule, we can associate a prime 
ideal. Conversely, one can associate a prime submodule to every prime 
ideal P by the following proposition. 

Proposition 2.2. Let A be a ring and let N be a finitely generated            
A-module. If P is a prime ideal of A and { QQNP |=∈ supp is a prime 
ideal of }.0, ≠QNA  Set ( ) { |∈= NnPN  there exists },, PNanPa ∈∉  

then 

 (i) ( )PN  is a prime submodule of N; 

(ii) ( )PN  is contained in every prime submodule M with P as its 
prime ideal, i.e., ( ) .MPN M ⊆  

Proof. (i) As P is a prime ideal, it is clear that ( )PN  is a submodule. 

Now, we claim ( ) .NPN ≠  In fact, by the assumption ,supp NP ∈  so 
.0≠PN  It follows that ,PP PNN ≠  we conclude that ( ) .NPN ≠  If on 

the contrary ( ) ,NPN =  then for an arbitrary element ,Nn ∈  there exists 

Pa ∉  such that .PNan ∈  It implies for any PNs
n ∈  with ,\PAs ∈  

there exists Pa ∉  such that .PPNas
an

s
n ∈=  Hence .PP PNN ⊆  Clearly, 

.PP NPN ⊆  It shows that ,PP PNN =  a contradiction. This proves 
( ) .NPN ≠  

Moreover, if ,Pa ∈  then ah  vanishes on ( ),PNN  because ⊆PN  
( ).PN  Assume .Pa ∉  If ( ) ( )PNNPNNha →:  is not injective, there 

exists ,Nn ∈  ( ),PNn ∉  such that ( ),PNan ∈  and this means that for 
some ,Pb ∉  we have ( ) .PNanb ∈  Hence ( ),PNn ∈  by the fact .Pba ∉  
This is a contradiction and the proof completes. 
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(ii) Let M be a prime submodule having P as its prime ideal. Assume 
( ).MPMn ∈  Then there exists Pa ∉  such that ,MNPan M ⊆∈  and 

thus ,Mn ∈  i.e., ( ) .MPN M ⊆  

Remark 2.3. (i) ( )PN  is called the minimal prime submodule 
associated to P. 

(ii) Proposition 2.2 is an improvement of [2, Proposition 1.5], where A 
is a domain and N is torsion-free. 

(iii) It is easy to see that if 2121 , PPPP ≠⊂  are prime ideals of A 
and ( ),2,1 supp =∈ iNPi  then ( )1PN  is a proper submodule of ( ).2PN  

3. Prime Avoidance 

It is well known that many important properties of a commutative 
ring can be characterized by prime ideals. One important reason is that 
there is a prime avoidance theorem for prime ideals. In this section we 
deal with such properties for prime submodules. Our results show that 
the prime avoidance theorem is still valid for prime submodules under a 
slight weaker assumption. 

Let nPPP ...,,, 21  be prime ideals of ring A and let I be an ideal of 
A. The prime avoidance theorem of prime ideals states that if ⊆I  

,21 nPPP ∪∪∪  then iPI ⊆  for some ( ).1 nii ≤≤  This result is not 
true for general prime submodules. For instance, let ( )mA,  be a local 
ring with finite residue field, set .mAmAM ⊕=  Then M is contained 
in the union of finite one-dimensional mA -subspaces, and all one-
dimensional subspaces are prime submodules. However, we can still 
obtain some results with some mild additional assumptions. 

Proposition 3.1. Let A be a ring and let N be a finitely generated         
A-module. Let NM ⊆  is a submodule of N and kMMM ...,,, 21  are 
prime submodules of N. If kMMM PPP ...,,, 21  are distinct and iMM   

( ),1 ki ≤≤  then .21 kMMMM ∪∪∪  

Proof. If necessary, one can reorder ....,,, 21 kMMM  So we may 
assume that kMP  is the minimal prime ideal of ....,,, 21 kMMM PPP  
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Now we prove by induction on k. For ,1=k  the result is trivial. 

Assume .1>k  By induction there exists .\ 11 −∈ kMMMx ∪∪  If 
,kMx ∉  there is nothing to prove. 

If ,kMx ∈  then we can choose kMMy \∈  and an element p such 
that 

.\11 kk MMM PPPp
−

∈ ∩∩  

Since iM  are all prime submodules, we have 

( )11 −≤≤∈ kiMpy i    and   .kMpy ∉  

Set .pyxz +=  It is clear ( ),1 kiMz i ≤≤∉  and .Mz ∈  Hence M  
.1 kMM ∪∪  Equivalently, we have the following. 

Proposition 3.2. Let A be a ring and let N be a finitely generated            
A-module. Let NM ⊆  be a submodule of N and let kMMM ...,,, 21  be 
prime submodules of N. If kMMM PPP ...,,, 21  are distinct and ⊆M  

,1 kMM ∪∪  then iMM ⊆  for some ( ).1 kii ≤≤  

To prove the main result of the section, we need the following lemma. 

Lemma 3.3. Let ( )mA,  be a Noetherian local ring with infinite 
residue field. Let N be a finitely generated A-module and let NM ⊆  be a 
submodule of N. If kMM ...,,1  are prime submodules of 21, MM PPN =  

PP kM ===  and ,21 kMMMM ∪∪∪⊆  then iMM ⊆  for some 

( ).1 kii ≤≤  

Proof. As ( )PN  is the minimal prime submodule having P as its 
prime ideal, ( ) ( ).1 kiMPN i ≤≤⊆  Since ,21 kMMMM ∪∪∪⊆  we 
have 

( )( ) ( ) ( ) ( ).1 PNMPNMPNPNM k∪∪⊆+  

Note that 

( )( ) ( ) ( ) ( ) ( ) ( ) .1 PPkPPPPP PNMPNMPNPNM ∪∪⊆+  

As mA  is an infinite field, it implies PP PAAK =  is an infinite field. It 
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follows that 

( )( ) ( ) ( ) ( ) ( ),1, kjPNMPNPNM PPjPPP ≤≤+  

are all finite vector spaces over K. Hence there exists ( )kii ≤≤1  such 
that 

( )( ) ( ) ( ) ( ) .PPiPPP PNMPNPNM ⊆+  

Thus ( ) ,PiP MM ⊆  that is, ( )( ) .0=+ Pii MMM  Since iM  is a prime 

submodule having P as its prime ideal, we have ( ) ,0=+ ii MMM  and 

thus .iMM ⊆  

We now come to the main result of this section. 

Theorem 3.4. Let ( )mA,  be a local ring with the infinite residue 

field. Let N be a finitely generated A-module and M be a submodule of N.              
If kMMM ...,,, 21  are prime submodules of N and ∪∪ 11 MMM ⊆  

,kM∪  then there exists some ( )kii ≤≤1  such that .iMM ⊆  

Proof. If ,1=k  then there is nothing to prove. 

Assume .1>k  By induction we can assume that the conclusion holds 
for the number of the prime submodules less than k. If ,, 21 MM PP  

kMP...,  are all the same as a prime ideal P, then the result is true 

according to Lemma 3.3. 

If kMMM PPP ...,,, 21  are not the same, without loss of generality, we 

can assume kMPP =  is a minimal prime ideal among ,, 21 MM PP  

kMP...,  such that 

(1) sMMM PPP ...,,, 21  are not equal to P, 

(2) .1 PPP ks MM ===
+

 

If iMM   for all ( ),1 kii ≤≤  then by induction we can assume 
there exist sMMMx ∪∪1\∈  and .\ 1 ks MMMy ∪∪+∈  Hence, 
one can choose PPPPp sMMM \21 ∩∩∩∈  such that for any positive 
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integer n, 

.1 s
n MMxyp ∪∪∉+  

For each ( ),1 kisi ≤≤+  there is at most one in  such that xyp in +  

.iM∈  If on the contrary we have 

( ),, iii
n

i
n nnMxypMxyp ii >′∈+∈+ ′  

then it implies 

( ) .1 i
nnn Mypp iii ∈− −′  

Since A is a local ring, we have .i
n Myp i ∈  This contradicts to the fact 

( ).1, kisMyPp iMi ≤≤+∉∉  

So one can choose n large enough such that i
n Mxyp ∉+  for all 

( ).1 kii ≤≤  On the other hand, .Mxypn ∈+  This contradicts the fact 

.21 kMMMM ∪∪∪⊆  The proof is complete. 

Next we wish to prove a result which can be considered as a natural 
extension of a result of Davis [1]. 

Theorem 3.5. Let ( )mA,  be a local ring with the infinite residue field 

and let NM ⊂  be a pair of finitely generated A-modules. Let ,, 21 MM  

kM...,  be prime submodules of N and .Nt ∈  If ( ),1 kiMMAt i ≤≤+   

then there exists My ∈  such that ( ).1 kiMyt i ≤≤∉+  

Proof. First we assume .21 PPPP kMMM ====  Following three 

cases will be discussed: 

Case (i). If iMt ∉  for all ( ),1 kii ≤≤  then there is nothing to prove. 

Case (ii). If iMt ∈  for all ( ),1 kii ≤≤  then ( ).1 kiMM i ≤≤  

According to Theorem 3.4, there exists .\ 1 kMMMy ∪∪∈  It is clear 

that yt +  is the required element. 
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Case (iii). If ( )siMt i ≤≤∈ 1  and ( ),1 kisMt i ≤≤+∉  then by 
Case (ii), there exists 

sMMMy ∪∪1\∈  

such that ( ).1 siMyt i ≤≤∉+  For each ( ),1 kisi ≤≤+  iM  contains 
at most one of the elements of the form 

( ) ,1 ytp in +−  

where p is fixed and ,Pp ∉  in  is integer. Otherwise we have 

( ) ( ) ( ).1,1 iii
n

i
n nnMytpMytp ii >′∈+−∈+− ′  

Then .i
n Mtp i ∈  Since A is a local ring and iM  is a prime submodule, we 

have .iMt ∈  This contradicts to .iMt ∉  Hence we can choose n large 

enough such that ( ) ( ).11 +≥∉+− siMytp i
n  It is clear that ( )tpn−1  

( ).1 siMy i ≤≤∉+  Hence ( ) ( ).11 1 kiMypt i
n ≤≤∉−+ −  

Secondly, we assume kMMM PPP ...,,, 21  are not the same. Without 

loss of generality, we assume that kMPQ =  is a minimal prime ideal 

among kMMM PPP ...,,, 21  such that the following two conditions hold: 

(1) rMMM PPP ...,,, 21  are not equal to Q; 

(2) .1 QPP kr MM ===
+

 

By induction there exist elements ( ) ( )riMyt i ≤≤∉+ 11  and ( )2yt +  

( ).1 kirMi ≤≤+∉  Set .\21 QPPPq tMMM ∩∩∩∈  According to 

previous discussion in the proof of Theorem 3.4, there are at most one 
inq  such that ( ) ( ).121 kirMytqyt i

ni ≤≤+∈+++  So we can choose 

n large enough such that ( ) ( ).11 21 kiMyqytq i
nn ≤≤∉+++  Set 

( ) ( ).1 21
1 yqyqy nn ++= −  

Then yt +  is the desired element, and this completes the proof. 
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Remark 3.6. Readers might notice that Proposition 3.1 is true for all 
Noetherian rings. However, the proofs of Theorems 3.4 and 3.5 depend on 
the property of any element which is not in the maximal ideal of a local 
ring has an inverse. We do not know if there is a positive answer to the 
following question, where the ring A need not be a local ring. 

Question 3.7. Let A be a ring with infinite residue fields. Let N be an 
A-module and let M be a submodule of N. If kMMM ...,,, 21  are prime 

submodules of N and ,1 kMMM ∪∪⊆  then iMM ⊆  for some i 
( ).1 ki ≤≤  

In the following we deal with the intersection of prime submodules. It 
is easy to see that if 1M  and 2M  are prime submodules of module N with 

prime ideal P, then 21 MM ∩  is a prime submodule having P as its prime 
ideal. 

Proposition 3.8. Let A be a ring and let N be a finitely generated           
A-module. If kMMMM ...,,,, 21  are prime submodules of N and ⊇M  

,1 kMM ∩∩  then ( )iMPNM ⊇  for some ( ).1 kii ≤≤  

Proof. Since ( ) ( ),11 kMMk PNPNMMM ∩∩∩∩ ⊇⊃  we can 

assume that their prime ideals KMM PP ...,,1  are distinct and kMP  is a 

minimal prime ideal among ....,,1 KMM PP  

Assume ( ) ( ),1 kiPNM iM ≤≤  then .iMM PP   If on the contrary 

,iMM PP ⊇  then ( ) ( ).iMM PNPN ⊇  It shows that ( ) ⊇⊇ MPNM  

( ),iMPN  a contradiction. Hence ( ).1 kiPP iMM ≤≤  We choose 

( ) ,\,\ 11 MMMMM PPPPpMPNx kkk ∪∩∩
−

∈∈  

then ( ) ( ).1 kMM PNPNpx ∩∩∈  Notice that .Mpx ∉  So ( )1MPNM   

( ).kMPN∩∩  This leads us to a contradiction and the proof completes. 

4. Prime Dimension of Modules 

It is known that one can define the Krull dimension of a Noetherian 
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ring A by means of prime ideals of ring A, i.e., the maximal length n of a 
prime ideals chain of A, .10 nPPP ⊂⊂⊂  The Krull dimension of a 

module N is defined by ( ).anndimdim NAN =  In this section, we 
discuss the length of prime submodules chains. Naturally, we can define 
prime dimension of a module by means of prime submodules of a module. 
The main result of the section shows that there is a bound for such 
length. Let us begin with a definition. 

Definition 4.1. Let A be a ring and let N be an A-module. Set 
( ) ( ){ ,10,sup 110 −≤≤≠⊂⊂⊂|= + niMMMMMnND iin  iM  is 

a prime submodule of }.0, niN ≤≤  We call ( )ND  the prime dimension 

of N. 

Remark 4.2. (i) If ( )ND  does not exist, then we set ( ) ;∞+=ND  

(ii) If N has no prime submodules, then we set ( ) .1−=ND  

Example 4.3. (i) If ,AN =  then ( )ND  is just equal to the Krull 

dimension; 

(ii) If V is an n-dimension k-vector space, where k is a field, then 
( ) .1−= nVN  

According to the theory of the Krull dimension, the Krull dimension 
of a Noetherian local ring is finite. Similarly, we wish to prove that prime 
dimension of a finitely generated module over a Noetherian ring is finite. 
Before proving this result, we need the following notion. Let A be a ring. 
Then a submodule NMNM ≠⊂ ,  of an A-module N is said to be an        

O-submodule if MN  is torsion-free or, equivalently, if zero is the unique 

non-injective homothety on .MN  Clearly, an O-submodule is a prime 

submodule. Moreover, we need the following proposition which one can 
refer to [2, Proposition 2.8]: 

Proposition 4.4. Let A be a domain and let N be a torsion-free 
finitely generated A-module. Assume that MM ′⊆  with NM ≠′  are two 
submodules of N such that: 

 (i) M is an O-submodule of N; 
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(ii) ( ) ( ),rkrk MM ′=  where ( )Mrk  stands for the rank of M. 

Then .MM ′=  

Now we can prove the main result of this section. 

Theorem 4.5. Let A be a d-dimensional Noetherian ring and let N be 
a finitely generated A-module. Then ( ) ,sdND ≤  where s is the smallest 

number of generators of N. 

Proof. First we consider the length of prime submodules of N with 
fixed prime ideal P. Let 

( )10, 120 −≤≤≠⊂⊂⊂ + kiMMMMM iik  

be a chain of prime submodules of N such that ( ).0 kiPP iM ≤≤=  We 

will show .sk ≤  

For each ( ),0 kii ≤≤  let us consider the exact sequence of torsion-
free PA -module, 

,00 11 →→→→ ++ iiii MNMNMM  

where iii MNMM →+1  is an embedded homomorphism, →iMN  

1+iMN  is a natural homomorphism. It is clear that ii MM 1+  is an           
O-submodule of PA -module .iMN  

For any chain of O-submodules of ,iMN  

iti MLML ⊂⊂1  

with ( ),111 −≤≤≠ + tjMLML ijij  we have 

( ) ( ) ( ) ( ) ( ).11, 11 −≤≤≠⊂⊂ + tjMLMLMLML PijPijPitPi  

Otherwise there exists tjj ≤+<≤ 11  such that ( ) ( ) ,1 PijPij MLML +=  

according to Proposition 4.4, ,1 ijij MLML +=  a contradiction. 

Since ( )PiMN  is a finite dimensional PP PAA -vector space and s 

is the smallest number of generators, it shows that the dimension of the 
PP PAA -vector space ( )PiMN  is at most s. Hence we have .st ≤  
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Now, the following 

01000201 , MMMMMMMMMM iik +≠⊂⊂⊂  

( )11 −≤≤ ki  

is a chain of O-submodules of 0MN  which satisfies previous condition 

just discussed above. Hence .sk ≤  

For any chain of prime submodules nNNN ⊂⊂⊂ 10  of N such 

that ( ),101 −≤≤≠≠ + niNNN ii  we have a chain of prime ideals: 

.10 nNNN PPP ⊆⊆⊆  

Note that ,dim dA =  we have .dn ≤  Hence ,sdn ≤  i.e., ( ) .sdND ≤  

Corollary 4.6. Let ( )mA,  be a local ring and let N be a finitely 

generated A-module. Then ( ) ,1 sdNDs ≤≤−  where ( ),dim Ad =  s is the 

smallest number of generators. 

The proof follows from Theorem 4.5 and [2, Proposition 3.5]. 
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