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Abstract 

In this paper we introduce and examine some properties of the double 

Orlicz sequence spaces ( )pM
2Γ  and ( ).2 pM∧  

1. Introduction 

Throughout w, Γ and ∧ denote the classes of all, entire and analytic 

scalar valued single sequences, respectively. 

We write 2w  for the set of all complex sequences ( ),mnx  where 

N∈nm,  is the set of positive integers. Then 2w  is a linear space under 

the coordinatewise addition and scalar multiplication. 
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Some initial works on double sequence spaces are found in Bromwich 
[4]. Later on they were investigated by Hardy [8], Moricz [12], Moricz and 
Rhoades [13], Basarir and Sonalcan [2], Tripathy [20], Colak and 
Turkmenoglu [6], Turkmenoglu [22] and many others. 

We need the following inequality in the sequel of the paper. 

For 0, ≥ba  and ,10 << p  we have 

 ( ) .ppp baba +≤+  (a) 

The double series ∑∞
=1, nm mnx  is called convergent if and only if the 

double sequence ( )mnS  is called convergent, where 

( )...,3,2,1,
,

1,
== ∑ =

nmxS
nm

ji ijmn  

(see [1]). 

A sequence ( )mnxx =  is said to be double analytic if .sup 1 ∞<+nm
mn

mn
x  

The vector space of all double analytic sequences will be denoted by .2∧  A 

sequence ( )mnxx =  is called double entire sequence if 01 →+nm
mnx  

as ., ∞→nm  The double entire sequences will be denoted by .2Γ  Let 

{ }.sequencesfiniteall=Φ  

Consider a double sequence ( ).ijxx =  The ( )th, nm  section [ ]nmx ,  of 

the sequence is defined by [ ] ∑
=

δ=
nm

ji
ijij

nm xx
,

0,

,  for all ,, N∈nm  

























⋅
⋅

=δ

...,0,0...,,0,0
...,0,1...,,0,0

...,0,0...,,0,0

...,0,0...,,0,0

mn  

with 1 in the ( )th, nm  position and zero otherwise. An FK-space (or a 
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metric space) X is said to have AK property if ( )mnδ  is a Schauder basis 

for X or equivalently [ ] ., xx nm →  

An FDK-space is a double sequence space endowed with a complete 
metrizable; locally convex topology under which the coordinate mappings 

( ) ( ) ( )N∈→= nmxxx mnk ,  are also continuous. 

A double sequence ( )mnxx =  is called a Cauchy sequence if and only 

if for every 0>ε  there exists a positive integer ( )ε= 00 nn  such that 

,ε<− pqmn xx  for all .,,, 0nqpnm >  

It is known that a double sequence ( )mnx  is a Cauchy sequence if and 

only if it is convergent [5]. 

Orlicz [16] used the idea of Orlicz function to construct the space 

( ).ML  Lindenstrauss and Tzafriri [10] investigated Orlicz sequence 

spaces in more detail, and they proved that every Orlicz sequence space 

MA  contains a subspace isomorphic to ( ).1 ∞<≤ ppA  Subsequently, 

different classes of sequence spaces were defined by Parashar and 
Choudhary [17], Mursaleen et al. [14], Bektas and Altin [3], Tripathy et 
al. [21], Rao and Subramanian [18], and many others. The Orlicz 
sequence spaces are the special cases of Orlicz spaces studied in [9]. 

Recall [16] and [9], an Orlicz function is a function [ ) [ )∞→∞ ,0,0:M  

which is continuous, non-decreasing and convex with ( ) ,00 =M  ( ) ,0>xM  

for 0>x  and ( ) ∞→xM  as .∞→x  If convexity of Orlicz function M is 

replaced by ( ) ( ) ( ),yMxMyxM +≤+  then this function is called modulus 

function, defined by Nakano [15] and further discussed by Ruckle [19] 
and Maddox [11], and many others. 

An Orlicz function M is said to satisfy the 2∆ -condition for all values 

of u if there exists a constant 0>K  such that ( ) ( ) ( ).02 ≥≤ uuKMuM  

The 2∆ -condition is equivalent to ( ) ( ),uMKuM AA ≤  for all values of u 

and for .1>A  

Let ( )µ∑Ω ,,  be a finite measure space. We denote by ( )µE  the space 

of all (equivalence classes of) ∑-measurable functions x from Ω into 
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[ ).,0 ∞  Given an Orlicz function M, we define on ( )µE  a convex functional 

MI  by 

( ) ( )( ) ,∫Ω µ= dtxMxIM  

and an Orlicz space ( )µML  by ( ) { ( ) ( ) ∞+<λµ∈=µ xIExL M
M :  for some 

},0>λ  (for detail see [9, 16]). 

Lindenstrauss and Tzafriri [10] used the idea of Orlicz function to 
construct Orlicz sequence space 

,0somefor,:
1 











>ρ∞<







ρ
∈= ∑

∞

=k

k
M

x
MwxA  

where { }.sequencescomplexall=w  

The space MA  with the norm 

,1:0inf
1 











≤







ρ
>ρ= ∑

∞

=k

kx
Mx  

becomes a Banach space which is called an Orlicz sequence space. For 

( ) ( ),1 ∞<≤= pttM p  the space MA  coincides with the classical 

sequence space .pA  

If X is a sequence space, we give the following definitions: 

  (i) =′X  the continuous dual of X; 

 (ii) ( ) ;eachfor,:
1, 






 ∈∞<== ∑∞

=
α

nm mnmnmn XxxaaaX  

(iii) ( ) ;eachfor,convergentis:
1, 






 ∈== ∑∞

=
β

nm mnmnmn XxxaaaX  

(iv) ( ) ;eachfor,sup:
,

1,1, 







∈∞<== ∑ =≥

γ XxxaaaX
NM

nm mnmn
nm

mn  

 (v) let X be an FK-space ,Φ⊃  then ( ){ };: XffX mn
f ′∈δ=  
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(vi) { ( )
( )

};eachfor,sup: 1 XxxaaaX nm
mnmn

mn
mn ∈∞<== +∧  

,αX  ,βX  ,γX  ∧X  are called α- (or Köthe-Toeplitz) dual of X, β- (or 

generalized-Köthe-Toeplitz) dual of X, γ-dual of X and ∧-dual of X, 

respectively. αX  is defined by Gupta and Kamptan [7]. It is clear that 
βα ⊂ XX  and ,γα ⊂ XX  but γβ ⊂ XX  does not hold, since the sequence 

of partial sums of a double convergent series need not to be bounded. 

2. Definitions and Preliminaries 

Throughout the article 2w  denotes the spaces of all sequences. 

( )pM
2Γ  and ( )pM

2∧  denote the Pringscheims sense of double Orlicz space 

of entire sequences and Pringscheims sense of double Orlicz space of 
bounded sequences, respectively. 

Let 2w  denote the set of all complex double sequences ( )∞ == 1,nmmnxx  

and [ ) [ )∞→∞ ,0,0:M  be an Orlicz function, or a modulus function. 

Given a double sequence, .2wx ∈  If ( )mnpp =  is a double sequence 

of strictly positive real numbers ,mnp  then we write 

( )












>ρ∞→→
























ρ

∈=Γ
+

0somefor,as0:
1

22 nm
x

Mwxp
mnpnm

mn
M  

and 

( ) .0someforsup:
1

1,

22













>ρ∞<

























ρ
∈=∧

+

≥

mnpnm
mn

nm
M

x
Mwxp  

The space ( )pM
2∧  is a metric space with the metric 

( )












≤
























ρ

−
>ρ=

+

≥
1sup:0inf,

~ 1

1,

mnpnm
mnmn

nm

yx
Myxd  

and the space ( )pM
2Γ  is a metric space with the metric  
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( ) =yxd ,
( )

....,3,2,1,:sup:0max
1

, 











=
























ρ

−
>ρ

+
nm

yx
M

mnpnm
mnmn

nm
 

Throughout the paper we write ,inf mnp  mnpsup  and mn∑  instead of 

,inf
1, ≥nm

 
1,

sup
≥nm

 and ,
1,∑∞
=nm

 respectively. 

3. Main Results 

Theorem 1. For every ( ),mnpp =  [ ( )] [ ( )] [ ( )]γαβ ∧=∧=∧ ppp MMM
222  

( ),2 pMη=  where 

( ) ( )
{ }

.:
1

,
2 ∩

−∈

+













∞<




















ρ
==η ∑

NN
nm

pnm
mn

mnM

mnNx
Mxxp  

Proof. (a) To prove that [ ( )] ( ).22 pp MM η=∧ β  (1.1) 

First we show that ( ) [ ( )] .22 β∧⊂η pp MM  

Let ( )px M
2η∈  and ( ).2 py M∧∈  Then we can find a positive integer 

N such that ( ) ( ( ) ) ,sup,1max 1

1,

1 Nyy mnmn pnm
mn

nm

pnm
mn << +

≥

+  for 

all m, n. 

Hence we may write 

∑∑∑ 















ρ
≤≤

nm

mnmn

nm
mnmn

nm
mnmn

yx
Myxyx

,,,

 

.
,
∑ 




















ρ

≤
+

nm

pnm
mn

mnNx
M  

Since ( ),2 px Mη∈  the series on the right side of the above inequality is 

convergent, whence [ ( )] .2 β∧∈ px M  Hence ( ) [ ( )] .22 β∧⊂η pp MM  

Now we show that [ ( )] ( ).22 pp MM η⊂∧ β  
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For this, let [ ( )] ,2 β∧∈ px M  and suppose that ( ).2 px M∧∉  Then there 

exists a positive integer 1>N  such that .
,

∞=



















ρ∑

+

nm

pnm
mn

mnNx
M  

If we define ...,,2,1,, == + nmxSgnNy mn
pnm

mn
mn  then ∈y  

( ).2 pM∧  But, since  

,
, ,,

∞=




















ρ
=
















ρ
= ∑ ∑∑

+

nm nm

pnm
mnmnmn

nm
mnmn

mnNx
M

yx
Myx  

we get [ ( )] ,2 β∧∉ px M  which contradicts to the assumption [ ( )] .2 β∧∈ px M  

Therefore ( ).2 px Mη∈  Therefore [ ( )] ( ).22 pp MM η=∧ β  

(b) [ ( )] ( )pp MM
22 η=∧ α  and (c) [ ( )] ( )pp MM

22 η=∧ γ  can be shown in a 

similar way of (1.1). Therefore we omit it. 

Theorem 2. Let ( )mnpp =  be an analytic double sequence of strictly 

positive real numbers .mnp  Then 

  (i) ( )pM
2∧  is a paranormed space with 

( )

























ρ
=

+

≥

Mpnm
mn

nm

mn
x

Mxg
1

1,
sup  

if and only if ,0inf >= mnph  where ( )HM ,1max=  and .sup mnpH =  

(ii) ( )pM
2∧  is a complete paranormed linear metric space if the 

condition p in (i) is satisfied. 

Proof. (i) Sufficiency. Let .0>h  It is trivial that ( ) 0=θg  and 

( )xg −  ( ).xg=  

The inequality ( ) ( ) ( )ygxgyxg +≤+  follows from the inequality (a), 

since 1≤Mpmn  for all positive integers m, n. We may also write 

( ) ( ) ( ),,max xgxg Mhλλ≤λ  since ( )Mhpmn λλ≤λ ,max  for all 
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positive integers m, n and for any ,C ∈λ  the set of complex numbers. 

Using this inequality, it can be proved that ,θ→λx  when x is fixed and 

,0→λ  or 0→λ  and ,θ→x  or λ is fixed and .θ→x  

Necessity. Let ( )pM
2∧  be a paranormed space with the paranorm 

( )

























ρ
=

+

≥

Mpnm
mn

nm

mn
x

Mxg
1

1,
sup  and suppose that .0=h  Since 

1=λ≤λ MhMpmn  for all positive integers m, n and C∈λ  such 

that ,10 ≤λ<  we have .1sup
1,

=



















ρ

λ

≥

Mp

nm

mn
M  Hence it follows 

that ( ) 1sup
1,

=



















ρ

λ
=λ

≥

Mp

nm

mn
Mxg  for ( ) ( )pax M

2∧∈=  as .0→λ  

But this contradicts to the assumption ( )pM
2∧  is a paranormed space 

with ( ).xg  

(ii) The proof is clear. 

Corollary 1. ( )pM
2∧  is a complete paranormed space with the natural 

paranorm if and only if ( ) .22
MM p ∧=∧  

Theorem 3. Let ,sup:min
1

,
01

0 











∞<

























ρ
=

+

≥

mnpnm
mn

nnm

x
MnN  

{ }∞<=
≥

mn
nnm

pnN
0,

02 sup:min  and ( ).,max 21 NNN =  

 (i) ( )pM
2Γ  is a paranormed space with 

 ( )

























ρ
=

+

≥∞→

Mpnm
mn

NnmN

mn
x

Mxg
1

,
suplim  (3.1) 

if and only if ,0>µ  where mn
NnmN

p
≥∞→

=µ
,
inflim  and =M   

( ).sup,1max
,

mn
Nnm

p
≥

 

(ii) ( )pM
2Γ  is complete with the paranorm (3.1). 
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Proof. (i) Necessity. Let ( )pM
2Γ  be a paranormed space with (3.1) and 

suppose that .0=µ  

Then 0inf
,

==α
≥

mn
Nnm

p  for all ,N∈N  and hence we obtain ( )xg λ  

1suplim
,

=λ=
≥∞→

Mp

NnmN
mn  for all ( ],1,0∈λ  where ( ) ( ).2 pax MΓ∈=  

Whence 0→λ  does not imply ,θ→λx  when x is fixed. But this 

contradicts to (3.1) to be a paranorm. 

Sufficiency. Let .0>µ  It is trivial that ( ) ,0=θg  ( ) ( )xgxg =−  and 

( ) ( ) ( ).ygxgyxg +≤+  Since 0>µ  there exists a positive number β such 

that β>mnp  for sufficiently large positive integer m, n. Hence for any 

,C∈λ  we may write ( )βλλ≤λ ,max Mpmn  for sufficiently large 

positive integers ., Nnm ≥  Therefore, we obtain that ( ) ≤λxg  

( ) ( )xgMβλλ ,max  using this, one can prove that ,θ→λx  whenever x 

is fixed and ,0→λ  or 0→λ  and ,θ→x  or λ is fixed and .θ→x  

(ii) Let ( )klx  be a Cauchy sequence in ( ),2 pMΓ  where =klx  

( ) .Nmn
kl
mnx ∈  

Then for every ( )100 <ε<>ε  there exists a positive integer 0s  

such that 

( ) 2suplim
1

,
ε<


























ρ
−

=−
+

≥∞→

Mpnmrt
mn

kl
mn

NnmN

rtkl
mn

xx
Mxxg  

for all .,,, 0strlk >  (3.2) 

By (3.2) there exists a positive integer 0n  such that 

2sup
1

,
ε<


























ρ
− +

≥

Mpnmrt
mn

kl
mn

Nnm

mn
xx

M  for all 0,,, strlk >  and for 

.0nN >  Hence we obtain 

 12
1

<ε<
























ρ

− + Mpnmrt
mn

kl
mn

mn
xx

M  (3.3) 
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so that 

 2
11

ε<
























ρ

−
<




















ρ

− ++ Mpnmrt
mn

kl
mn

nmrt
mn

kl
mn

mn
xx

M
xx

M  (3.4) 

for all 0,,, strlk >  and ., 0nnm >  This implies that ( ) Nkl
kl
mnx ∈  is a 

Cauchy sequence in C  for each fixed ., 0nnm >  Hence the sequence 

( ) Nkl
kl
mnx ∈  is convergent to mnx  say, 

 mn
kl
mnlk

xx =
∞→,

lim  for each fixed ., 0nnm >  (3.5) 

Getting ,mnx  we define ( ).mnxx =  From (3.2) we obtain 

 ( ) 2suplim
1

,
ε<

























ρ

−
=−

+

≥∞→

Mpnm
mn

kl
mn

NnmN
kl

mn
xx

Mxxg  (3.6) 

as ,, ∞→tr  for 0, slk >  by (3.5). This implies that .lim xxkl

kl
=

∞→
 

Now we show that ( ) ( ).2 pxx Mmn Γ∈=  Since ( )px M
kl 2Γ∈  for each 

( ) ,1, NNk ×∈  for every ( )100 <ε<>ε  there exists a positive integer 

Nn ∈1  such that 

 2
1

ε<
























ρ

+ Mpnmkl
mn

mn
x

M  for every ., 1nnm >  (3.7) 

By (3.6) and (3.7) and (a) we obtain 

























ρ

≤






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for all ( )10,max, sslk >  and ( ).,max, 10 nnnm >  This implies that 

( ).2 px MΓ∈  

This completes the proof. 

Theorem 4. For every ( ),mnpp =  then ( ) [ ( )] .222 ∧⊂Γ⊂η
≠

βpp MM  

Proof. Case 1. First we show that ( ) [ ( )] .22 βΓ⊂η pp MM  

We know that ( ) ( ).22 pp MM ∧⊂Γ  

[ ( )] [ ( )] .22 ββ Γ⊂∧ pp MM  But [ ( )] ( ),22 pp MM η=∧ β  by Theorem 1. 

Therefore 

 ( ) ( ).22 pp MM Γ⊂η  (4.1) 

Case 2. Now we show that ( ( )) .22 ∧⊂Γ
≠

βpM  

Let { }mnyy =  be an arbitrary point in ( ( )) .2 βΓ pM  If y is not in ,2∧  

then for each natural number q, we can find an index qqnm  such that 
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M  otherwise. 

Then x is in ( ),2 pMΓ  but for infinitely mn, 
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Then z is a point of ( ).2 pMΓ  Also .0=







ρ∑
mnp

mnz
M  Hence z is in 

( ).2 pMΓ  

But, by the equation (4.2), ∑ 







ρ

mnp
mnmnyz

M  does not converge. 

mnmnyx∑⇒  diverges. 

Thus the sequence y would not be in ( ( )) .2 βΓ pM  This contradiction proves 

that 

 ( ( )) .22 ∧⊂Γ βpM  (4.3) 

If we now choose ( )mnpp =  is a constant, ,idM =  where id is the 

identity and 111 == nn xy  and ( )10 >== mxy mnmn  for all n, then 

obviously ( )px M
2Γ∈  and ,2∧∈y  but ,

1,∑∞
=

∞=
nm mnmnyx  hence 

 ( ( )) .2 βΓ∉ py M  (4.4) 

From (4.3) and (4.4) we are granted  

 ( ( )) .22 ∧⊂Γ
≠

βpM  (4.5) 

Hence (4.1) and (4.5) we are granted ( ) [ ( )] .222 ∧⊂Γ⊂η
≠

βpp MM  

This completes the proof. 

Theorem 5. Let M be an Orlicz function or modulus function which 

satisfies the 2∆ -condition. Then ( ) ( ).22 pp MΓ⊂Γ  

Proof. Let 

 ( ).2 px Γ∈  (5.1) 

Then ( ) ε≤+ mnpnm
mnx 1  for sufficiently large m, n and every .0>ε  

But then by taking ,21≥ρ  
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Hence 

 ( ).2 px MΓ∈  (5.3) 

From (5.1) and (5.3) we get ( ) ( ).22 pp MΓ⊂Γ  

This completes the proof. 
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