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Abstract 

By applying upper and lower solution method, this paper deals with the 
existence of positive solutions for a class of singular boundary value 
problems. Sufficient conditions are obtained that guarantee the 
existence of positive solutions. The interesting point is that the 

nonlinear term f is involved with the first-order derivative explicitly. 

1. Introduction 

In this paper, we consider the following singular boundary value 
problem: 

( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( )
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where [ ] [ ) [ )∞→∞× ,0,01,0: 2f  is continuous, ( ) [ )∞→ϕ ,01,0:  is 

continuous and may be singular with ,0=t  and/or ,1=t  0,,, ≥dcba  

such that .0: >++=ρ bcadac  
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Boundary value problems arise from applied mathematical sciences, 

and they received a great deal of attention in the literature. Most of the 

available literature on singular boundary value problems (for instance    

[1, 3-6]) discuss the case where f is either continuous or a caratheodory 

function by using fixed point theorems and fixed point index theory and 

so on. Recently some papers such as [1, 3, 5, 6], by using approximating 

method or upper-lower solution approach, investigate the special case of 

(1.1). 

The aim of this paper is to investigate the existence of positive 

solutions of BVP (1.1) in a Banach space. The interesting point is the 

nonlinear term f involved with the first-order derivative explicitly. The 

techniques used in this paper are a specially constructed cone, and the 

fixed point theorem of cone expansion and compression. 

This paper is organized as follows: In Section 2, some preliminaries 

are given. In Section 3, we are devoted to our main results. 

2. Preliminaries and Some Lemmas 

Let ( ) [ ] [ ] [ )∞+→× ,01,01,0:, stG  is Green’s function for 

( )

( ) ( ) ( ) ( )
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that is 

( )
( ) ( )

( ) ( )
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Denote 
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Clearly 

( ) ( ) [ ] [ ];1,01,0,,0, ×∈≥ ststG  (2.3) 

( ) ( ) ( ) [ ] [ ];1,01,0,,,, ×∈≤ stssGstG  (2.4) 

( ) ( ) ( ) [ ] [ ];1,01,,,,, ×θ−θ∈≥ θ stssGMstG  (2.5) 

where 

.1,min <
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+
θ+=θ ba
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dc
cdM  

Let [ ]1,0CX =  be a Banach space endowed with the norm 

{ ( ) ( ) }.max,maxmax
1010

txtxx
tt

′=
≤≤≤≤

 

Definition 2.1. Let E be a real Banach space. Then a nonempty 

convex closed set EP ⊂  is said to be a cone provided that 

 (i) Pu ∈λ  for all Pu ∈  and all 0≥λ  and 

(ii) Puu ∈−,  implies .0=u  

Note that every cone EP ⊂  induces an ordering in E given by yx ≤  

if .Pxy ∈−  

Definition 2.2. An operator is called completely continuous if it is 

continuous and maps bounded sets into precompact sets. 

Definition 2.3. A function x is said to be a solution of BVP (1.1) if 

[ ] ( )1,01,0 21 CCx I∈  satisfies BVP (1.1), in addition, x is said to be a 

positive solution if ( ) θ>tx  for ( )1,0∈t  and x is a solution of BVP (1.1). 

Definition 2.4. A function ( )tα  is called a lower solution, if ( ) ∈α t  

( ) [ ]1,01,0 12 CC I  and satisfying 

( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( )
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Upper solution is defined by reversing the above inequality signs. If there 

exist a lower solution ( )tα  and an upper solution ( )tβ  for the BVP (1.1) 

such that ( ) ( ),tt β≤α  then ( ) ( )( )tt βα ,  is called a couple of upper and 

lower solutions for the BVP (1.1). 

For convenience, we list the following assumptions: 

)( 1A  ( ) [ )( )∞+∈ϕ ,0,1,0C  and ( ) ( )∫ ∞+<ϕ<
1

0
;,0 dssssG  

)( 2A  [ ] [ ) [ ) [ )( );,0,,0,01,0 ∞+∞+×∞+×∈ Cf  

)( 3A  ( ) ( ) ;,2,0
11

011
0

−







 ϕ=<≤ ∫ dssssGLLf  

)( 4A  There exist a positive constant 1α  and Lebesgue measurable 

sets [ ]1,01 ⊂E  such that ,1 ∞+≤<α ∞f  uniformly for [ ]1,01 ⊂∈ Et  

a.e. and ( ) [ ];1,0,1,
2
1

11
1

⊂∀≥ϕ




α ∫θ EdsssGM

E
 

)( 5A  ;0 1Lf <≤ ∞  

)( 6A  There exist a positive constant 1β  and Lebesgue measurable 

sets [ ]1,02 ⊂E  such that ,01 ∞+≤<β f  uniformly for [ ]1,02 ⊂∈ Et  

a.e. and ( ) .,1,
2
1

21 EEdsssGM
E

⊂∀≥ϕ




β ∫θ  

Remark. By ),(A1  ),(A2  there exists ( )1,01 ∈t  such that ( ) .01 >ϕ t  

Thus there exists 




∈θ

2
1,0  such that ( )∫

θ−

θ
>ϕ





1

.0,
2
1 dsssG  

Let 

{ ( ) [ ]
[ ]

( ) }.min,1,0,0:
1,

xMtxttxXxK
t θθ−θ∈

≥∈≥∈=  

It is easy to know that K is a cone of X. Define an operator →KB :  

[ ]1,0C  by 

( ) ( ) ( ) ( ) ( )( ) [ ]∫ ∈′ϕ=
1

0
.1,0,,,, tdssxsxsfsstGtBx  

Obviously, the existence of positive solutions for BVP (1.1) is equivalent 
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to the existence of fixed points of the operator equation ,xBx =  ∈x  

[ ].1,0C  

Lemma 2.1. Let X be a Banach space, and let P be a cone in X. 

Assume that ,1Ω  2Ω  are open subsets of X with ,0 1Ω∈  .21 Ω⊂Ω  Let 

( ) PPA →ΩΩ 12 \: I  be a completely continuous operator, satisfying 

either 

 (i) ,,,, 21 Ω∂∈≥Ω∂∈≤ II PxxAxPxxAx  

or 

(ii) .,,, 21 Ω∂∈≤Ω∂∈≥ II PxxAxPxxAx  

Then A has a fixed point in ( ).\ 12 ΩΩIP  

Lemma 2.2. Assume that ( )1A  and ( )2A  hold, then ( ) KKA ⊆  and 

KKA →:  is completely continuous. 

Proof. By (2.4), for all [ ],1,0∈t  we get 

( ) ( ) ( ) ( ) ( ) ( )( )∫ ′ϕ=
1

0
,,, dssxsxsfsstGtAx  

( ) ( ) ( ) ( )( )∫ ′ϕ≤
1

0
,,,, dssxsxsfsssG  

then 

( ) ( ) ( ) ( )( )∫ ′ϕ≤
1

0
.,,, dssxsxsfsssGAx  

For any ,Kx ∈  we know by (2.5) that 

 
[ ]

( ) ( )
[ ]

( ) ( ) ( ) ( )( )∫ ′ϕ=
θ−θ∈θ−θ∈

1

01,1,
,,,minmin dssxsxsfsstGtAx

tt
 

( ) ( ) ( ) ( )( )∫ ′ϕ≥ θ
1

0
,,, dssxsxsfsssGM  

,AxMθ≥  

therefore, ( ) .KKA ⊆  
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Now, let us prove KKA →:  is completely continuous. For each 

1≥n  define the operator [ ]1,0: CKAn →  by 

 ( ) ( ) ( ) ( ) ( ) ( )( ) [ ]∫
−

∈∈′ϕ= n
n

n
n tKxdssxsxsfsstGtxA

1

1 .1,0,,,,,  (2.7) 

By ),(A1  )(A2  and the Arzela-Ascoli theorem, we know that →KAn :  

[ ]1,0C  is completely continuous. By (2.4), we have 

( ) ( ) ( ) ( )txAtAx n−  

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )∫ ∫ − ′ϕ+′ϕ= n

n
n dssxsxsfsstGdssxsxsfsstG

1

0

1

1 ,,,,,,  

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )∫ ∫ − ′ϕ+′ϕ≤ n

n
n dssxsxsfsssGdssxsxsfsssG

1

0

1

1 ,,,,,,,  

and so 

( ) ( ) ( ) ( )( )∫ ′ϕ≤− n
n dssxsxsfsssGxAAx

1

0
,,,  

( ) ( ) ( ) ( )( )∫ − ′ϕ+
1

1 .,,,
n

n dssxsxsfsssG  

Assumptions )(A),(A 21  and the absolute continuity of integral imply that 

,0lim =−
∞→

xAAx nn
 

then A is completely continuous. 

3. Main Results 

3.1. One positive solution 

Theorem 3.1. Assume that )(A-)(A 41  hold, then BVP (1.1) has at 

least one positive solution. 
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Proof. By ),(A3  there exist 01 >ε  and 01 >r  such that for all 

[ ],1,0∈t  

( ) ( ) ( ) .0,,, 111 ryxyxLyxtf ≤+≤+ε−≤  (3.1) 

Let { }.: 11 rxXx <∈=Ω  Then, by (3.1), for any ,1 Kx IΩ∂∈  

we get 

[ ]
( ) ( ) ( ) ( )( )∫ ′ϕ=

∈

1

01,0
,,,max dssxsxsfsstGAx

t
 

( ) ( ) ( ) ( )( )∫ ′ϕ≤
1

0
,,, dssxsxsfsssG  

( ) ( ) ( ) ( ) ( )( )∫ ′+ϕε−≤
1

0
11 , dssxsxsssGL  

( ) ( ) ( )∫ ϕε−≤
1

0
11 ,2 dssssGxL  

( ) ( ) ( ) ( )∫ ∫ ϕε−ϕ=
1

0

1

0
1111 ,2,2 dssssGrdssssGrL  

.1 xr =<  

By ),(A4  there exist 02 >r  and 02 >ε  such that 

( ) ( ) ( ) ( ) .,,,,,, 1212 Etryxyxyxtf ∈≥α+ε≥  

Let ,12 rr >  ( ){ }.,: 22 ryxXx <∈=Ω  By ),(A4  for any ,2 Kx IΩ∂∈  

we have 

( ) ( ) ( )( )∫ ′ϕ




=





≥

1

0
,,,

2
1

2
1 dssxsxsfssGAxAx  

( ) ( ) ( )( )∫ ′ϕ




≥

1
,,,

2
1

E
dssxsxsfssG  

( ) ( ) ( ) ( )( )∫ ′+ϕ




α+ε≥

1
,

2
1

12
E

dssxsxssG  
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( ) ( )∫ ϕ




α+ε≥ θ

1
,

2
1

212
E

dsssGrM  

( ) ( )∫ ∫ ϕ




ε+ϕ





α= θθ

1 1
,

2
1,

2
1

2212
E E

dsssGMrdsssGMr  

,2r≥  

therefore, for any .2 Kx IΩ∂∈  From (3.3), (3.4) and Lemma 2.1, A has a 

fixed point Kx ∈  such that .0 21 rxr <<<  It is clear that x is a 

positive solution of BVP (1.1). 

Remark. From the above process of proof, we know that BVP (1.1) 

has a positive solution under the assumptions ).(A-)(A 41  

Corollary 3.2. Assume that ),(A1  ),(A2  ),(A5  and )(A6  hold, then 

BVP (1.1) has at least one positive solution. 

Proof. By ),( 5A  there exist 03 >′r  and 03 >ε  such that ,031 >ε−L  

thus for any [ ],1,0∈t  

( ) ( ) ( ) ( ) .,,,,, 331 ryxyxLyxtf ′≥ε−≤  

Set 

( ) [ ]
( ),,,sup

1,0,,0
1

3

yxtfM
tryx ∈′≤≤

=  

then 

( ) ( ) ( ) ( ) [ ) [ ) [ ].1,0,,0,0,,,,, 311 ∈∞×∞∈ε−+≤ tyxyxLMyxtf  

 (3.2) 

Let ,
2

,max
3

1
33









ε
′>

M
rr  { }.: 33 rxx <=Ω  By (3.2), for any 3Ω∂∈x  

,KI  [ ],1,0∈t  we have 

( ) ( ) ( ) ( ) ( )( )∫ ′ϕ=
1

0
,,, dssxsxsfsstGtAx  

( ) ( ) ( )( ) ( ) ( )( )∫ ′+ε−+ϕ≤
1

0
311, dssxsxLMsssG  
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( ) ( ) ( ) ( ) ( )∫ ∫ ϕ+ϕε−≤
1

0

1

0
1331 ,,2 dssssGMdssssGrL  

( ) ( ) ( ) ( ) ( )∫ ∫ ϕε−+ϕ=
1

0

1

0
33113 ,2,2 dssssGrMdssssGLr  

,3 xr =≤  

therefore, we get 

.xAx ≤  

By ),(A6  there exist 04 >r  and 04 >ε  such that 

( ) ( ) ( ) ( ) .,,0,,,, 2441 Etryxyxyxtf ∈≤≤ε+β≥  

Let ,34 rr <  { }.: 44 rxXx <∈=Ω  

For any ,4 Kx IΩ∂∈  we have 

 ( ) ( ) ( )( )∫ ′ϕ




=





≥

1

0
,,,

2
1

2
1 dssxsxsfssGAxAx  

( ) ( ) ( ) ( )( )∫ ′+ϕ




β+ε≥

1

0
14 ,

2
1 dssxsxssG  

( ) ( ) ( ) ( )( )∫ ′+ϕ




β+ε≥

2
,

2
1

14
E

dssxsxssG  

( ) ( )∫ ∫ ϕ




ε+ϕ





β≥ θθ

E E
dsssGxMdsssGxM ,

2
1,

2
1

41  

( ) ( )∫ ∫ ϕ




ε+ϕ





β= θθ

E E
dsssGMrdsssGMr ,

2
1,

2
1

4414  

,4 xr =≥  

hence 

,xAx ≥  

then, by Lemma 2.1, A has a fixed point Kx ∈  such that xr << 40  

.3r<  It is clear that x is a positive solution of BVP (1.1). 
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3.2. A priori estimate 

Next, we give a priori estimate for positive solutions of BVP (1.1). 

Theorem 3.3. If 

( ) [ ]
( )
( ) ,

,
,,

maxlim
1,0,

∞+=
′
′

∈∞→′ xx
xxtf

txx
 (3.3) 

then there exists 00 >C  such that ,0Cx ≤  for all positive solutions x 

of BVP (1.1). 

Proof. Assume that by contradiction there exists a sequence of 

solution { } Kxn ⊆  of BVP (1.1) such that .∞→nx  Without loss of 

generality, we may assume that .∞→nx  From the assumption (3.3), 

we can take a sequence of real numbers ∞→αn  such that 

( ) ( )( )
( ) ( ) .

,,
n

nn

nn
sxsx
sxsxsf

α≥
′+
′

 (3.4) 

( ) ( ) ( )( )∫ ′ϕ




=





≥

1

0
,,,

2
1

2
1 dssxsxsfssGxx nnnn  

( ) ( ) ( )( )∫
θ

θ−
′ϕ





≥

1
,,,

2
1 dssxsxsfssG nn  

( ) ( ) ( )( )
( ) ( ) ( )∫

θ

θ− ′+
′

ϕ




≥

1

,,
,

2
1 dssx

sxsx
sxsxsf

ssG n
nn

nn  

( ) ( ) ( )( )
( ) ( )∫

θ

θ−
θ ′+

′
ϕ




≥

1
,

,,
,

2
1 ds

sxsx
sxsxsf

ssGxM
nn

nn
n  

which together with (3.4), implies that 

( )∫
θ

θ−
θ >ϕ





≥

α 1
,0,

2
11 dsssGM

n
 

which is a contradiction. 
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