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Abstract

In this paper we study the existence of positive solution for the following
reaction-diffusion equation

{—Au = am(x)u - u® - ch(x), xeQ,
u(x) = 0, x € 0Q,
where a and ¢ are positive constants, Q is a smooth bounded domain in
RN(N >3) with 6Q of class C? and connected. The weight m satisfies
m e C(Q) and m(x) 2 mg >0 for x € Q, also |m |, =1 <o and h: Q
> R is a C*(Q) function satisfying h(x) >0 for x e Q, h(x) # 0,

max h(x) =1 for x € Q and h(x) = 0 for x e 9Q. We prove the existence

of the positive solution under certain conditions.
1. Introduction
We consider the boundary value problem

{—Au = f(x, u) = am(x)u — u® - ch(x), x e Q, )

u(x) = 0, x € 0Q,
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where a and c¢ are positive constants, Q is a smooth bounded domain in
RN(N > 3) with 0Q of class C? and connected. The weight m satisfies

m e C(Q) and m(x) 2 my >0 for x € Q, also [m|, =l<ow and h: Q
— R is a C*(Q) function satisfying A(x) >0 for x € Q, h(x) # 0,
max A(x) =1 for x € Q and h(x) = 0 for x € Q. We denote by Aj the
k-th eigenvalue of

{—Acb +Am(x)p =0, xeQ, ®

d(x) = 0, x € 0Q.

In particular, A; >0 1is the principal eigenvalue with a positive
eigenfunction ¢, satisfying | ¢; | =1 (see [2]).

Equation (1) arises in the study of population biology of one species

with u representing the concentration of the species, am(x)u — u?

represents the logistic growth and ch(x) represents the rate of harvesting

(see [6]). In [5] the author studied (1) when ¢ = 0 (non-harvesting case)
and without the weight function. However, the case ¢ >0 1is a

semipositone problem (f(x, 0) < 0) and studying positive solutions in

this case is significantly harder. More work on the diffusive logistic

equation can be found in [1] and [3].
2. Preliminaries

We begin this section with some results on the dependence of solution

on the parameter a > 0. First, we prove some nonexistence results:

Proposition 2.1. (i) If a < Ay, then (1) has no positive solution.

1) If a > A and

alla - 1) | m(x)ty
R

c >

then (1) has no positive solution.
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First we have following lemma [8].

Lemma 2.2. Suppose that f : Qx R — R is a continuous function

such that f(x, s)/s is strictly decreasing for s > 0 at each x € Q.
Let w, v € C(Q)N C%(Q) satisfy:
(@) Aw + f(x, w) <0 < Av + f(x, v) on Q,
(b) w,v>0o0onQand w > v on 0L,
© Av e LHQ).

Then w > v in Q.

Proof of Proposition 2.1. (i) Suppose otherwise, i.e., assume that
there exists a positive solution u of (1). We calculate ((1)¢; + (2)u) and

integrate over Q which yields

J. (—Au)(l)ldx + I (—A(I)l)udx
Q Q
= J. (@ = Ay)mlx)udp;dx — J. w2 dx — cj hodx. ©)
Q Q Q
But by Green’s identity we have
I (-Au)d;dx + I (-Ad; )udx
Q Q
= J- Vu - Voidx - J Vu - Vdidx = 0. 4)
Q Q
By using (4) in (3) we get
(a - kl)j m(x)ud;dx = I w2 dx + cj hidx > 0. (5)
Q Q Q

Since u > 0, m(x) > mg > 0 and ¢; > 0, this requires a > Ay, which is

a contradiction.
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(i1) From above lemma we have u(x) < al for any positive solution u.

Hence from (5), we obtain
cj hddx < (a - XI)J. m(x)updx < al(a - Xl)j m(x)d;dx, (6)
Q Q Q

a contradiction.

So a>A; is a necessary condition for the existence of positive

solutions.
3. Existence of Solutions

In this section we prove the existence of solutions by comparison

method. It is easy to see that any subsolution of
~Au = amou - u% - ch(x), x e Q, @)

1s a subsolution of (1), also any supersolution of

0, x e dQ, (®

“Au = alu - u® - ch(x), xeQ, 9)
u(x) =0, x eoQ, (10)

is a supersolution of (1), where [ is as defined before.

We denote by L}, , the k-th eigenvalue of

Ab+Nd =0, xeQ,
(11)
d(x) =0, x € 0Q,
with positive eigenfunction ¢] satisfying | ¢; || = 1. Our main result is

the following theorem.

Theorem 3.1. Suppose that a > \j/mg, then there exists cy =
cola, mg) such that for 0 < ¢ < ¢, (1) has a positive solution u. Further,
this solution u is such that

u(x) > ¥
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Proof. We use the method of subsolution and supersolution. We
recall the anti-maximum principle of Clement and Peletier (see [4]) in the

following form: let A} be as defined above. Then there exists a 8(Q) > 0

such that the solution z; of
Az+ Az =1 xe€Q, (12)
z=0, xe0Q, (13)
for ' e (A1, A} +8), is positive for x € Q and is such that % < 0 for

x € 0Q. We construct the subsolution y of (9-10) using z;: such that
My = ch(x).

Fix A, e (A}, min{a, A} + 8}). Let
o =zl
Ky = inf{K : MKz, > h(x)},
K; = max{l, Ky}.
Note that K, > 0 exists, since 2, (x) is positive for x € Q and is such

that a;—’;‘ <0 for x € 0Q. Define y(x) = Kcz;,, where K > 0 is to be

determined later. We will choose K > 0 and ¢ > 0 properly so that vy is
a subsolution. First we require that K > K;, then Ay > ch(x). We have

Ay + amgy — (v)* - ch(x)

= —cK(Myzy — 1)+ acmgKz,, — (Kczy, ) - ch(x)

\%

—cK(Mizy, —1)+ acmoKz,, — (Kez;, P —c

= c[-c(Kzy, ) + (amg - 24) Kz, ) + (K —1)].
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Define
H(y) = —¢y? + (@amg — 1})y + (K —1).

Then y(x) is a subsolution if H(y) > 0 for all y € [0, Ka]. Notice that
H(0)=K-12>0, since K >1, H'(x) = (amy — A,) > 0, and H"(0) = —2¢
< 0. Hence H(y) > 0 for all y € [0, Ka] if

H(Ka) = ¢(Ka)? + (amgy — 1,) (Ka) + (K 1) = 0,
which is equivalent to

< (amy —}L;)(Ka)+(K—1)‘

(Ka)?
We define
co = sup (amq - M)(Ko;) +(K -1) ‘
KZK]_ (K(X,)

For ¢ € (0, ¢g), there exists K > K; such that

. < (amo - A) (Ka) + (K —1)
) (Ka)?

’

and hence y(x) = IA{CZM turns out to be subsolution. It is easy to see that
if any large positive constant C is a supersolution to (11-12), then this C
is a supersolution to (1) for fixed a, ¢ > 0. Thus from standard result of
the sub-sup solution method (see [7]), for ¢ € (0, ¢y), there exists a
solution u of (1) such that

ch(x)
u(x) > g
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