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Abstract

An explicit numerical integration method is further developed. The
method is based on the relationship that m-step Adams-Moulton

method is linear convex combination of the (m — 1) -step Adams-Moulton

and m-step Adams-Bashforth method with a fixed weighting coefficients.
A general form is used to evaluate the recurrence expressions using the
different number of previous mesh points. The analytical upper bound of
modified predictor-corrector method is given in the closed form. The
expressed order of convergence is now m + 2. The explicit numerical
algorithm is given for modified 3-step predictor-corrector method. Some
numerical examples, for the different kind of problems, first- and second-
order nonlinear initial value problems, are used to demonstrate the
efficiency and the accuracy of the proposed numerical method. The
calculated numerical solutions show superiority of presented modified
predictor-corrector method to the standard Adams-Bashforth-Moulton
predictor-corrector method.

1. Introduction

According to the great advance in modern computer technology,

computational mechanics has been applied for modelling almost all

2000 Mathematics Subject Classification: 65106, 65107, 651.20.
Keywords and phrases: predictor-corrector method, order of convergence.

Received November 22, 2007



246 MLADEN MESTROVIC and EVA OCVIRK

physical problems. Numerical methods are used to solve many problems
in modern engineering and computational mechanics. Nonlinear
differential equations are often used to describe and prepare for solving
the most practical engineering problems. Analytical solutions of those
equations are usually very complicated, and rarely we can find solutions
in the closed form, what directly leads to necessary numerical integration
methods. Predictor-corrector method is commonly used multi-step
integration method to solve nonlinear ordinary differential equations.
Modified predictor-corrector method as convex linear combination of
predicted and corrected values calculated with traditional Adams-

Bashforth-Moulton predictor-corrector method is given in [1].

In this paper, modified predictor-corrector method is applied on first-
and second-order ordinary differential equations and systems of ordinary
differential equations. The proposed method gives superior solution with
little more computational effort at the each step of calculation what is
shown on some numerical examples. Some first results of this

investigation are proposed in [3].
2. Predictor-corrector Method

The expressions for traditional Adams-Bashforth-Moulton m-step

predictor-corrector method are as follows, for predictor step

m-1 1
P 5) = o)+ e 3 VL) (1) s, w
k=0
and for corrector step

1
Y1) = ¥(x;) + hf (x4, ¥P (x541)) (—1)m_1_[0 Cplads

+h- g{vk f(xi){(—l)k J'; Ci’ds — (—1)’”1J.; C;f_lds}}, ©@)

where h 1s mesh size and

—s(-s-1)---(-s—k +1)‘

Cp” = k!
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The introduced back difference operators ka(xi) are defined with

recurrence relation as

Vi(x;) = fx;) = f(x;1)s (4)
VEf(x;) = VIVF () 6y
or by proposition given in [1]

k-1
VEfG) = fxi) = DV (i) ©)
r=0

The predicted value, y?, gives first approximation of needed function

at next mesh point. With corrector step, y¢, better approximated value is

recalculated.
3. Modified Predictor-corrector Method

A modified predictor-corrector method is introduced with idea to
improve the numerical solution evaluated by standard predictor-corrector

method. An expression for modified predictor-corrector method as convex
linear combination of predicted, y?, and corrected, y¢, values calculated

with traditional Adams-Bashforth-Moulton predictor-corrector method is
taken from [1]

1
Y (xi4) = m(lep(xiﬂ) + Woy(x;11)), (7

where the weighting coefficients and the coefficients of convex linear

combination are given as follows:

W, = —(-1)™ J : C,5tds, (8)
1
Wy = ()" | Cylds, ©)

1
W, + Wy = (<11 I Calads. (10)



248 MLADEN MESTROVIC and EVA OCVIRK

4. Order of the Convergence of Modified
Predictor-corrector Method

The errors for predictor and corrector steps are respectively

1
erry = AL y(u) (1) j (Cpds, (11)

err, = ™M@ 3(8) (—U’”j:C;f“ds, (12)

where u;, ¢; € [x;, x;,1]. According to the definition of modified
predictor-corrector algorithm, we can derive the error of modified
predictor-corrector numerical solution

1

erhupe = Wi W, (W, -erry, + Wy - err,)

1
_(_1)mJ. C;ls+1ds
0 m 1 -3 m+1 g(m)
- : (-1) I Cp'ds - K™ Y™, ¥(wy))
(| Cptads 7
0

1
(=)™ IO C,’ds 1
v : " [ s - B (&)
(—l)milj. C,;ls_lds 0
0

(—1)’”_[ ' C;fds(—l)mj ' C, 5 ds
- : — R, 9(E)
(—l)milj. C,;f_lds
0

— F™ (g, y()]

(-1)y" j ' C,;fds(—1)’"_[ ' C,5ds
N s i > R - ) ()
(-1)m—1j C;5 \ds
0

1 1
‘(—1)’” j i C,;fds(—l)mjo Co5*ds
<

- "M fs (13)
‘ (-1)m—1j C,.5ds ‘
0
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where &; € [x;, x;,1] and M,,,; ; is a maximum of (m +1)-th derivative

on [x;, x41]-

Calculated upper error bound shows that modified predictor-corrector
algorithm has one order higher accuracy than standard predictor-
corrector algorithm.

5. Application of Modified Predictor-corrector Method on
Standard Adams-Bashforth-Moulton Predictor-corrector Method

The most involved multistep predictor-corrector method in numerical
integration of nonlinear ordinary differential equations is standard
Adams-Bashforth-Moulton predictor-corrector method. The expressions

for numerical calculation of predicted, yiljrl, and corrected, yic+1, values
are given in standard form
h
yﬁ_l =y + ﬂ(55fl — 59ﬁ_1 + 37]‘;'_2 — 9]‘;_3), (14)
€. = h 9fP 19 5 15
yi+1—yi+ﬂ(fi+1+ fi = 5fi.1 + fiz2), (15)

where f;, = f(xz, y,) and fP, = f(x;,1, ¥£,;) are function values at

according point.

With weighting coefficients, taken from Chiou and Wu [1], the

m

expression for modified predictor-corrector value, y;,, is given as
1
Wl = gas (25156 +192,). (16

Analytical upper bound of the error for the given modified solution is

1 1
(—1)3j C3%ds(-1)? I C3%+ds
0 0

erlmpe < T h5M4,f
(—1)2J' Cyds ‘
0
251 19
_ 720 720 p5pp, - AT69 psa 5
= LR My p = o m s b My o~ 0.024532h° My p. (17)
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6. Application of Modified Predictor-corrector Method on Second-
Order Equations and System of Ordinary Differential Equations

For second-order differential equations, which could be written as
Fx,y, 5, y") =0, (18)
and associated initial conditions
y(xo) = ¥o, ¥'(x0) = 0, (19)
we have to introduce new variable, denoted p, and defined as
p=Y, (20)
with its initial condition
po = Yo- (21)
Then, we have the system of first-order ordinary differential equations
p' = g(x, 3, p), (22)
Yy =p (23)
with associated initial conditions
¥(xo) = o, P(x0) = Po = Yo- (24)

The predicted and corrected values for each variable are now expressed
with applied formerly mentioned expressions, for predicted values

h
P =y + ﬂ(55pi - 59p;_1 +37p;_9 — 9p;_3), (25)

h
Py = pi + 57 (558; —59gi_1 +37gi_5 - 9g;_3), (26)
and for corrected values
h
Vi1 = ¥+ ﬂ(9pﬁr1 +19p; - 5p;_1 + pi_9), (27)
h
piv1 = Dpi + 51 (980 +198; —5gi1 + 8i9), (28)

where g, = g(xg, ¥, pr) and gP, = g(x;.1, ¥£,, pF,;). The modified
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values for each variable could be easily expressed in following form:

1

yln:lkl = 270 (251ylc+1 + 19yl1:—1)’ (29)
1

pit1 = m(%lpfﬂ +19pP ). (30)

7. Numerical Examples

Numerical examples are calculated for different kind of problems,
first-order nonlinear differential equation, second-order differential
equation and system of ordinary differential equations. The starting
values in all examples are evaluated by using standard RK4 method.

First example is taken as the verification model for calculated error
bounds for modified predictor-corrector method. The first order
differential equation is taken with its associated initial condition

y —e* =0, y0)=1. (31)

Analytical solution of this problem is easy to find as
y(x) =e. (32)

Numerical solutions are calculated by standard Adams-Bashforth-
Moulton predictor-corrector method and modified predictor-corrector
method with different integration step size. The evaluated numerical
solutions are compared with calculated analytical bound of numerical
error. The results are expressed in Table 1.

As second example, first-order nonlinear differential equation is
taken with its associated initial condition

y—e¥ ™V +e¥ =0, y(0)=1n1+e. (33)
Analytical solution of this problem is taken from [3]
y(x) =1n[1 + e(_ex)]. (34)

Numerical solutions are calculated by standard Adams-Bashforth-
Moulton predictor-corrector method and modified predictor-corrector
method with different integration step size. The evaluated results are
given in Table 2.
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As third example, second-order differential equation is taken with its

assocliated initial conditions
Y-y=0
0) =1, y(0) = -1. (35)

Analytical solution can be easily found as follows:

y(x)=e ", (36)

Numerical solutions are calculated by standard Adams-Bashforth-
Moulton predictor-corrector method and modified predictor-corrector
method with different integration step size. The evaluated results are

given in Table 3.
Forth example is the system of ordinary differential equations
ix'+y=0
ty'+x =0 37
with associated initial conditions
x(1) = 2, y(1) = 0. (38)

Analytical solution of this system of equations is taken from [3] as

1-¢2

o) = L2 50 - 1=

. (39)

Numerical solutions are again calculated by standard Adams-
Bashforth-Moulton predictor-corrector method and modified predictor-
corrector method with different integration step size. The evaluated

results are given in Table 4.
8. Conclusions

The modified predictor-corrector method is applied as numerical
integration method for different kind of problems. It has been shown good
quality of solution with relatively small modification and just a little
increased computational effort. Numerical examples for nonlinear first-

order differential equations, second-order differential equations and
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system of differential equations has been used to show accuracy of the
presented numerical integration method. The rate of convergence of
modified predictor-corrector method is one order higher than rate of

convergence of standard predictor-corrector method.
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Table 1. Numerical results for the given problem (31) at x =1

absolute error error upper bound
p.c. m.p.c
h =0.2 3.28-107° 4.67-107° 2.13-107°
h=0.1 3.35.107% 2.39.1077 6.67-107"
h =0.05 9.47.10~" 8.93.107° 2.08-1078

Table 2. Numerical results for the given problem (33)

error, %
N =20 N = 40
p.c. m.p.c. p-c. m.p.c.
y(1) 0.36-10% | 1.09-107* | 1.84-107° 3.13-107°
¥(2) 0.592 0.3987 1.15-1072 5.65-107°
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Table 3. Numerical results for the given problem (35)
error, %
N =20 N =40
p-c. m.p.c. p.c. m.p.c.
¥(2) 7.48-107% | 1.86.107° 3.99-1077 | 5.74-1078
¥(4) 3.84-107% | 1.57-107% 1.66-107° 4.36-107°
Table 4. Numerical results for the given problem (37)
error, %
N =20 N =40
p-c. m.p.c. p-c. m.p.c.
x(2) 0.74-107* | 097-10°% | 519.10° | 3.52.1078
¥(2) 1.24-107* | 1.62.10% | 865-10°% | 5.87-1078
x(11) 0.99-1072 | 7.16-107% | 1.12.107® | 5.08-107°
»(11) 1.01-1072 | 7.28-.107* | 1.14.107% | 5.37-107°




