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Abstract 

In this paper we study the existence of positive solution for the following 
reaction-diffusion equation 

( ) ( )
( )




Ω∂∈=
Ω∈−−=∆−

,,0

,,2

xxu

xxchuuxamu  

where a and c are positive constants, Ω is a smooth bounded domain in 

( )3≥NRN  with Ω∂  of class 2C  and connected. The weight m satisfies 

( )Ω∈ Cm  and ( ) 00 >≥ mxm  for ,Ω∈x  also ∞<=∞ lm  and Ω:h  

R→  is a ( )ΩαC  function satisfying ( ) 0≥xh  for ,Ω∈x  ( ) ,0≡/xh  

( ) 1max =xh  for Ω∈x  and ( ) 0=xh  for .Ω∂∈x  We prove the existence 

of the positive solution under certain conditions. 

1. Introduction 

We consider the boundary value problem 

( ) ( ) ( )
( )




Ω∂∈=
Ω∈−−=≡∆−

,,0
,,, 2

xxu

xxchuuxamuxfu  (1) 
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where a and c are positive constants, Ω is a smooth bounded domain in 

( )3≥NRN  with Ω∂  of class 2C  and connected. The weight m satisfies 

( )Ω∈ Cm  and ( ) 00 >≥ mxm  for ,Ω∈x  also ∞<=∞ lm  and Ω:h  

R→  is a ( )ΩαC  function satisfying ( ) 0≥xh  for ,Ω∈x  ( ) ,0≡/xh  

( ) 1max =xh  for Ω∈x  and ( ) 0=xh  for .Ω∂∈x  We denote by kλ  the 

k-th eigenvalue of 

( )
( )




Ω∂∈=φ
Ω∈=φλ+φ∆−

.,0
,,0

xx

xxm
 (2) 

In particular, 01 >λ  is the principal eigenvalue with a positive 

eigenfunction 1φ  satisfying 11 =φ  (see [2]). 

Equation (1) arises in the study of population biology of one species 

with u representing the concentration of the species, ( ) 2uuxam −  

represents the logistic growth and ( )xch  represents the rate of harvesting 

(see [6]). In [5] the author studied (1) when 0=c  (non-harvesting case) 

and without the weight function. However, the case 0>c  is a 

semipositone problem ( )( )00, <xf  and studying positive solutions in 

this case is significantly harder. More work on the diffusive logistic 

equation can be found in [1] and [3]. 

2. Preliminaries 

We begin this section with some results on the dependence of solution 
on the parameter .0>a  First, we prove some nonexistence results: 

Proposition 2.1. (i) If ,1λ≤a  then (1) has no positive solution. 

(ii) If 1λ>a  and 

( ) ( )

( )
,

1

11

∫
∫

Ω

Ω

φ

φλ−
>

xh

xmaal
c  

then (1) has no positive solution. 
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First we have following lemma [8]. 

Lemma 2.2. Suppose that RRf →×Ω +:  is a continuous function 

such that ( ) ssxf ,  is strictly decreasing for 0>s  at each .Ω∈x  

Let ( ) ( )ΩΩ∈ 2, CCvw ∩  satisfy: 

(a) ( ) ( )vxfvwxfw ,0, +∆≤≤+∆  on Ω, 

(b) 0, >vw  on Ω and vw ≥  on ,Ω∂  

(c) ( ).1 Ω∈∆ Lv  

Then vw ≥  in .Ω  

Proof of Proposition 2.1. (i) Suppose otherwise, i.e., assume that 

there exists a positive solution u of (1). We calculate ( ) ( )( )u21 1 +φ  and 

integrate over Ω which yields 

 ( ) ( )∫ ∫Ω Ω
φ∆−+φ∆− udxdxu 11  

( ) ( )∫ ∫ ∫Ω Ω Ω
φ−φ−φλ−= .11

2
11 dxhcdxudxuxma  (3) 

But by Green’s identity we have 

 ( ) ( )∫ ∫Ω Ω
φ∆−+φ∆− udxdxu 11  

∫ ∫Ω Ω
=φ∇⋅∇−φ∇⋅∇= .011 dxudxu  (4) 

By using (4) in (3) we get 

( ) ( )∫ ∫ ∫Ω Ω Ω
≥φ+φ=φλ− .011

2
11 dxhcdxudxuxma  (5) 

Since ,0≥u  ( ) 00 >≥ mxm  and ,01 >φ  this requires ,1λ≥a  which is 

a contradiction. 
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(ii) From above lemma we have ( ) alxu ≤  for any positive solution u. 

Hence from (5), we obtain 

( ) ( ) ( ) ( )∫ ∫ ∫Ω Ω Ω
φλ−≤φλ−≤φ ,11111 dxxmaaldxuxmadxhc  (6) 

a contradiction. 

So 1λ>a  is a necessary condition for the existence of positive 

solutions. 

3. Existence of Solutions 

In this section we prove the existence of solutions by comparison 
method. It is easy to see that any subsolution of 

( ) ,,2
0 Ω∈−−=∆− xxchuuamu  (7) 

( ) ,,0 Ω∂∈= xxu  (8) 

is a subsolution of (1), also any supersolution of 

( ) ,,2 Ω∈−−=∆− xxchualuu  (9) 

( ) ,,0 Ω∂∈= xxu  (10) 

is a supersolution of (1), where l is as defined before. 

We denote by kλ′ , the k-th eigenvalue of 

( )



Ω∂∈=φ

Ω∈=φλ′+φ∆

,,0

,,0

xx

x
 (11) 

with positive eigenfunction 1φ′  satisfying .11 =φ′  Our main result is 

the following theorem. 

Theorem 3.1. Suppose that ,01 ma λ′>  then there exists =0c  

( )00 , mac  such that for ,0 0cc <<  (1) has a positive solution u. Further, 

this solution u is such that 

( ) ( )
.

1λ′
≥ xch

xu  
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Proof. We use the method of subsolution and supersolution. We 

recall the anti-maximum principle of Clement and Peletier (see [4]) in the 

following form: let 1λ′  be as defined above. Then there exists a ( ) 0>Ωδ  

such that the solution λ′z  of 

,,1 Ω∈=λ′+∆ xzz  (12) 

,,0 Ω∂∈= xz  (13) 

for ( ),, 11 δ+λ′λ′∈λ′  is positive for Ω∈x  and is such that 0<
∂
∂ λ′

n
z

 for 

.Ω∂∈x  We construct the subsolution ψ of (9-10) using λ′z  such that 

( ).1 xch≥ψλ′  

Fix { }( ).,min, 11 δ+λ′λ′∈λ′∗ a  Let 

,∞λ′∗=α z  

{ ( )},:inf 10 xhKzKK ≥λ′=
∗λ′  

{ }.,1max 01 KK =  

Note that 00 >K  exists, since ( )xz
∗λ′  is positive for Ω∈x  and is such 

that 0<
∂
∂ λ′

n
z

 for .Ω∂∈x  Define ( ) ,
∗λ′=ψ Kczx  where 0>K  is to be 

determined later. We will choose 0>K  and 0>c  properly so that ψ is 

a subsolution. First we require that ,1KK ≥  then ( ).1 xch≥ψλ′  We have 

( ) ( )xcham −ψ−ψ+ψ∆ 2
0  

( ) ( ) ( )xchKczKzacmzcK −−+−λ′−=
∗∗∗ λ′λ′λ′∗

2
01  

( ) ( ) cKczKzacmzcK −−+−λ′−≥
∗∗∗ λ′λ′λ′∗

2
01  

[ ( ) ( ) ( ) ( )].10
2 −+λ′−+−=

∗∗ λ′∗λ′ KKzamKzcc  
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Define 

( ) ( ) ( ).10
2 −+λ′−+−= ∗ KyamcyyH  

Then ( )xψ  is a subsolution if ( ) 0≥yH  for all [ ].,0 α∈ Ky  Notice that 

( ) ,010 ≥−= KH  since ( ) ( ) ,0,1 0 >λ′−=′≥ ∗amxHK  and ( ) cH 20 −=′′  

.0<  Hence ( ) 0≥yH  for all [ ]α∈ Ky ,0  if 

( ) ( ) ( ) ( ) ( ) ,010
2 ≥−+αλ′−+α=α ∗ KKamKcKH  

which is equivalent to 

( ) ( ) ( )
( )

.
1

2
0

α

−+αλ′−
≤ ∗

K

KKam
c  

We define 

( ) ( ) ( )
( )

.
1

sup
2

0
0

1 α

−+αλ′−
= ∗

≥ K

KKam
c

KK
 

For ( ),,0 0cc ∈  there exists 1
ˆ KK ≥  such that 

( ) ( ) ( )
( )

,
ˆ

1ˆˆ
2

0

α

−+αλ′−
≤ ∗

K

KKam
c  

and hence ( )
∗λ′=ψ czKx ˆ  turns out to be subsolution. It is easy to see that 

if any large positive constant C is a supersolution to (11-12), then this C 
is a supersolution to (1) for fixed .0, >ca  Thus from standard result of 

the sub-sup solution method (see [7]), for ( ),,0 0cc ∈  there exists a 

solution u of (1) such that 

( ) ( )
.

01m
xch

xu
λ

≥  
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