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Abstract 

In this paper, the extended projective Riccati equations method is 
proposed and then the two-dimensional variable coefficient Burgers 
equation is chosen to illustrate the method. As a result, two families of 

exact soliton-like solutions for this equation are obtained. 

1. Introduction 

Finding more exact solutions of nonlinear partial differential 
equations (NPDEs) in mathematical physics plays an important role in 

mathematical physics. Recently, Conte et al. [3] presented an indirect 
method to seek more new solitary wave solutions of some nonlinear PDEs 
that can be expressed as a polynomial in two elementary functions which 

satisfy a project Riccati equations [1]. In this paper, we propose the 
extended projective Riccati equations method and then we choose the 

two-dimensional generalized Burgers equation to illustrate the method. 
As a result, two families of soliton-like solutions are found with the help 

of symbolic computation system-Maple. 
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2. The Extended Projective Riccati Equations Method 

Now we establish the improved projective Riccati system method as 
follows:  

Given an NPDEs with three variables { },,, tyx  

 ( ) ,0,,,,,, =LuuuuuuP xxytxtyxt  (1) 

Step 1. We assume that Eq. (1) has the following formal solutions: 

 ( ) ( ) ( ) ( )[ ]∑
=

− ξσ+ξτξσ+=
m
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i baatyxu
1

1
0 ,,,  (2) 

where ( ),,,00 tyxaa =  ( ),,, tyxaa ii =  ( ),,, tyxbb ii =  ( )mi ,,2,1 …=  

and ( )tyx ,,ξ=ξ  are all unknown functions of { },,, tyx  ( )ξσ  and ( )ξτ  

satisfy the following projective Riccati system [1-3, 6]. 

 ( ) ( ) ( ) ( ) ( ) ( ) ,1,, 2 ±εξµσ−ξετ+=ξτ′ξτξεσ=ξσ′ R  (3) 
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where R and µ  are constants. 

The parameter m is the balance constant [5], which is obtained by 

balancing the highest order derivative term and the nonlinear terms in 

(1) (m is usually a positive integer). If m is a fraction or a negative 

integer, we usually make the transformation ( ) ( ).,,,, tyxtyxu mϕ=  

Step 2. Substituting (2)-(4) into (1), we can obtain a set of algebraic 

polynomials for ( ) ( )ξσξτ ji  ( )…,1,0;1,0 == ji  from the resulting 

system’s numerator. Setting the coefficients of these terms ( ) ( )ξσξτ ji  to 

zero, we get a system of over-determined partial differential equations 

(PDEs) with respect to unknown functions of ( )mibaa ii ,,2,1,,0 …=  

and ξ. 

Step 3. Using symbolic computation system-Maple, we would end up 
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with the explicit expressions for ( )mibaa ii ,,2,1,,, 0 …=µ  and ξ or the 

constraints among them. 

We know that the projective Riccati equations (3) have the following 

solutions: 

Case 1. When 0,1 ≠−=ε R  

( ) ( )
( )

( ) ( )
( )

,
1sech

tanh
,

1sech

sech
11

+ξµ

ξ
=ξτ

+ξµ

ξ
=ξσ

R

RR

R

RR
 

( ) ( )
( )

( ) ( )
( )

.
1csch

coth
,

1csch

csch
22

+ξµ

ξ
=ξτ

+ξµ

ξ
=ξσ

R

RR

R

RR
 (5) 

Case 2. When 0,1 ≠=ε R  
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Step 4. Write the solutions of Eq. (1) from Eqs. (2), (5), (6) and the 

conclusions in Step 3. 

3. New Soliton-like Solutions 

Consider the two-dimensional generalized Burgers equation [4] 

 ( ) ( ) .0=+−+ yyxxxxt utsuuuu  (7) 

In [4], the author discussed symmetries and invariant solutions of Eq. 

(7). Now we apply the extend projective Riccati equations method to Eq. 

(7). By the balancing procedure, we assume the solutions of (7) in the 

following special form 

 ( ) ( ) ( ),, 1100 ξσ+ξτ++= baxbatxu  (8) 

where ( ),,00 tyaa =  ( ),00 tbb =  ( ),11 taa =  ( ),11 tbb =  ( ) ( )tyqtxp ,+=ξ  

and ( ) ( )ξσξτ ,  satisfy (1)-(2). 
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Substituting (3), (4) and (8) into (7), collecting coefficients of 

monomials of ( ) ( )ξσξτ ,  and x of the resulting system’s numerator (Notice 

that ,0a  ,0b  ,1a  ,1b  p and q are independent of x), then setting each 

coefficients to zero, setting ,1−=ε  we obtain the following over-

determined system of 13 PDEs with respect to { }qpsbaba ,,,,,, 1100  

(Notice: for simplicity, we only consider the case with )1−=ε  

( µ+µ−µ+−−µ−− 22
111

3
10

2
1

2
01

2 2 pRaasqaRpbaRpbRsqbpaR yyy  

) 0111 =µ−µ−− ttt paapqRpb  (9) 

 ( ) 001
3 =+ tppbpbR  (10) 

( µ−µ−+µ+µ+µ−− 1
32

11
22

1
2322

1
22

1 1222577 apqpbbsqbRppapaR ty  

) ,0222122 2
10

3
1

2
1

23
1

3
10

2 =µ−+µ−µ++ bapqpbbsqapbap ty  (11) 

 ( ) ,00
2
00

2 =++ tyy bbsaR  (12) 

 ( ) ( ) ( ) ,0112 01 =++µ−µ tppbRpb  (13) 

[ 2
11

22
1

2
11

332 µ−+µ−+µ− tyyt qpaasqasqqpabRpR  

( )] ,013 2
10

2
1

2
1 =µ−+µ+ aapbpRa  (14) 

 ( ) ( ) ( ) ,0112 01 =++µ−µ tppbRpa  (15) 

 ( ) ( ) ( ) ,022113 2
1

2
11

2
1

22
1

2 =+−−µ+µ+µ−µ Rbapaapap  (16) 

 ( ) ( ) ( ) ,0116 1
2 =++µ−µ apbRp  (17) 

( 1
3

11
2

1011
2 2 bRppbbpRabpbbsqR tyy +−+−−  

) ,0111
2

10
3 =−µ−µ−µ− tty pbqpaasqaap  (18) 

 ( ) ,001
2 =+µ− tppbpaR  (19) 



NEW SOLITON-LIKE SOLUTIONS … 175
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where ( ),tss =  
( )

,
,

dy
tydq

qy =  
( )

dt
tda

a t
1

1 =  and so on. Using Maple to 

solve the system of PDEs (9)-(21), we obtained the following results. 
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where 41 ,, CC …  are arbitrary constants, ( )tss =  denotes that s is an 

arbitrary function of t, ( ),1 tF  ( )tF2  are arbitrary functions of t and 

( )
.

1

1∫ +
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Therefore from (5), (6), (8), (22) and (23), we obtain two families of 
solutions for two-dimensional generalized Burgers equation (7) as follows: 

Family 1 
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where q is determined by (22). 

Family 2 
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where qxp +=ξ  and qpba ,,,, 11 µ  are determined by (23). 
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