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Abstract 

In this paper, the existence results of positive solutions are obtained for 
a fourth-order boundary value problem with parameters, then by using 
the fixed point theorem in cone and the system of integral equation, an 
existence theorem is established. 

1. Introduction 

In recent years, there have been many papers studying the existence 
of positive solutions of the Dirichlet boundary value problem. For 
example, in paper [1, 2], Li studied the operator equation Kfuu =  and 
obtained the existence results for positive solutions and multiplicity of 
solutions. In particular, in [3], Liu considered the existence of positive 
solutions of the Dirichlet boundary value problem by using the critical 
point theory. In this paper, by employing the cone expansion or 
compression fixed point theorem we study the existence of the positive 
solution of the following boundary value problem: 

( ) ( ) ( ) ( )( ) [ ],1,0,,4 ∈=α−′′β+ ttutftututu  (1.1) 
( ) ( ) ( ) ( ) 01010 =′′′=′′=′= uuuu  (1.2) 

where [ ] [ ) [ )∞+→∞+× ,0,01,0:f  is continuous. 
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We suppose 

( ) R∈βα,H0  and .1416,4,2 24
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π
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π

β−≥απ<β   

For the sake of convenience, we note 

[ ]
( )
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( ) ,,maxsuplim,,mininflim

1,00
01,000 u

utffu
utff

tutu ∈→∈→ ++
==  

[ ]
( )

[ ]
( ) .,maxsuplim,,mininflim

1,01,0 u
utffu

utff
tutu ∈+∞→

∞∈+∞→∞
==  

We are now going to state our main results. 

Theorem 1.1. Suppose ( )0H  holds and satisfies assumptions 

 (i) ;416,416
24

0

24
0 α−πβ−π>α−πβ−π< ff  or 

(ii) .416,416
2424

α−πβ−π<α−πβ−π> ∞∞ ff  

 Then problem (1.1) and (1.2) has at least one positive solution. 

2. Auxiliary Results 

Let 21, λλ  be the roots of the polynomial ( ) ,2 α−βλ+λ=λP  namely, 

.
2

4,
2

21
α+β±β−=λλ  By the basic assumption ( ),H0  it is easy to see 

that .42
21 π−>λ≥λ  

Let 2,1, =iGi  be the Green’s function of the linear boundary value 
problem ( ) ( ) [ ],1,0,0 ∈=λ+′′− ttutu i  subject to ( ) ( ) .010 =′= uu  

Lemma 2.1. 2,1, =iGi  have the following results: 

(i) ( ) ( );1,0,,0, ∈> ststGi  

(ii) ( ) ( ) [ ],1,0,,,, ∈≤ stssGCstG iii  where 0>iC  is a constant; 

(iii) ( ) ( ) ( ) [ ],1,0,,,, ∈δ≥ stssGttGstG iii  where 0>δi  is a constant. 
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Let [ ]1,0C  denote the usual real Banach space with the norm 

( )tuu t 10max ≤≤=  and [ ]1,0+C  denote a cone in [ ]1,0C  and =iM  

( ),,max 10 ssGis≤≤  ( ) ( ),2,1,min
4
3

4
1 ==

≤≤
issGm isi  ( ) ( )∫ τττττ=

1
00 ,,, dGGC  

then .0,, 0 >CmM ii  

Lemma 2.2. Suppose ( ) ( ) [ ],1,0, +∈= Cthutf  then the solution of 

BVP (1.1), (1.2) corresponding the linear boundary value problem satisfied 

( ) ( ) .,1
121

021 uttGMCC
Ctu δδ

≥  

Define an operator [ ] [ ]1,01,0: ++ → CCA  

( ) ( ) ( ) ( )( )∫ ∫ τττ=
1

0

1

0
21 .,,, dsdsusfsGtGtAu  

Obviously [ ] [ ]1,01,0: ++ → CCA  is completely continuous. It follows 

from Lemma 2.2 that a positive solution of the boundary value problem 
(1.1), (1.2) is equivalent to the nontrivial fixed point of operator A. 
Therefore, let 

{ [ ] ( ) [ ]},43,41,:1,0 ∈σ≥∈= + tutuCuK  

where ,
121
1021

MCC
mCδδ

=σ  then K is a subcone in [ ].1,0+C  

Lemma 2.3. ( ) KKA ⊂  and KKA →:   is completely continuous. 

The proof of Theorem 1.1 is based on the fixed point index theory in 
cone. Let E be a real Banach space and K be a closed convex cone in E. 
Suppose Ω  is a bounded open subset of E, Ω∂  is the boundary ,Ω  

.∅≠Ω∩K  Let KK →Ω∩  is completely continuous. If ,uAu ≠  

,Ω∂∈ ∩Ku  then ( )KKAi ,, Ω∩  is defined. 
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3. Proof of The Main Result 

We note .416
24

α−πβ−π=L  

(i) .0 Lf <  By the definition of ,0f  there exist ( )L,0∈ε  and 00 >r  

so that ( ) ( ) [ ] .0,1,0,, 0rutuLutf ≤≤∈∀ε−≤  

Let ( ).,0 0rr∈  We prove .10,, ≤µ<∂∈≠µ rKuuAu  In fact, we 

may assume that there exist rKu ∂∈0  and 10 0 ≤µ<  such that 

,000 uAu =µ  then by the definition of A, ( )tu0  satisfies 

( ) ( ) ( ) ( )( ) [ ],1,0,, 0000
4

0 ∈µ=α−′′β+ ttutftutuu  (3.1) 

and boundary condition (1.2). By multiplying both sides of (3.1) by 

tdt2sin π  and integrating from 0 to 1 we have 

( ) ( )( )∫ ∫ πµ=π1

0

1

0
000 2sin,2sin tdttutftdttuL  

( ) ( )∫ πε−≤
1

0
0 ,2sin tdttuL  (3.2) 

and by Lemma 2.2, we have ( )∫ >π1
0 0 .02sin tdttu  So it follows from 

inequality (3.2) which  contradicts for .ε−≤ LL  Consequently, by using 
the fixed point index theory, we have 

( ) .1,, =KKAi r  (3.3) 

On the other hand, applying Lf >
∞

 yields that there exist 0>ε  and 

0>H  such that ( ) ( ) [ ] .,1,0,, HutuLutf ≥∈∀ε+≥  And it follows that 

( ) ( ) [ ] HutuLutf ≥∈ε+− ,1,0,, is continuous, then we have ( )utf ,  

( ) [ ] .0,1,0, ≥∈∀−ε+≥ utCuL  Choose { }00 ,max: rHRR σ=>  and 

,sin te π=  we will prove if R is so large, then ,eAuu τ≠−  
.0, ≥τ∂∈∀ RKu  In fact, if there exist RKu ∂∈0  and 00 ≥τ  such that 
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,000 eAuu τ=−  then by the definition of A, ( )tu0  satisfies 

( ) ( ) ( ) ( )ttttututu πα−ππβ−ππτ+α−′′β+ sinsin4sin16
24

0000
4  

( )( ) 10,, 0 ≤≤= ttutf  (3.4)  

and boundary condition (1.2). By multiplying both sides of (3.4) by t2sin π  

and integrating from 0 to 1 we have 

( ) ( )( )∫ ∫ π=τ
π

+π1

0

1

0
000 2sin,3

4
2sin tdttutfLtdttuL  

( ) ( )∫ π
−πε+≥

1

0
0 .2

2sin CtdttuL  

Therefore, 

( )∫ πε
+τ

≤π1

0
0

0 .3
64

2sin CLtdttu  (3.5) 

And by Lemma 2.2 it is easy to know 

( ) ( )∫ ∫ πδδ
≥π1

0

1

0
01

121
021

0 ,
2

sin,
2

sin utdtttG
MCC
Ctdttu  

then it follows from the above equality and (3.5) we have 

( ) .:
2

sin,
3

64 11

0
1

121

0210
0 RdttttG

MCC
CCLu =







 πδδ
πε
+τ

≤
−

∫  

Let { }.,max 0RRR >  Then for any RKu ∂∈  and .,0 eAuu τ≠−≥τ  
Consequently, by using the fixed point index theory we have 

( ) .0,, =KKAi R  (3.6) 

And by using the addition fixed point index theory and (3.3), (3.6), we 
have 

( ) ( ) ( ) .1,,,,,\, −=−= KKAiKKAiKKKAi rRrR  

Hence A has a fixed point in ,\ rR KK  namely, the boundary value 
problem (1.1), (1.2) has at least one positive solution. 

(ii) The proof is the same as case (i), and hence is omitted. 
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