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Abstract 

We study the eigenvalue asymptotics for a Schrödinger operator with a 

magnetic potential and with the de Gennes effect associated with the 

superconductivity near critical temperature. When the magnetic 

potential is depending on a parameter and the parameter tends to zero, 

we examine the asymptotics of the first eigenvalue and the 

corresponding eigenfunction. The result improves our previous paper 

Ando and Aramaki [2] and Pan [21].  

1. Introduction 

In the present paper, we consider the eigenvalue asymptotics for a 
magnetic Schrödinger operator associated with the superconductivity 
taking the de Gennes parameter into consideration. The superconduc-

tivity of the sample in a domain 3R⊂Ω  under the applied field applH  is 

described by a minimizer ( )A,ψ  of the Ginzburg-Landau functional 

[ ] ( ) dxiG ∫Ω
−
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Here ψ is a complex valued function called an order parameter and A  is a 

real valued vector field called a magnetic potential, and the penetration 

depth λ, the coherence length ξ, and δ is a positive parameter depending 

on materials and temperature and 0≥γ  the de Gennes parameter. γ is 

very small for insulator, very large for magnetic material, and lying in 

between for non-magnetic material. If we put a new parameter ,1 2ξ=µ  

µ  means physically, 

( )
,

41 22

2
c

c
T

TTlm −α
=

ξ
=µ  

where T is the temperature, cT  is the critical temperature under zero 

applied field,  is the Plank constant, l is a typical scale of the sample, m 

is the electron mass, α is a material constant independent of tem-

perature. The Ginzburg-Landau parameter κ is defined by .ξλ=κ  It is 

well known that if ,21>κ  the sample is of type II and if ,210 <κ<  

the sample is of type I. For these arguments, see Aramaki [5], Chapman 

et al. [6], Du et al. [9], Gunzburger and Ockendon [12], Lu and Pan [18, 
19, 20], Helffer and Pan [17]. 

By a scaling 

,, appl

1

appl

1
HA

ξ
γλ

=
ξ

γλ
=

−−
HA  

and put ,appl Hσ=H  where 0>σ  is a parameter which means the 

intensity of applH  and ,Aσ=A  the associated energy [ ] 2, ξψ AG  is 

written by 

[ ] ( )∫Ω σ 

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 ψ−

µ
+ψ∇=ψ dx222 1
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22
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∫ ∫ Ω∂
ψγ+−

µ
σκ

+
R

dSdxHA  (1.1) 

where dS denotes the surface element of .Ω∂  
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We assume that a given vector field ( )xH  is smooth and satisfies 

0div =H  in .3R  Then there exists a unique vector field F such that 

 .0,in0div,curl 3 ∫Ω === dxFFHF R  (1.2) 

In the above and the following, we use the notations for any magnetic 

potential A and any function ψ, 

[ ] .div2, 22 ψ−ψ+ψ∇⋅−ψ∆=ψ∇ψ−ψ∇=ψ∇ AAAA A iiA  

The minimizers ( )A,ψ  of the functional G  satisfy the following Euler 

equation, called the Ginzburg-Landau system: 
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 (1.3) 

Here ν  is the unit outward normal vector at the boundary Ω∂  of Ω, [ ]⋅  

denotes the jump in the enclosed quantity across ,Ω∂  and Ωχ  is the 

characteristic function of Ω. 

It is well known that if the applied field is strong, that is to say, if 

0>σ  is large enough, G  has only the trivial minimizer ( )F,0  which 

corresponds with the normal state. Thus the critical field is defined by 

( ) { ( )FH ,0;0inf,, >σ=κµcH  is a global minimizer of }.G  

In order to find the asymptotics of cH  as ,0→µ  we must consider the 

asymptotics of the first eigenvalue of the Schrödinger operator 2
Aε∇−  

with magnetic Robin type condition as .0→ε  In this paper, we devote 

only the analysis for the asymptotics of the first eigenvalue and the 

corresponding eigenfunction of such a linear problem. For the 

asymptotics of ,cH  we shall treat in the future work. Relatively, for the 
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asymptotics as ,∞→ε  there are many articles, for example, see Aramaki 

[3, 4], Fournais and Helffer [10], Helffer [13], Helffer and Mohamed [14], 

Helffer and Morame [15, 16]. 

2. Asymptotics of the First Eigenvalue and the  

Corresponding Eigenfunction 

In this section, we shall consider the asymptotic behavior of the first 

eigenvalue and the corresponding eigenfunction for a Schrödinger 

operator.  

More precisely, let 3R⊂Ω  be a bounded, smooth and simply 

connected domain and ( )xHH =  a given smooth vector field in 3R  

satisfying 

 ( ) Ω≠ in0xH   and  .in0div 3R=H  (2.1) 

Then there exists a unique, smooth vector field ( )xF  in 3R  such that 

 3in0div,curl R== FHF    and  .0∫Ω =dxF  (2.2) 

Let ( )γεµ ,  be the infimum of the following functional corresponding to 

the lowest eigenvalue of a Schrödinger operator with magnetic potential 

under some boundary condition: 

 ( )
( )

( )

,inf,
2

22

; 2
2,1

Ω

Ω Ω∂
ε

Ω∈φ φ

φγ+φ∇
=γεµ

∫ ∫
L

W

dSdxF

C
 (2.3) 

where 0≥γ  is a parameter. It is well known that ( )γεµ ,  is achieved in 

( ).2,1 ΩW  Any minimizer of the functional (2.3) satisfies the Euler 

equation:  

 
( )

( )


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ε
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νF
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 (2.4) 
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Taking (2.2) into consideration, we rewrite (2.4) into the form 

 
( )









Ω∂=γφ+φ⋅ε−
∂
φ∂

Ωφγεµ=φε+φ∇⋅ε+φ∆−

.on0

,in,2 2

ν
ν

F

FF 2

i

i
 (2.5) 

In the present paper, we consider the asymptotic behaviors of the 

first eigenvalue ( )γεµ ,  and the corresponding eigenfunction γεφ ,  as 

.0→ε  

First, we consider the eigenvalue problem 

 






Ω∂=γφ+
∂
φ∂

Ωµφ=φ∆−

.on0

,in

ν
 (2.6) 

It is well known that the first eigenvalue ( )γµ0  of (2.6) is simple, analytic 

with respect to γ and ( ) ,000 =µ  and we can choose the corresponding 

eigenfunction γφ  to be smooth and positive on .Ω  (See Gilberg and 

Trudinger [11, Theorem 8.21 and Lemma 3.4]. 

Next, we consider the problem 

 
( )







Ω∂φ⋅=γ+
∂
∂

Ωφ∇⋅−=γµ−∆−

γ

γ

.on

,in20

ν
ν

F

F

v
v

vv
 (2.7) 

We shall show that the problem (2.7) has a unique smooth solution γ,1v  

such that .0,1∫Ω γγ =φ dxv  

We are now in a position to state the main theorem. 

Theorem 2.1. Under the situations as above, we have the asymptotics 

of the first eigenvalue ( )γεµ ,  and the corresponding eigenfunction γεφ ,  as 

follows. 

( ) ( ) ( ) ( )3
2

2
0, ε+γµε+γµ=γεµ O  

as ,0→ε  where 

( )
( )

{ ( ) }dxvv
L γ

Ω
γγγ

−
Ωγ 

 φ∇⋅+φ−∇φ=γµ ∫ ,1
2

,1
2

2 22 FF  



JUNICHI ARAMAKI 156

( ) .2
,1

2
,10 

γ+γµ− ∫ ∫Ω Ω∂
γγ dSvdxv  

and 

( ) ( ) ( )33322
,1, ε+ψε+ψε+εβ+φα=φ γγγεγεγε ovi  

as ,0→ε  where ,1→αε  1→βε  as 0→ε  and ( ) ( )32 , γγ ψψ  are smooth 

functions. 

Remark 2.2. Pan [21] got the similar asymptotics when the applied 

field ( ) =xH  constant unit vector and, .0=γ  In this case, since 

( ) 000 =µ  and we can choose ,1=φγ  we see that 

( ) .0 2
,1

1
2 ∫Ω γγ

− φ−∇Ω=µ dxv F  

Ando and Aramaki [2] considered the case where the applied field is non-

constant and .0=γ  They got a more precise asymptotics of 0,εφ  than 

[21]. 

3. Proof of the Main Theorem 

In this section we shall devote to the proof of Theorem 2.1. 

We consider a functional 

 [ ] { ( ) }∫ ∫Ω Ω∂
γγγ φγ+φ⋅φ∇+φ−φ∇=φ dSdxE 22 2 FF   (3.1) 

on ( ).2,1 ΩW  

It is easy to show that the functional (3.1) is strictly convex, 

continuous in ( )Ω2,1W  and so weakly lower semi-continuous. We shall 

show that γE  is bounded from below. When ,0=γ  since 0φ  is constant, 

we have [ ] 0≥φγE  for all ( ).2,1 Ω∈φ W  Therefore, let .0>γ  Then from 

the integration by parts and the Schwarz inequality, we have 
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[ ] { ( ) ( ) }∫Ω γγγγ φ⋅φ∇+φ+φ⋅φ∇−φ∇=φ dxE FFF 22 22  

∫ Ω∂
φγ+ dS2  

{ ( ) }∫Ω γγ φ+φ⋅φ∇−φ∇= dx22 4 FF  

∫ ∫Ω∂ Ω∂
γ φγ+⋅φφ+ dSdS 22 νF  

∫ ∫ ∫Ω Ω Ω
γφδ

−φ∇δ−φ∇≥ dxdxdx 222 2
2 F  

∫ ∫ ∫Ω Ω∂ Ω∂
γγ ⋅φ

δ
−φδ−φ+ dSdSdx 222 1 νFF  

∫ Ω∂
φγ+ dS2  

for any .0>δ  If we choose 0>δ  so that { },,21min γ<δ  we see that γE  

is bounded from below. 

Thus it follows from the standard variational theory that we see that 

( ) [ ]φγΩ∈φ
E

W 2,1inf  is achieved by a unique, real valued function 

( )Ω∈γ
2,1Ww  and taking the Euler equation, γw  satisfies the equation 

 






Ω∂φ⋅=γ+
∂

∂
Ωφ∇⋅−=∆−

γγ
γ

γγ

.on

,in2

ν
ν

F

F

w
w

w
 (3.2) 

Now we shall show 

Proposition 3.1. Let ( )γεµ ,  be the first eigenvalue as in (2.3) and 

( )γµ0  be the lowest eigenvalue of (2.6). Then we have 

( ) ( ) ( )2
0, ε+γµ=γεµ O  

as .0→ε  
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We continue the proof of this proposition for some time. In order to 

estimate ( )γεµ ,  from above, if we take γγ ε+φ=φ wi  as a test function in 

(2.3), we have 

 ( )
∫

∫ ∫
Ω

Ω Ω∂
ε

φ

φγ+φ∇
≤γεµ

dx

dSdx

2

22

,
F

 

{ } {

 ε+φ∇






 ε+φ= ∫∫ Ω
γγ

−

Ω
γγ

22
1

222 wdxw F  

} { 

ε+φγ+φ−∇ε+ ∫ Ω∂
γγγγ dSwdxw 22222 F  

( )
{ ( ) 24222 22 γγ

Ω
γγ

−
Ωγ ε+

 φ∇⋅ε+φ∇φ≤ ∫ ww
L

FF  
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ε+φγ+φ−∇ε+ ∫ Ω∂
γγγγ dSwdxw 22222 F  

( )
( )

{ ( ) }

 ⋅φ∇+φ−∇φε+γµ≤ ∫Ω γγγγ
−

Ωγ dxww
L

FF 2222
0 2  

( )
.2242

2 ∫∫ Ω
γ

−
Ωγ

Ω∂
γ φε+

γ+ dxwdSw
L

F  

Thus if we put 

( )
{ ( ) } ,2 222

2 




 γ+⋅φ∇+φ−∇φ= ∫∫ Ω∂
γγ

Ω
γγγ

−
Ωγγ dSwdxwwW

L
FF  

we see that 

 ( ) ( ) ( )42
0, ε+ε+γµ≤γεµ γ OW  (3.3) 

as .0→ε  

In order to estimate ( )γεµ ,  from below, we put ,,, γεγεγε εψ+φα=φ  

where εα  is chosen so that .,
2∫ ∫Ω Ω γγεγε φφ=φα dxdx  Since 0>φγ  on ,Ω  
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εα  is well defined. Then we note that .0,∫Ω γγε =φψ dx  If we substitute 

this function γεφ ,  for (2.5) and use (2.6), we see that γεψ ,  satisfies 

 

( )
( ) ( )














Ω∂φ⋅α=γψ+ψ⋅ε−
∂

ψ∂

Ωφ∇⋅α−φεα−φα
ε

γµ−γεµ
=

ψε+ψ∇⋅ε+ψγεµ−ψ∆−

γεγεγε
γε

γεγεγε

γεγεγεγε

.on

in2
,

2,

,,
,

20

,
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,,,

νν
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FF

FF
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ii

i

i

 (3.4) 

We must prove that 

 
( ) ( )

2
0,

ε

γµ−γεµ
 is bounded. (3.5) 

As the first step, we shall show that ( ) ( )( ) εγµ−γεµ 0,  is bounded. 

Lemma 3.2. Under the situation as above, we see that 

( ) ( )( ) εγµ−γεµ 0,  is bounded with respect to ( ].1,0∈ε  

Proof. By (2.3) and the Schwarz inequality, 

( )
( ) 




 φγ+φ∇φ=γεµ ∫ ∫Ω Ω∂
γεγεε

−
Ωγε dSdx

L

2
,

2
,

2
, 2, F  

( ) 

 φφ∇ε−φ∇φ≥ ∫ ∫Ω Ω
γεγεγε

−
Ωγε dxdx

L ,,
2

,
2

, 22 F  



φγ+φε+ ∫ ∫Ω Ω∂
γεγε dSdx 2

,
2

,
2 F  

( )
( ) 




 φγ+φ∇φε−≥ ∫ ∫Ω Ω∂
γεγε

−
Ωγε dSdx

L

2
,

2
,

2
, 21  

( )∫Ω γε
−

Ωγε φφε− dx
L

2
,

2
, 2 F  

( ) ( ) ( )ε−γµε−≥ O01  

as .0→ε  Thus we see that ( ) ( ) ( )., 0 ε−γµ≥γεµ O  Taking (3.3) into 

consideration, the proof is completed. 9 
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We return to the equation (2.5). Let γεφ ,  be the normalized 

eigenfunction such that ( ) .1, =φ Ωγε ∞L  Then by the elliptic estimate [11, 

Theorem 6.30], we see that ( ) ( ) ∞<γα≤φ Ωγε α+ ,2, CC  for any ( )1,0∈α  

and small .0>ε  Passing to a subsequence, we may assume that 

γγε φ→φ ,  in ( ).2 Ωα+C  We remember that .,, γεγεγε εψ+φα=φ  

 Now we claim that ( )Ωγεψ 2, L  is bounded. 

In fact, if the claim does not hold, passing to a subsequence, we may 

assume that ( ) ∞→ψ= Ωγεε 2,: LC  as .0→ε  Put .~
,, εγεγε ψ=ψ C  Then 

γεψ ,
~  satisfies the equation 
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( ) ( )
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












Ω∂φ⋅=ψγ+ψ⋅ε−
∂

ψ∂

Ωφ∇⋅−φ
ε

−φ
ε

γµ−γεµ
=

ψε+ψ∇⋅ε+ψγεµ−ψ∆−

γ
ε

γεγε
γε

γ
ε

γ
ε

γ
ε

γεγεγεγε

.on~~
~

in
2,

~~2~,~

,,
,

20

,
22

,,,

νν
ν

FF

FF

FF

C
i

i

C
i

CC

i

 (3.6) 

Since ( ) ,1~ 2, =ψ Ωγε L  it follows from [11, Theorem 8.13] or Agmon et al. 

[1, Theorem 15.2] that ( ) ( )γ≤ψ Ωγε + ,~ 2,2, kCkW  for any N∈k  (cf. Du 

[7]). By the Sobolev imbedding theorem, ( ) ( )γα≤ψ Ωγε α+ ,~ 2, CC  for any 

( ).1,0∈α  Passing to a subsequence, we may assume that γγε ψ→ψ ~~
,  in 

( ).2 Ωα+C  Letting 0→ε  in (3.6), we see that γψ~  satisfies 

( )







Ω∂=ψγ+
∂

ψ∂
Ω=ψγµ−ψ∆−

γ
γ

γγ

on0~
~

,in0~~
0

ν
 

and ( ) ,1~ 2 =ψ Ωγ L  .0~∫Ω γγ =φψ dx  Since the real part and the imaginary 

part of γψ~  are non-zero constant signs, this leads to a contradiction. Thus 

( )Ωγεψ 2, L  is bounded. 
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Since ( )Ωγεψ 2, L  is bounded, if we again apply the same arguments 

as above, we see that ( ) ( ).,2, γα≤ψ Ωγε α+ CC  Taking Lemma 3.2 into 

consideration, passing to a subsequence, we may assume that 

( ) ( ) ( )γµ→
ε

γµ−γεµ
1

0,
 and γγε φ→ψ ,1,  in ( )Ωα+2C  as .0→ε  Letting 

0→ε  in (3.4), we have 

( ) ( )








Ω∂φ⋅=γφ+
∂

φ∂

Ωφ∇⋅−φγµ=φγµ−φ∆−

γγ
γ

γγγγ

.on

in2

,1
,1

1,10,1

ν
ν

F

F

i

i

 

Let γ,1u  and γ,1v  be the real part and imaginary part of ,,1 γφ  

respectively. Then γ,1u  is a solution of the problem 

( ) ( )








Ω∂=γ+
∂

∂

Ωφγµ=γµ−∆−

γ
γ

γγγ

.on0

in

,1
,1

1,10,1

u
u

uu

ν

 

Since the boundary value problem ( ) 





 γ+

∂
∂

γµ−∆−
ν

,0  is self adjoint, it 

follows from the Fredholm alternative theorem that “the orthogonality 

condition” ( ) ( ) ( ) 0, 21 =φφγµ Ωγγ L  holds. Thus we have ( ) .01 =γµ  Since 

γ,1u  has a constant sign in Ω  and ,0,1∫Ω γγ =φ dxu  we see that .0,1 =γu  

Now γ,1v  satisfies the equation 

 

( )








Ω∂φ⋅=γ+
∂

∂

Ωφ∇⋅−=γµ−∆−

γγ
γ

γγγ

.on

in2

,1
,1

,10,1

ν
ν

F

F

v
v

vv

 (3.7) 

We note that the solution γ,1v  of (3.7) satisfying ∫Ω γγ =φ 0,1 dxv  is 

unique. 

Thus we can write ,~
,,1, γεγγγε φε+ε+φ=φ vi  where γεφ ,

~  is bounded in 

( ).2 Ωα+C  Therefore, we have 
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( )
( ) ∫ ∫Ω Ω∂

γεγεγεΩγε φγ+φ∇⋅ε−φ∇=φγεµ dSdxi
L

2
,

2
,,

2
, 2, F  

{ {( ) }∫Ω γεγεγε φφ∇⋅ℑε−φ∇= ,,
2

, 2 F  

} .2
,

2
,

2 ∫ Ω∂
γεγε φγ+φε− dSdxF  

Here we note that since 

( )∫Ω γεγε φφ∇⋅ dx,,F  

{ ( )} ( )∫Ω γεγγγεγγ φε+ε−φψ∇+∇ε+φ∇⋅= ,~~
,,,1 dxwiviF  

it follows that ( ) ( )∫Ω γεγε ε=φφ∇⋅ℑ .,, OdxF  Therefore, we have 

( )
( )

( )∫ ∫Ω Ω∂
γεγεΩγε ε−φγ+φ∇≥φγεµ 22

,
2

,
2

, 2, OdSdx
L

 

( )
( )

( ).22
,0 2 ε−φγµ≥

Ωγε O
L

 

Summing up (3.3), we see that 
( ) ( )

2
0,

ε

γµ−γεµ
 is bounded with respect to 

ε. That is to say, the claim (3.5) holds. This completes the proof of 

Proposition 3.1. 

Thus if we put ( ) ( ) ( ),,, 2
0 γελε=γµ−γεµ  passing to a subsequence, 

we may assume that ( ) ( )γµ→γελ 2,  as .0→ε  We remember that we 

can write ( ) ,1
,, γεγεγε εψ+φα=φ  where ( )

γγε →ψ ,1
1
, iv in ( )Ωα+2C  as .0→ε  

We write ( ) ( ) ,2
,,1

1
, γεγεγε εψ+β=ψ vi  where 

( )

.
2

,1

1
,,1

∫
∫

Ω
γ

Ω
γεγ

ε

ψ
−=β

dxv

dxv
i  

Then we see that ( )∫Ω γ =φψ 02
, dxγε  and ( ) .0,1

2
,∫Ω γγε =ψ dxv  Since ( ) →ψ γε

1
,  
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γ,1iv  in ( ),2 Ωα+C  it follows that 1→βε  as .0→ε  Taking (2.6) and (3.7) 

into consideration, ( )2
, γεψ  satisfies the following equation 

 

( ) ( ) ( ) ( ) ( )

( ) ( )

( )
( ) ( )














Ω∂⋅β−φ⋅
ε
β−α

=ψ⋅ε−γψ+
∂

ψ∂

Ω=ψγελε−

ψε+ψ∇⋅ε+ψγµ−ψ∆−

γεγ
εε

γεγε
γε

γεγε

γεγεγεγε

,on

in,

2

,1
2
,

2
,

2
,

,
2
,

2

2
,

222
,

2
,0

2
,

vii

f

i

ννν
ν

FFF

FF

 (3.8) 

where 

( ) γεγεγεγε γελεβ+εβ−∇⋅β= ,1,1
2

,1, ,2 vivivf FF  

( ) .,2 2
γεγεγ

εε φγελα+φα−φ∇⋅
ε
β−α

− FFi  

We shall show that ( ) εβ−α εε  is bounded with respect to ε. 

Lemma 3.3. If we define ( ) ,εβ−α=δ εεε  then { }εδ  is bounded with 

respect to ( ].1,0∈ε  

Proof. If the claim does not hold, passing to a subsequence, we may 

assume that ∞→δε  as .0→ε  If we define ( ) ,2
,, εγεγε δψ=ξ  it is clear 

that ∫Ω γγε =φξ 0, dx  and .0,1,∫Ω γγε =ξ dxv  From (3.8), γεξ ,  satisfies the 

following equation 

( )

( )















Ω∂⋅
δ
β

−φ⋅=ξ⋅ε−γξ+
∂

ξ∂

Ω
δ

+φ∇⋅−=ξγελε−

ξε+ξ∇⋅ε+ξγµ−ξ∆−

γ
ε

ε
γγεγε

γε

γε
ε

γγε

γεγεγεγε

,on

in
1

2,

2

,1,,
,

,,
2

,
22

,,0,

viii

gi

i

ννν
ν

FFF

F

FF

 (3.9) 

where 

( ) γεγεγεγε γελεβ+εβ−∇⋅β= ,1,1
2

,1, ,2 vivivg FF  

( ) .,2
γεγε φγελα+φα− F  



JUNICHI ARAMAKI 164

Case 1. ( ) .2, ∞<≤ξ Ωγε CL  

Then applying the elliptic estimate as above, it can be seen that 

( ) ( )kCkW ≤ξ Ωγε 2,,  for any .N∈k  Therefore, by the Sobolev imbedding 

theorem, ( ) ( )αγ≤ξ Ωγε α+ ,2, CC  for any ( ).1,0∈α  Passing to a 

subsequence, we may assume that γγε ξ→ξ ,  in ( )Ωα+2C  as .0→ε  

Then we see that ∫Ω γγ =φξ 0dx  and .0,1∫Ω γγ =ξ dxv  Letting 0→ε  in 

(3.9), we have the equation 

( )







Ω∂φ⋅=γξ+
∂

ξ∂
Ωφ∇⋅−=ξγµ−ξ∆−

γγ
γ

γγγ

.on

in20

ν
ν

F

F

i

i
 

Thus we have .,1 γγ =ξ v  This leads to a contradiction. 

Case 2. ( )Ωγεξ 2, L  is unbounded. 

In this case, passing to a subsequence, we may assume that 

( ) ∞→ξ= Ωγεε 2, LC  as .0→ε  If we put ,~
,, εγεγε ξ=ξ C  then we see 

that γεξ ,
~  satisfies the following equation 

( )

( )















Ω∂⋅
δ

β
−φ⋅=ξ⋅ε−ξγ+

∂

ξ∂

Ω
δ

+φ∇⋅−=ξγελε−

ξε+ξ∇⋅ε+ξγµ−ξ∆−

γ
εε

ε
γ

ε
γεγε

γε

γε
εε

γ
ε

γε

γεγεγεγε

.on~~
~

in
12~,

~~2~~

,1,,
,

,,
2

,
22

,,0,

v
CC

i
i

g
CC

i

i

ννν
ν

FFF

F

FF

 

Similarly as Case 1, we may assume that γγε ξ→ξ ~~
,  in ( ).2 Ωα+C  Then 

( ) 1~
2 =ξ Ωγ L  and ∫Ω γγ =φξ 0~ dx  and γξ

~  satisfies 

( )









Ω∂=ξγ+
∂

ξ∂

Ωξγµ=ξ∆−

γ
γ

γγ

.on0~
~

in~~
0

ν
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Since any solution of this equation is constant sign on ,Ω  this leads to a 

contradiction. 9 

Thus since ( ) εβ−α=δ εεε  is bounded, we may assume that 

0δ→δε  as .0→ε  Since ( )
( ) CL ≤ψ Ωγε 2

2
,  in (3.8), as the similar 

arguments in Case 2, we have ( )
( ) ( ).,2

2
, αγ≤ψ Ωγε α+ CC  Therefore, we 

may assume that ( ) ( )22
, γγε ψ→ψ  in ( ).2 Ωα+C  Letting 0→ε  in (3.8), we 

get the following equation 

( ) ( ) ( )

( )
( )

( )













Ω∂⋅−φ⋅δ=γψ+
∂

ψ∂

Ωφγµ+

φ−φ∇⋅δ−∇⋅=ψγµ−ψ∆−

γγγ
γ

γ

γγγγγ

.on

in

22

,10
2

2
2

2
0,1

2
0

2

vi

iv

νν
ν

FF

FFF

 (3.10) 

Since ( )2
γψ  is a solution of (3.10), we have “the orthogonality condition” 

( ( ) ( ) ( ) )∫Ω γγγγγγ φγµ+φ−φφ∇⋅δ−φ∇⋅ dxiv 2
2

22
0,1 22 FFF  

( ) .0,1
2

0 =φ⋅−φ⋅δ+ ∫ Ω∂
γγγ dSvi νν FF  

Thus we get 

( ) ( ( ) )∫∫ Ω
γγγ

Ω
γ φ+φ∇⋅−=φγµ dxvdx 22

,1
2

2 2 FF  

∫ Ω∂
γγφ⋅+ dSv ,1νF  

∫ ∫Ω Ω
γγγ ∇−φ−∇= dxvv 2

,1
2

,1 F  

.,1∫ Ω∂
γγφ⋅+ dSvνF  

From integration by parts, we see that 

∫∫ Ω∂
γγ

γ

Ω∂
γγ 








γ+

∂

∂
=φ⋅ dSvv

v
dSv ,1,1

,1
,1 ν

νF  
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∫∫ ∫ Ω∂
γ

Ω Ω
γγγ γ+∆+∇= dSvdxvvdxv 2

,1,1,1
2

,1  

( )∫∫ Ω
γ

Ω
γ γµ−∇= dxvdxv 2

,10
2

,1  

( ) .2 2
,1,1 ∫∫ Ω∂
γ

Ω
γγ γ+φ∇⋅+ dSvdxvF  

Thus we get 

( )
( )

{ ( ) }

 φ∇⋅+φ−∇φ=γµ ∫Ω γγγγ
−

Ωγ dxvv
L ,1

2
,1

2
2 22 FF  

( ) .2
,1

2
,10 

γ+γµ− ∫∫ Ω∂
γ

Ω
γ dSvdxv  

In this stage, we got the asymptotics: 

( ) ( ) ( ) ( ),, 2
2

2
0 ε+γµε+γµ=γεµ o  

( ) ( )222
,1, ε+ψε+ε+φα=φ γγγεγε ovi  

as .0→ε  

We shall continue further arguments. 

If we put ( ) ,,, εφ−φ=ϕ γγεγε  then we get the following equation 

( ) ( )








Ω∂φ⋅=γϕ+
∂

ϕ∂
Ωφγεελ+φε−φ∇⋅−=ϕγµ−ϕ∆−

γεγε
γε

γεγεγεγεγε

.on

in,2

,,
,

,,
2

,,0,

ν
ν

F

FF

i

i
 

Again using the bootstrap argument, we see that { }γεϕ ,  is bounded in 

( )Ω2,kW  for any .N∈k  Therefore, by the Sobolev imbedding theorem, 

{ }γεϕ ,  is bounded in ( )Ωα+2C  for any ( ).1,0∈α  Since 

( )
,

1 ,,

ε

φ−φ
=

ε

φ−α
+

ε

φα−φ γγεγεγεγε  

if we multiply γφ  to the both side and integrate over Ω, then we see that 
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( ) ε−αε 1  is bounded with respect to ε. Moreover, since =δε  

( ) ( )( ) ,11 ε−β−−α εε  we also see that ( ) ,1 ε−βε  is bounded with respect 

to ε. If we subtract (3.10) from (3.8), then we get the following equation 

for ( ) ( ( ) ( ) ) εψ−ψ=φ γγεγε
22

,
3
, :  

( ) ( ) ( ) ( )

( ( )) ( ) ( )

( ( )) ( )

( ) ( ) ( )

( ) ( )( )
( )

( ) ( ) ( )

( )






















Ω∂⋅−β−

φ⋅δ−δ+ψ⋅ε=γφ+
∂

φ∂

Ωφγµ−γελ+

φγελ−α+φ−α−

φ∇⋅δ−δ−γελ−εβ−

∇⋅−β+ψγελ−ε−

ψ∇⋅ε−=φγµ−φ∆−

γε

γεγεγε
γε

γ

γεγε

γεγε

γεγε

γεγεγε

.on1

in,

,11

2,

12,

2

,1

0
2
,

3
,

3
,

0

2

0,1
2

,1
2
,

22

2
,

3
,0

3
,

v

ii

ivi

v

i

ν

νν
ν

F

FF

F

FF

FF

F

 

Using “the orthogonality condition”, we get 

( ) ( ) ( ) ( )( )∫∫ Ω
γ

Ω
γγε φγµ−γελ+φφ∇⋅δ−δ− dxdxi 2

00 ,2 F  

( ) ( )∫ Ω∂
γε ε=φ⋅δ−δ+ .2

0 OdSi νF  

Since by the integration by parts, 

( )∫ ∫Ω Ω∂
γγγ φ⋅=φφ∇⋅ ,2 2dSdx νFF  

we get ( ) ( )( ) ( )., 2
0 ε=φγµ−γελ ∫Ω γ Odx  That is to say, ( ) ( )γµ−γελ 0,  

( ).ε= O  Therefore we obtain 

( ) ( ) ( ) ( )3
2

2, ε+γµε+γµ=γεµ O  

as .0→ε  If we put ( )
( ) ( )

,
22

,3
, ε

ψ−ψ
=ψ γγε

γε  then ( )3
, γεψ  satisfies the following 

equation 
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( ) ( ) ( ) ( )

( ( )) ( )

( ( ))

( ) ( ) ( )

( )
( ) ( )

























Ω∂⋅
ε
−β

−

φ⋅
ε
δ−δ

+ψ⋅=γψ+
∂

ψ∂

Ωφ
ε

γµ−γελ
+φγελ

ε
−α

+

φ
ε
−α

−φ∇⋅
ε
δ−δ

−

γελ−β−

∇⋅
ε
−β

−ψγελ−ε−

ψ∇⋅−=ψγµ−ψ∆−

γ
ε

γ
ε

γεγε
γε

γγ
ε

γ
ε

γ
ε

γε

γ
ε

γε

γεγεγε

.on
1

in
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1

1
2

,

1
2,

2

,1

02
,

3
,

3
,

0

20

,1
2

,1
2
,

2

2
,

3
,0

3
,

v

ii

i

vi

v

i

ν

νν
ν

F

FF

FF

F

FF

F

 (3.11) 

Here we claim 

ε
δ−δ

=γ ε
ε

0  is bounded. (3.12) 

In fact, if (3.12) does not hold, passing to a subsequence, we may assume 

that ∞→γε  as .0→ε  If we put ( ) ( ) ,~ 3
,

3
, εγεγε γψ=ψ  ( )3

,
~

γεψ  satisfies the 

following equation 

( ) ( ) ( ) ( )

( ( )) ( ) ( )

( ( ))

( ) ( ) ( )

( )
( ) ( )























Ω∂⋅
εγ
−β

−

φ⋅+ψ⋅
γ

=ψγ+
∂

ψ∂

Ωφ
εγ

γµ−γελ
+φγελ

εγ
−α

+φ
εγ
−α

−

φ∇⋅−γελ−
γ
β

−

∇⋅
εγ
−β

−ψγελ−
γ
ε

−

ψ∇⋅
γ

−=ψγµ−ψ∆−

γ
ε

ε

γγε
ε

γε
γε

γ
ε

γ
ε

ε
γ

ε

ε

γγ
ε

ε

γ
ε

ε
γε

ε

γε
ε

γεγε

.on
1

~
~
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,

,
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2,

12
,
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,1

2
,

3
,

3
,

02

,1
2

,1
2
,

2

2
,

3
,0

3
,

v

i
i

iv
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v
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ν

νν
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F

FF

F

FF

FF

F

 (3.13) 

By the elliptic estimate as above, ( )
( ) ( ).,~ 2

3
, γα≤ψ Ωγε α+ CC  Thus we may 

assume that ( ) ( )33
,

~
γγε ψ→ψ  in ( ).2 Ωα+C  Letting 0→ε  in (3.13), we get 
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( ) ( ) ( )

( )
( )








Ω∂φ⋅=γψ+
∂

ψ∂

Ωφ∇⋅−=ψγµ−ψ∆−

γγ
γ

γγγ

.on

in2

3
3

3
0

3

ν
ν

F

F

i

i
 

On the other hand, since ( )∫Ω γγ =φψ 03 dx  and ( ) ,0,1
3∫Ω γγ =ψ dxv  this 

leads to a contradiction. 

Thus ( ) εδ−δε 0  is bounded. If we return to (3.11), then by the 

similar arguments, we see that ( )
( ) ( ).,2

3
, γα≤ψ Ωγε α+ CC  Thus we see 

that ( ) ( )3
,

22
, γεγγε εψ+ψ=ψ  and ( ) ( )33

, γγε ψ→ψ  in ( )Ωα+2C  as .0→ε  This 

completes the proof of Theorem 2.1. 
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