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Abstract

Let n>1 and d >0 be integers. Let P(n)= Fy[xq, ..., x,] be the
polynomial algebra in n-variables x; over the field Fy of two elements

and let A be the mod-2 Steenrod algebra. In this paper we give a

formula for computing B(n, d), the number of degree d monomials of

M_1 9h2_ M _ . . o
the form x12 1x% L. x,% "1 (called spikes) in P(n). Motivation for
this question comes from algebraic topology where P(n) is identified

with the mod-2 cohomology group of the n-fold product of RP® with
itself and thereby receives its module structure over A. The value of

B(n, d) is of interest in the problem of determining a basis for the
quotient vector space P(n)/A*P(n) of the polynomial algebra by the

image of the positive part A" of the Steenrod algebra [1, 11, 13].
1. Introduction

For n>1, let P(n) be the mod-2 cohomology group of the n-fold

product of RP® with itself. Then P(n) is the polynomial algebra

P(n) = Fy[xq, ..., x,,] in n variables x; over the field Fy of two elements.
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The mod-2 Steenrod algebra A acts on P(n) according to well-known

rules. A polynomial « is said to be Ait if it belongs to the set

ATP(n) = {Z Sq'u; |u; € P(n), S¢' e A}
1>0

The papers [3, 7, 8, 9, 11, 12] are concerned with the problem of

determining the set A*P(n). A closely related problem is that of

determining the vector space dimension of the quotient C(n)=

P(n)/ A*P(n). Motivation for these problems stems from a conjecture by

Peterson [5], proved in [12] and various other sources [6, 10].

To put our work into context we recall that P(n) has natural grading
by degree d, that is, P(n)= ®459P;(n), where Pgj(n) denotes the
homogeneous polynomials of degree d. The quotient vector space C(n)

inherits similar grading by d.

If d >0 can be expressed in the form d = Z?:l @4 -1), &, >0,

. . 27”1 -1 Q}Ln_l . .
then Py(n) contains monomials xi e Xy, called spikes. It is

known that a spike can never appear as a term in a hit polynomial. Thus

spikes must be included in any generating set for C;(n) so that if P;(n)
is the subspace of Pj(n) generated by spikes and dim(Pj(n)) is the

vector space dimension of this subspace then B(n, d) = dim(Pj(n)) is a
lower bound for the vector space dimension of Cy(n). Apart from a few
special cases there is no simple formula for computing B(n, d). Our main

objective in this paper is to derive an effective recursive method for

computing B(n, d) that finds application in certain choices of d. This

however is deferred until Section 3.

We note that the dimension of Cg(n) is completely known if
n =1, 2, 3 (the case n = 3 being determined by Kameko [2]). Apart from
a few cases where equality holds (for example n =1, d =1 or n = 2 and

d =2) B(n,d) is strictly lower than the dimension of Cg(n). Thus
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further work is required to improve the lower bounds for the dimension of

C,(n) that may be obtained with the aid of the results of this paper.

It may well happen that Pj(n) contains no spikes. We quote some
results about hit polynomials that in particular show that Cy(n) = 0 if

P,(n) contains no spikes.

The results [12, 11, 3, 7, 9] all identify classes of hit monomials and
are special cases of the following result of Silverman, which was

conjectured in [9].

Let b=x" -~ x,» be a monomial of degree d. Write e¢; =

ij 0 & j(ei)2j for the binary expansion of each exponent e; and for each

Jj =0 let w;b) = Z?zl aj(e;). If >0 is an integer, define d;(b) to be
the integer d;(b) = ijle(b)zf—l. Then dy(b)=d and dy(b) > dy(b)
> dy(b) = ---.

Let S be the set of all ordered sequences s = (A, Ag, A3, ...) of non-

negative integers almost all of which are 0. The dimension of a sequence

|s|= Z:O:l (2% —1). If | s| = d, then s is called a representation of d [9].

Given s € S and j > 0 let w;(s) = Zizl ocj(27‘i —1). For [ > 0 define
d;(s) to be the integer d;(s) = ijl wj(s)Zj_l. Then each d has a unique
minimal representation $(d) such that d;(s(d)) > d;(s) for all s € S of
degree d and all [ > 0 [9].

Finally define d;(d) = d;(5(d)) for [ > 0. Then:

Theorem 1.1 [8]. Let b e P(n) be a monomial of degree d. If
d;(b) > d;j(d) for some 1 >1, then b is hit.

The main result of Wood [12] is the case [ =1 of Theorem 1.1. The
result of Wood, in particular, identifies degrees d for which all elements
in P;(n) are hit, that is, degrees d for which C4(n) = 0. Let a(m) denote
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the number of digits 1 in the binary expansion of m. If b = xfl e xn

e P;(n) and a(n + d) > n, then d;(b) > d;(d). Hence b is hit.

It is known that a(n + d) < n if and only if there exists at least one
representation s = (A, g, Ag, ...) of d, with A; = 0 forall i > n [11]. We
identify such a sequence s with (A4, ..., A,,) and following Singer we refer

to each such a sequence as a representation of d as n-sharp.

It follows that a(n + d) < n if and only if Py(n) contains spikes or,

equivalently, if and only if the subset

n
S(n, d) = {(kl, wo Ap)ld = 2(2“ 1), A 2 hg =2, > 0}
i=1

of S is nonempty. Then B(n, d) may equivalently be defined by

Bud= S G i)l
(M, -esAp)eS(n,d)

where |(Aq, ..., A,)| is the number of distinct permutations of the

sequence (A, ..., A,,) € S(n,d).

2. Preliminary Results

We first note that there is a simple recursive method for computing
B(n, d). Forall d > 0

B(, d):{l if d=2/ -1 for some j € N )
0 otherwise
andfor n > 2 and d > 0
B(n, d) = Z B(n -1, d —(2/ -1)). )

2/-1<d
Equation (1) follows from the definition of a spike and (2) follows from the
fact that every spike m of degree d factors uniquely as m = u - x,%J_l

where u is a spike in Pd—(zj—l)(n —-1) and j 2 0.
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We note also that there are simple formulae for computing B(n, d) in
the cases a(n+d)=n and a(n+d)=n-1. If a(n+d)=n, then

B(n, d) = n!. On the other hand if a(n+d)=n-1 so that n>2 we

i
write d+n:Z?:_11223:113, i 20 and i; 21, 2<s<n-1, and let

R(d) = {i; € {ig; -+ ip_1}]is = 1}. Then

k(g—:j f(n-2- k)(g—!’) if iy
k(g—:) f(n-1- k)(’;—:j if iy

Il
e}

B(n’ d) = 3

\Y
L

where k = | R(d)|.

Our procedure is based on the following results.

Let m, 1 <m < n, be an integer. Then a(n +d) = m if and only if

there exist integers i;, 1 <s<m, with 44 20 and i, 21, 2<s<m,
m Zk is .
such that d + n = Zk=12 5=1% If iy > n—m or on + d) > n, then:

Theorem 2.1 [2]. C;(n) = Cqy,,(n).

We do not give a detailed proof but all the same note that if we let

f : P(n) — P(n) be the linear function given on monomials by

f(xlel xzn) — x12e1+1 xIZLen+1’

then f passes to an isomorphism of quotients. In particular f is an
injective mapping of sequences: S(n, d) — S(n, 2d + n)

My e ) > (M +1, 0, 2y + 1) 4)
The mapping (4) is bijective if i; > n — m. Further
B(n,d) = B(n, 2d +n) if i > n—m. 5)
The next result generalizes (5). Write

moo<k o
d= 2223=1 ' _ 15, where 1 <m < n. (6)
k=1
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Theorem 2.2. Suppose that iy > n —m or that there is an integer t,

2<t<m,suchthat i 2n+1—-m. Let
t-1 Zk ; m [(25:1 isJ+lJ
d':22 s=18+22 ~n. @)
k=1 k=t

Then B(n, d) = B(n, d').

The result of the theorem may easily be justified by noting that the

formula

2Pl = 2P £ 2P for p > 0, (8)
when applied to (6) and (7), determines a bijection from S(n, d) to
S(n, d'). Further that if (A],..,A),)e S(n,d') is the image of
(A1, .y Ay )€ S(n, d) under the bijection, then |(Aq, ..., &,)| =] (A1, ..., 1) |-

3. Formula for Computing B(n, d)

Let n be fixed and suppose that d is an integer for which
a(n +d) = m, where m, 1 < m < n, is fixed. To compute B(n, d), we see,

by the result of Theorem 2.2, that it is sufficient to consider all degrees d
for which i <n-m and i; <n+1-m for all 5, 2 <s < m. All such

degrees d lie in the range 0 < d < d(m), where d(m) is defined by

d(m) = Zl:—olzn—m+(n+1—m)k .

Our next result is elementary and is given without proof.

Lemma 3.1. Suppose that a(n+d)=m, where 1 <m < n. Then

n+2 n+1l

2

d(m) < d( j if n is even and d(m) < d( j if nis odd.
From the result of the lemma we see that if n is fixed and we require

to compute B(n, d), then we need only consider degrees d in the range

- 2) i iz((k+12)n—2j - ©
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no1 ((B+Dn+k-1
when 7 is even and osdgd(”;1j=2%2( 2 )—n when n is

odd.

We now give a formula for computing B(n, d(n;ZD and

B(n, d(n ; 1)) The procedure is not limited to these cases. In particular
it applies to B(n, d(m)) for all m, 1 < m < n, as we shall illustrate.

For any positive integer [, let T(I) denote the set of all j-tuples of

positive integers (4, ly, ..., [j) such that [ +ly +---+1[; =1 Then an

element of 7(/) may be represented in the form [112%2 ... [*!] where for

each i, 1 <i <, a; is the number of parts of size i. Thus, making trivial

abbreviations, we have: [1%3] = (1, 1, 1, 3) € 7(6).

Let [1%12%2 ... [*!] e T(I) and let k be a positive integer. We shall use

a more compact notation F(gll (k) for

" Zl
.0y
) 1=1 X
Z. ai
=1 Qqy eeey O

Theorem 3.2. Let n >3 be an integer. If n is even, then

B(n, d(”T”D is given by

n-2
> Fal(ngz)(” : 2jﬁ[3(i sL2 -+ (o)
HZ (i + 1)) i=1

and if n is odd, then B(n, d(n ;- 1)) is given by

> — n! F:l( )(ngljﬁ[B(i+1, 2l G+ 1))%, A1
[12 @+ i=1
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where, in both cases, the sum is taken over all elements

—2\%(n=2 n-2
1. (2 T .
{ "5 ' )} <1
Proof. Let n > 4 be an even integer. We first show that there is a
n-—2

partition of S(n, d(”T*ZD indexed by T(

). An element

n+2

(A, oo Ay) € S(n, d( D may be obtained from the representation (9)

n+2

of d( ) by splitting powers of 2 in the sum

n

3 ((k+D)n-
) 2( k+12 2) )

k=0

n-2

by means of formula (8). In other words, an additional powers of 2

have to be obtained from (12) by means of (8) resulting in a
(k+1)n-2

nt 2) as n-sharp. A term, 2( 2 ], in (12) may

representation of d(

. (k+12)n—2)

be split in one of admissible ways. Put p = p, = 2( ,

n-2

0<k< 2, and let i, 1 <1 < , be an integer. Define an order i

splitting of 2P as an expansion of this power into a sum of i + 1 terms of

powers of 2. This may be achieved in several but a finite number of ways.
For instance 2P = 2P71 4 2P~2 ; 9p=3 4 .4 op=(i+1) L op=i 4 9P~i jg ap
example of an order i splitting of 2°. In general an order i splitting of 2°
yields a representation of 2P — (i +1) as (i + 1)-sharp. There, therefore,
exists a bijective correspondence between the set of all order i splittings

of 2P and the set S(i+1,2° —(i+1)) of all representations of

2P — (i +1) as (i + 1)-sharp.
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n-2

Let (4, Iy, ..., I;) be a j-tuple of integers with 1 < [; < for all i.

We can think of each /; as representing an element in a class or set of

order [; splittings of a term in (12) (one term for each ;). Suppose that

h+lg+-+1l =1 13)

J
With the given interpretation of /;, we see that corresponding to the

n+2

expression (13) is a class of representations of d( J involving

n+2 n-2

+1 powers of 2. If [ = , then (13) determines a class of

n+2
2

sequences (Aq, ..., A,) € S(n, d[ D Clearly distinct such j-tuples

determine distinct classes of sequences in S(n, d(n ; QD This i1s the

case since splitting 2”* in any of the n- ways above we obtain terms

29 with 29 > 2”1 for all ¢ and all k. Furthermore since every element

of S(n, d(n ; 2]] may be obtained by applying the formula (8) to (12) it

n-2

follows that the j-tuples (I, by, ..., [;) € T[

S(n, d(” : ZD

— 9\% n-2 _
Each element {1“1 (n 3 2) (nT)} e T(n 2) therefore determines

j index a partition of

2

o o
a unique subset S[n, d(n;2), {10‘1 (n;2) (TZJD of S(n, d(n ; 2))

n-2
The sum Zz o; is the number of terms in the expression (12) split to

_ An-2
generate elements (Aq, ..., A,,) € S(n, d(n ;— 2), {10‘1 (n 5 2) (TJD

terms in the expression (12) S(n, d(n;2j,

Since there are
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—_ An-2
{10‘1 (n 3 2) (T) D is the disjoint union of

n+2

2
n-2
2 .
a
i=1 ¢

subclasses, each with the same number of elements. Now let (A, ..., A,,)

be an element in one of these subclasses and let (I, Iy, ..., [;) be the

—_ o\% n-2
Jj-tuple notation for {10‘1 (n 3 2) (T)} Then corresponding to distinct

permutations of the j-tuple (I, Iy, ..., ;) are distinct permutation

representations (A, ..., A},) of (A, ..., A,,) all of which belong to the same

subclass. Thus associated with each element (4, ..., &,,) in a subclass of
n+2Y) o  (n-—2)%n2
S[n,d( 5 j,|:1 ( 5 j(z) are
n-2
2 o
Zi:l i
O, ..oy O

permutation representatives.

— A p-2 _ _
Finally let {1% (n D) 2) (T)} € T(n 5 2) andi, 1<i<?” 5 2 , be

an integer. For a fixed i an order ¢ splitting may be applied to more than

one term in (12). The power «; of i represents this multiplicity. To show

_ An-2 _
how each element {1“1 (n 5 2) (Tj} € T(n 5 2) determines a term

in (10) we illustrate with the case [nT—Z} Let (Aq, ..., A,) €

S(n, d(nT”j, [nT_zD Then A; are distinct apart possibly for the g

terms obtained from an order - splitting of a power of 2, 2P, in (12).
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Let Sk(n, d(n ; 2), [n ; ZD be the subclass consisting of all (A, ..., &)

2 splittings of the

€ S(n, d(n ; 2), [n ; 2D obtained from order ~—

term 2Pk (k fixed) in (12). Then

Z |(7\'1""’ kn)l

o (2525

is equal to

Summing over all k£ we obtain the term

Gl

in  (10). A similar argument works for any choice of

_ An-2 —_
{loq (n 3 2) (2)} € T(n 5 2) noting, by Theorem 2.2, that

n-2

Bi+1,22 -(i+1)= B{i+1,2 —(i+1)) for all p=> and all i,

n-2
2
the proof of the theorem.

1<i< . The case n odd may be proved similarly. This completes

The result of Theorem 3.2 is, of course, also true for all degrees

n+2

obtained from d( ) in the manner outlined in Theorem 2.2.

A truncated version of (10) which gives exact equality when
2<n<8is
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S

n-4
n-2i n+2
n+2-2i .~ (n+2-2i n!
2 _ o 2

2 (n+2

n! 9
Z‘[ J n+2 % 2 2 2 (n_—Z)
14 9 9 2

If we now make use of the fact that B(3,1) = 3 and B(4, 4) =13 we
obtain B(4, 38) = 36, B(6, 2334) = 2520 and B(8, 559232) = 361200.

19i-1

We conclude by using the fact that B(5, 11) = 75, B(6, 26) = 525 and
B(7, 57) = 4347 to obtain explicit formulae for B(n, d(n — i) in the cases
a(n+d)=n-1i, 1<i<6. The respective formulae are given in the

table below. We note that (10) is an expression for B(n, d(n — 1)) when n

) . n-—
iseven and i =

2 and (11) is an expression for B(n, d(n —i)) when n

. . -1 . .
1s odd and i = nT By analogy we may therefore obtain an expression

for B(n, d(m)) forallm, 1 <m < n.

an+d) | Bn, dn-1i))

!
n-1 (n—l)%

n-2 (n—z)g—;(3)+[”;2j;—2!

n=3 | (-9 a3)+ 2(” ) ngn_z!z(?’) + (n 2 3)2_?:
{";4)%( 8%)
R

g
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e +6(n—6J n! (32)+(n;6)n_! 33)+(n—6jn_!2(13)2

Sl e e (0

4 )22(31)? 31’ 2 J(al)

n-=6 n! n-6 n!
A", @ o3 ey 00

Computation of B(n, d(m)) is therefore dependent on the values

B(j, 2/71 —Jj), for all j > 3. We do not consider this problem in this

paper except to note that formula (2) is effective for small values of j.
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