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Abstract

In this paper, the existence results of positive solutions are obtained for
a fourth-order boundary value problem with parameters, then by using
the fixed point theorem in cone and the system of integral equation, an
existence theorem is established.

1. Introduction

In recent years, there have been many papers studying the existence
of positive solutions of the Dirichlet boundary value problem. For
example, in paper [1, 2], Li studied the operator equation u = Kfu and
obtained the existence results for positive solutions and multiplicity of
solutions. In particular, in [3], Liu considered the existence of positive
solutions of the Dirichlet boundary value problem by using the critical
point theory. In this paper, by employing the cone expansion or
compression fixed point theorem we study the existence of the positive
solution of the following boundary value problem:

ut(t) + Pu'(t) — ault) = f(t, ult)), ¢ € [0, 1], 1.1)
u(0)=u'1)=u"(0)=u"1)=0 (1.2)

where f : [0, 1]x [0, +0) — [0, +) is continuous.
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We suppose

2 2
T B 16 4
7,(12—?,7[—(1+—2B<1.

(Hp) o, B € R and B <

For the sake of convenience, we note

f, =lim iIJ}f tmin [t u) , fO = lim sup max 1t ) ,
u—sot t€l0,1] u w0t telo] w

f =liminf min &9 7. = lim sup max . (t,u)

Lo u—>+o tel0,1] u Ut t€[0,1] U

We are now going to state our main results.

Theorem 1.1. Suppose (H) holds and satisfies assumptions

4 TE2 4 2

W fo<ig-P-

1 —a; or

4 2 4 2
e T T b c T T
Then problem (1.1) and (1.2) has at least one positive solution.

2. Auxiliary Results

Let A1, A9 be the roots of the polynomial P() = 3% + BA — a, namely,

—B+p2 + 4o
Mokg =T

that A; > Aoy > —n2/4.

. By the basic assumption (Hg), it is easy to see

Let G;, i =1, 2 be the Green’s function of the linear boundary value

problem —u"(¢) + A;u(t) = 0, t € [0, 1], subject to u(0) = u'(1) = 0.
Lemma 2.1. G;, i = 1, 2 have the following results:
1) G;t, s)>0,t, se(0,1);
(1) G;(¢, s) < C;G;(s, s), t, s € [0, 1], where C; > 0 is a constant;

(i) GG, s) > §;G;(t, t)G;(s, s)t, s € [0, 1], where §; > 0 is a constant.
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Let C[0,1] denote the usual real Banach space with the norm

[u|=maxgqy<|u)| and C*[0, 1] denote a cone in C[0, 1] and M; =

) . 1
max <, G;(s,8), m; = miny__ 3 Gi(s,8)(i=1,2), Cy= IOG(‘C, 1)G(, t)dr,
4 4

then M;, m;, CO > 0.

Lemma 2.2. Suppose f(t, u)= h(t) e C*[0,1], then the solution of
BVP (1.1),(1.2) corresponding the linear boundary value problem satisfied

8185C0
ult) = C.C M, Gi(t, t)| u |-

Define an operator A : C*[0, 1] - C*[0, 1]
1p1
Ault) = I I Gy(t, ©)Go(, 8)f(s, u(s))dsds.
0J0

Obviously A : C*[0,1] - C*[0,1] is completely continuous. It follows

from Lemma 2.2 that a positive solution of the boundary value problem
(1.1), (1.2) is equivalent to the nontrivial fixed point of operator A.
Therefore, let

K ={ueC0,1]: ult) > oful, t < [1/4, 3/4]},

8189Comy

where ¢ = iy M,

, then K is a subcone in C*[0, 1].

Lemma 2.3. A(K) c K and A: K — K is completely continuous.

The proof of Theorem 1.1 is based on the fixed point index theory in
cone. Let E be a real Banach space and K be a closed convex cone in E.
Suppose Q 1is a bounded open subset of E, 0Q is the boundary Q,
KNQ#3. Let KNQ — K is completely continuous. If Au # u,
ue KNoQ, then i(A, KN Q, K) is defined.
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3. Proof of The Main Result

4 2
T T
WenoteL—E—BT—a.

(i) fy < L. By the definition of f,, there exist ¢ € (0, L) and ry > 0

so that f(t,u)<(L-¢)u,Vte[0,1],0<u<r,.

Let re(0,ry). We prove pAu # u, u € 0K,, 0 < pu <1. In fact, we
may assume that there exist uy € 0K, and 0 <pg <1 such that

noAug = ug, then by the definition of A, ug(¢) satisfies
ulf) + Bub(t) — ao(t) = uof e, uo(®)). ¢ < [0, 1], (3.1

and boundary condition (1.2). By multiplying both sides of (3.1) by

sin % tdt and integrating from 0 to 1 we have
1 T 1 .om
L_[ ug(t)sin = tdt = “0.[ f(¢, ug(t)) sin = tdt
0 2 0 2
1 7
<(L-¢) j g (t)sin 2 ¢, (3.2)
0

1
and by Lemma 2.2, we have I o ug(t) singtdt > 0. So it follows from

inequality (3.2) which contradicts for L < L — . Consequently, by using

the fixed point index theory, we have
i(A, K,, K) = 1. (3.3)
On the other hand, applying ]_‘oO > L yields that there exist ¢ > 0 and
H >0 such that f(t,u)> (L +¢)u, vVt €[0,1], u > H. And it follows that
ft,u)— (L +¢€)u,t €[0,1], u > His continuous, then we have f(¢, u)
>(L+g)u-C,vtel0,1],u>0. Choose R > R, :=max{H/c, r,} and

e=sinnt, we will prove if R 1is so large, then u- Au = e,

Vu € 0Kg, 1 2 0. In fact, if there exist uy € 0Kp and 15 = 0 such that
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uy — Augy = 1ge, then by the definition of A, uy(t) satisfies

4 2
ut(t)y + Bufy(t) — aug(t) + TO(% sin it — B% sin nit — o sin mt)
= f(t, up(t),0<t<1 (3.4)

and boundary condition (1.2). By multiplying both sides of (3.4) by sin gt

and integrating from 0 to 1 we have

Lj.lu (t)sinﬁtdt+iLr =Ilf(t uo(t)) sin = tdt
00 2 3n 0 )0 2

1 T 2
> (L+8)I ug(t)sin—tdt — =C.
0 2 T

Therefore,

4L‘CO + 6C

e (3.5)

1 . T
'[ uo(t)sin = tdt <
0 2

And by Lemma 2.2 it is easy to know

3189C9

1
G (¢, t)sin Ztdt ,
Cl(]le.[o 1t )sintdtfuq |

1 T
j‘ ug(t)sin=tdt >
0 2

then it follows from the above equality and (3.5) we have

4L‘CO +6C 818200

<
" “o ” 3ne 01C2M1

1 -1 _
“ G, (¢, t)sinEtj dt:=R.
0 2

Let R>max{R,R,}. Then for any u e dKp and 1 >0, u—- Au # te.
Consequently, by using the fixed point index theory we have
(A, Kg, K) = 0. (3.6)

And by using the addition fixed point index theory and (3.3), (3.6), we
have

i(A, KR\l?r, K)=i(A,Kp,K)-i(A,K,,K)=-1.
Hence A has a fixed point in K R\I?r, namely, the boundary value
problem (1.1), (1.2) has at least one positive solution.

(11) The proof is the same as case (i), and hence is omitted.
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