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Abstract

If T e L(X) is a totally paranormal operator on a complex Banach space

X, then for all A € C,

1
Xr({A}) = Ker(T - 1) ={x e X : nlgr;" (T -2)"x|[n =0}

In particular, the kernel KerT is the quasi-nilpotent part of 7. If X and p

are distinct eigenvalues of T, then

X" = Xp(i)' + Xp()*

Moreover, if T € L(H) is a totally paranormal operator on a complex

Hilbert space H, then Hp({A}) L Hp({u}).

We first recall some basic notions and results from spectral theory;
the monographs [4] and [10]. Let X be a complex Banach space, and let
L(X) denote the Banach algebra of all bounded linear operators on X. As

usual, for 7 e L(X) and let o(T), 5,(T) and o, (T) denote the

spectrum, point spectrum and surjectivity spectrum of 7, respectively and
let Lat(T)
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stand for the collection of all T-invariant closed linear subspaces of X.
Thus o, (T) consists of all A € C for which (T —1)X = X. It is well

known from Proposition 1.3.2 of [8] that o, (T) is compact with
0o(T) < o4, (T) < o(T). Moreover, if T has the single valued extension
property, then og,,(T)=o(T), and if the adjoint 7° has SVEP, then
6p(T) = o(T).

An operator T € L(X) is said to have the single-valued extension
property, if for every open U < C, the only analytic solution f : U — X
of the equation (T —1)f(A) =0 for all A € U is the constant f = 0.
Given an arbitrary operator T € L(X), let op(x) < C denote the local
spectrum of T at the point x € X, i.e., complement of the set pp(x) of all

A € C for which there exist an open neighborhood U of A in C and
analytic function f:U — X such that (T —u)f(n)=x holds for all

p e U. For every closed subset F of C, let Xp(F)={x € X : op(x) c F}

denote the corresponding analytic spectral subspace of T. It is easy to see
that Xp(F) is a

T-invariant linear subspace of X and also hyperinvariant for 7. An
operator T € L(X) is said to have Dunford’s property (C) if Xp(F) is
closed for every closed F' < C. This condition plays an important role in

the theory of spectral operators. It is well known that Dunford's property
(C) implies the single-valued extension property.

If A c C, then the algebraic spectral subspace Ep(A) is the largest
subspace of X on which all the restrictions of T — A, A € C\A, are
surjective. Thus E7(A) is the largest linear subspace of Y for which

(T -2)Y =Y forall » e C\A.

It follows from Proposition 1.2.16 in [10] that Xp(F) < Ep(F) =
Ep(F No(T)) for every T e L(X) and for all subsets F of C. The space
E7(A) need not be closed in general. It is clear that (7' — A)Ep(F) =
Ep(F) for all L € C\F as well so that the class which we consider has a

maximal element if ordered by inclusion. Algebraic spectral subspace was
introduced in [6] in connection with certain problems in automatic
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continuity. Recall from Corollary 1.3.3 of [3] and [7] that if T' € L(H) is
hyponormal, then

Hyp(F) = Ep(F)= (| @-MH
reC\F

for all closed sets F < C and in particular, ﬂxe(c (T -»)H = {0}.

For an arbitrary operator 7' € L(X) on a complex Banach space X,

the quasi-nilpotent part of T'is the set
1
Ho(T):={x e X : lim|T"x |» = 0}
n—oo

It is easy to check that Hy(T') is a linear hyperinvariant subspace of X,

and Ker(T")c Ho(T) < {x € X : op(x) < {0}} for all n € N. Clearly, T
is quasi-nilpotent if and only if Hy(T) = X, see Theorem 1.5 in [13].
Moreover, if T is invertible, then Hy(T') = {0}. In general, Hy(T) need to

be closed.
An operator T € L(X) on the Banach space X is said to be

paranormal if || Tx ||2 < T?x [|x] for all x e X. Paranormality is
preserved under restriction to invariant subspaces. It is clear that T is
paranormal and invertible, then T7! is also paranormal. If T — X 1is
paranormal for every A € C, then we say that T is totally paranormal,

abbreviate it by TPN. The TPN operators form a proper subclass of the
paranormal operators. Moreover, all totally paranormal operators have
property (C). It is well known that every paranormal operator is isoloid,
that is, every isolated point in o(7") is an eigenvalue. Also, every totally

paranormal operator is normaloid, that 1is, the spectral radius
r(T)=|T].

Lemma 1. If T € L(X) is TPN, then T has property (C). Moreover,
olT|Ep(F)) < F forany F c C, and

Ep(F) = ﬂ (T - 0)"X.
LeC\F,neN
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Proof. It is easy to check that T has property (C). At first, we show
that Ker(T — L) = Ker(T — )" for every L € C and n e N. By definition

of TPN, Ker(T — 1) = Ker(T —1)*> for every AeC, and hence
Ker(T — 1) = Ker(T —1)" for every A € C and n € N. Let A e C\F. By
definition of Ep(F), (T - A)'Ep(F)= Ep(F) for all n=23,... If
x € Ep(F), then there is ye Ep(F) for which x = (T -i)"y. If

x € Ker(T — 1), then y e Ker(T —1)? = Ker(T —1) and hence x = 0.
Since (T'—A)|Ep(F) is surjective, o(T|Ep(F)) < F for any F c C.
This completes the proof.

Theorem 2. Let T e L(X) be a totally paranormal operator on a

Banach space X. Then the kernel KerT is the quasi-nilpotent part of T.
Moreover,

1
Hy(T) = Xr({0}) = KerT = {x € X : lim||T"x |[» = 0}.
n—oo
Proof. It suffices to show that
1
Xr({M) = Ker(T =) ={x € X : im| (T = 1)"x |n =0} forall » € C.
n—ow

It is clear that Ker(T — 1) < Xp({A}) for all A € C. For the converse, it
suffices to show that Xp({A}) < Ker(T — 1) for all L e C. At first, we

show that | (T = A)x|" < | (T —2)"x|| for any unit vector x and n € N. Let

x € X be a unit vector. Since 7T is totally paranormal,
|(@ - 2)x |* < (T = 2P| x]-

For any n = 2, 3, ..., we obtain
[@ -2« P = | (@ - 0@ -2 e P
<[ (@ =2 (@ -2 x| (T - 1) x|

= | (@ =2 || (T = 2)" .
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It follows from Lemma 1.2 in [7] that

[ (T =2)x | <|(T-1)'x]| forall neN.

1
This implies that if lim, .| (7 —1)"x = =0, then (T —X1)x = 0. Since
n—

T has the single-valued extension property,
1
Xp(0) = Xp (00 = fx € X ¢ lim | (7 - 2" x[fw = 0}

Hence Xp({\}) < Ker(T - L) for any A e C. This completes the proof.

It is easy to see that all hyponormal operators are totally paranormal.
Corollary 3. Let T € L(H) be a hyponormal operator on a Hilbert
1
space H, and xy € H. Then lim, _, | T"xq |[» = 0 if and only if Txq = 0.
Moreover, the kernel KerT is the quasi-nilpotent part of T.

Theorem 4. Let T € L(X) be a totally paranormal operator on a

complex Banach space X. If . and n are distinct eigenvalues of T, then

X = Xp()" + Xp()™

In particular, if T € L(H) is a TPN operator on a complex Hilbert space
H, then Hrp({}) L Hy({n}).

Proof. Let M = Xp({A}) and N = Xp({u}). Then M N N = {0}, and
M + N = X7(C) = X. Since we know from Lemma 1 that T"has SVEP. It
follows from (f) and (g) of Proposition 1.2.6 in [10] that

X = Xp( U{u) = Xp(1)) © Xp({u)).
Finally, we show that Hp({L})L Hp({u}). It follows from Theorem 2
that Hp({¢}) = Ker(T - ¢) for all ¢ e C. Thus Hp({¢})" = Ker(T - ¢)*" =

ran(T - ¢)° for all§ e C. Without loss of generality, we suppose that | |

A A
<landp=1. Let T := (0 Bj on Hr(M®@ Hp(W) . Ifx=y®ze H
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is an arbitrary eigenvector of T with respect to 1, then Ay + Az = y and

Bz =2z If z=0, then y =0, and so x = 0. This contradiction shows

that z# 0. Let u == 2z/|z| and w=0®ue H. Then T"w=(1-1")y®u.

By totally paranormality of T, | Tw |* < || T"w | for all n € N. Thus we

have

W2 Py P+ <=2 Py P +1 <1+ 4]y ]2 M

If y # 0, then the left side of (1) tends to o as n — c. This is impossible

unless y = 0. Hence x = 0 ® z € Hp ()%
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