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Abstract 

On the unit ball B of ,nC  we obtain a norm equivalence of ( )BpL  space 

for an invariant harmonic function. Using the quantity for the ( )BpL  

norm, we give characterizations of the invariant harmonic Besov space 

and Bloch space, which are extending the known results for the 

holomorphic case in the unit disk or the unit ball. 

1. Introduction and Some Results 

Let { }1: <∈= zz nCB  denote the open unit ball and S denote 

the boundary of B in .nC  For each ,B∈a  the Möbius transformation 

BB →ϕ :a  is defined by 

( ) ,,
,1

1 2
B∈

−
−−−

=ϕ z
az

zQazPa
z aa
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where aP  is the orthogonal projection from nC  onto the subspace 

generated by a and aQ  is the orthogonal complement of ,aP  i.e., 

,
,

2
a

a

za
zPa =  .zPzzQ aa −=  Let M  denote the group of all 

biholomorphic automorphisms of B. Then any element of M  has a unique 

representation by the rotations around origin of .aϕ  For B∈a  and 

,B∈z  the determinant ( )zJ aϕR  of the real Jacobian matrix of aϕ  

satisfies 

 ( ) ( ) ( )
1

2

21

2

2
2

1

1

,1

1
++
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ϕ−
=











−

−
=ϕ=ϕ

n
a

n

aa
z

z

az

a
zJzJ CR  (1.1) 

and 

 ( )( ) ( ) ( ).zdzJzd aa νϕ=ϕν R  (1.2) 

For ( )B2Cf ∈  the invariant Laplacian ∆~  on B is given by 

( ) ( ) ( ),0~
zfzf ϕ∆=∆  

where ∑
= ∂∂

∂=∆
n

j jj zz1

2
4  is the usual Laplacian. An invariant harmonic or 

simply M -harmonic function is a function in ( )B2C  which is annihilated 

by ∆~  in B. For a 1C  function f the invariant gradient ∇~  is the vector 

field on B defined by 

( ) ( ) ( ),0~
zfzf ϕ∇=∇  

where ,,...,,,
11









∂
∂

∂
∂

∂
∂

∂
∂=∇

nn yxyx
 ,jjj iyxz +=  ....,,2,1 nj =  The 

Laplacian ∆~  and the gradient ∇~  are both invariant under the 

automorphisms of B, i.e., M -invariant in the sense that for B∈z  

( ) ( ) ( ) ( ) .~~,~~
zzzz ffff ϕ∇=ϕ∇ϕ∆=ϕ∆  

A straightforward computation (see, Lemma 3.3 in [3]) shows that if 
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0~ =∆ f  and ,1 ∞<< p  then 

 ,~~ 22 ffcf p
p

p ∇=∆ −  (1.3) 

where the constant pc  is dependent on p. 

Let ( )B1Cf ∈  and .nC∈ξ  The maximal derivative of f with respect 

to the Bergman metric β on B is defined by 

( ) ( )
( )

,,
,

supˆ
1

B∈
ξβ
ξ⋅

=
=ξ

z
z
zdf

zfQ  

where 

( ) ( ) ( )∑
=





 ξ

∂
∂+ξ

∂
∂=ξ⋅

n

i
i

i
i

i
z

z
fz

z
fzdf

1

 

( ) ( ) .ξ⋅∂+ξ⋅∂= zfzf  

The following identities are easily verified. For 1C -function f and 

M∈ϕ  in B, 

 ( ) ( ) .~~2ˆ~
2
1

,ˆˆ 22 fffQffQfQ ∆≤∇=≤∆ϕ=ϕ  (1.4) 

For ,0 ∞<< p  the Bergman space ( ),Bp
aL  the Hardy space ( )BpH  

and the Besov space ( )BpB  for the holomorphic function on the unit ball 

of nC  are defined respectively as 

( ) ( ) ( ) ( ) ,:






 ∞<ν=∈= ∫B

BB zdzffHfL pp

L
p
a p

a
 

( ) ( ) ( ) ( )






 ∞<ζσζ=∈= ∫<< S

p

r

p
p

p drffHfH
10

sup:BB  

and 

( ) ( ) ( ) ( ) ( ) ,ˆ:






 ∞<λ=∈= ∫B

BB zdzfQfHfB pp
Bp p
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where we denote dν the normalized Lebesgue measure on B, dσ the 

normalized Lebesgue measure on S, ( )
( )

( )zd
z

zd
n

ν
−

=λ
+121

1  the 

M -invariant measure on B. We use the notations ( ),BpLM  ( )BpHM  

and ( )BpBM  in cases of invariant harmonic functions. 

The Bloch space ( )BBM  consists of all invariant harmonic functions 

on B such that 

( ) ( ) ( ) .ˆsup0: ∞<+=
∈

zfQff
z

B
B

BM  

In other words, ( )BpBM  consists of those M -harmonic function f for 

which fQ̂  is p-integrable with respect to the M -invariant measure 

( )zdλ  and ( )BBM  is a Besov p-space with .∞=p  The inclusion 

relations between two spaces are, for ,1 ∞≤≤< qp  

.BBBB qp MMMM =⊆⊆ ∞  

Since fQ̂  for f M -harmonic is M -invariant, the M -harmonic Besov 

and Bloch spaces are M -invariant Banach spaces in the sense that 

,ff =ϕ  for .M∈ϕ  Considering the inclusion relations for Besov 

space and Bloch space, one may characterize those spaces by the 

supremum over the unit ball. We confirm the fact by our results for some 

characterizations of Besov space and Bloch space. 

A. Zygmund proved that a holomorphic function f on the unit disc D is 

in ( ),2 DH  if and only if 

( ) ( ) ( )∫ ∫ +=∞<−′
D D

.12 iyxzdxdyzzf  

This result was extended to all p, ,0 ∞<< p  by Yamashita [10] and Stoll 

[7] in the unit disc D and the unit ball B, respectively. In [5], the result 

for Bergman spaces ( )Bp
aL  similar to that of Yamashita’s was given on 

the unit ball. 
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In this paper we extend the result for the holomorphic ( )BpL  space of 

[5] to the invariant harmonic version. Using the quantity for the ( )BpL  

norm, we give characterizations of the invariant harmonic Besov space 

and Bloch space, which are extending the known results for the 

holomorphic case in the unit disk or the unit ball (see, [2], [4], [5], [7], [8], 

[9], [11]). 

To obtain an analogous result, Theorem 1.2, to Bergman space for 

holomorphic functions in [5], we need the following lemma (see, Lemma 

3.5 in [3] for another proof). 

Lemma 1.1. If ∞<< p1  and f is (complex-valued) M -harmonic on 

B, then for ,10 << r  

( ) ( ) ( ) ( ) ( ) ( ),~,0∫ ∫ λ∆≈−ζσζ
S Br

ppp zdzfzrGfdrf  

where 

( ) ( ) { }∫ <∈=∈ρ
ρ

ρ−=
−

−r

z

n
n

n
rzzrzd

n
zrG .:,1

2
1,

12

12
CB  

Theorem 1.2. For ,1 ∞<< p  ( )BpLf M∈  if and only if 

( ) ( ) ( ) ( )∫ ∞<λ−∇ +−

B
.1~ 1222 zdzzfzf np  

The integral is equivalent to 
( )

.p
Lpf

BM
 

Using Lemma 1.1 and Theorem 1.2, we give a new characterization of 

the invariant harmonic Besov space. 

Theorem 1.3. For ,1 ∞<< p  ( )BpBf M∈  if and only if 

 ( ) ( ) ( ) ( )
( ) ( ) ( )∫ ∫ ∞<νν

−

−
+

−

B B
.

,1
ˆ

12

2
2 wdzd

wz

wfzf
zfQ

n

p
 (1.5) 

The quantity in (1.5) is equivalent to ( ).
p

Bp
f BM  
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Let .1 ∞<≤ p  For a function f invariant harmonic on B, the Bloch 

norm ( )
p

Bf BM  is equivalent to 

 ( ) p
Lz

z
pzff

M
−ϕ

∈B
sup   (see [2]) (1.6) 

and 

 ( ) ( ) ( )∫ ν










−

−
+

∈ BB
zd

az

a
zfQ

n
p

a

1

2

2

,1

1ˆsup   (see [1]). (1.7) 

By (1.1), we can restate (1.7) as 

 ( ) ( ) ( ( ) ) ( ).1ˆsup 12∫ λϕ− +

∈ BB
zdzzfQ n

a
p

a
 (1.8) 

Using above equivalent quantities for the M -harmonic Bloch space, 

we obtain characterizations for the Bloch space in a parallel line with 

Theorem 1.3. 

Theorem 1.4. For ,1 ∞<< p  we have 

( ) ( ) ( ) ( ) ( )
( ) ( ( ) ) ( ) ( )∫ ∫ ννϕ−

−

−
≈ +

+

−

∈ B BBB .1
,1

ˆsup 12
12

2
2 wdzdw

wz

wfzf
zfQf n

an

p

a

p
BM  

Applying Theorem 1.2 to the Bloch norm in (1.6), we directly obtain 

another characterization of BM  space. 

Theorem 1.5. For ,1 ∞<< p  we obtain 

( ) ( ) ( ) ( ) ( ( ) ) ( ).1~sup 1222∫ λϕ−−∇≈ +−

∈ BBB zdzafzfzff n
a

p

a

p
BM  

2. Proofs of the Results 

We use the notation BA   for the two expressions A and B which 

means that there is a constant C, independent of the quantities under 

consideration, such that .BCA ⋅≤  When BA   and ,AB   we use 

the notation .BA ≈  
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Proof of Lemma 1.1. By Green’s formula for the invariant Laplacian 

,~∆  for ,10 <ρ<  

( ) ( ) ( ) ( ) ( ) ( ) ( ),~1
!1

12
22

∫ ∫ρ
+−

−
λ∆=ζσρζρ−

−
πρ

S B
zdzfdf

n
ppn

n
R  

where ( )fR  is the radial derivative of f. Since 

( ) ( ) ( ),1 ρζ
ρ

=ρζ
ρ

pp ff
d
d R  

we have 

( ) ( ) ( ) ( ) ( )∫ ∫ρ−

−
λ∆

ρ

ρ−≈ζσρζ
ρ S B

.~1
12

12
zdzfdf

d
d p

n

n
p  

In integrating both side over [ ],,0 ρ∈r  we obtain 

 ( ) ( ) ( ) ( ) ( ) ( )∫ ∫ ∫ρ−

−
λ∆ρ

ρ

ρ−≈−ζσζ
S B

r p
n

n
pp zdzfdfdrf

0 12

12
.~10  (2.1) 

By the change of integration order in (2.1), the proof is completed.  

Let 

( )


 <

=χ
.otherwise,0

,1 tz
tz  

The proof of Theorem 1.2 goes along the similar process as that of [5] (see 

Theorem 1 in [5]). 

Proof of Theorem 1.2. It follows from Lemma 1.1 and (1.3) for 

M -harmonic function f that for 10 <ρ<  we obtain 

( ) ( ) ( ) ( ) ( ) ( )∫ ∫ ∫ρ

ρ

−

−
− −

λ∇≈ζσρζ
S B z n

n
pp dr

r

r
zdzfzfdf

12

12
22 1~  

 ( ) ( ) ( ) ( ) ( )∫ ∫ρ

ρ

−

−
− χ

−
λ∇≈

B 0 12

12
22 1~ drr

r

r
zdzfzf zn

n
p  

 
( ) ( ) ( ) ( ).~1

0

22
12

12

∫ ∫
ρ −

−

−
λ∇

−
=

Br

p
n

n
zdzfzfdr

r

r
 (2.2) 
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Following the same process as in Theorem 1 of [5], we obtain the 

equivalent quantity for the last one of (2.2) 

( ) ( ) ( ) ( )∫ ∫
ρ −

−

−
λ∇−

0

22
12

12 ~1
Br

p
n

n
zdzfzfdr

r

r  

 ( ) ( ) ( ) ( )∫ ∫
ρ −−+− λ∇−ρ≈
0

221212 .~1
Br

pnn zdzfzfdrr  (2.3) 

By (2.2) and (2.3), we have 

( ) ( )∫ ν=
B

zdzff pp
LpM

 

( ) ( )∫ ∫ ζσρζρρ= −
1

0

122
S

pn dfdn  

( ) ( ) ( ) ( )∫ ∫ ∫
ρ −− λ∇−ρ≈

1

0 0

2212 .~12
Br

pn zdzfzfdrrdn  

By interchanging the order of the integration, we get 

( ) ( ) ( ) ( )∫ ∫ ∫ ρλ∇−= −−1

0

12212 ~1
Br r

pnp
L

dzdzfzfdrrf pM
 

( ) ( ) ( ) ( )∫ ∫ λ∇−≈ −1

0

222 ~1
Br

pn zdzfzfdrr  

( ) ( ) ( ) ( ) ( )∫ ∫ χ⋅−λ∇= −

B

1

0

222 1~ drrrzdzfzf z
np  

( ) ( ) ( ) ( )∫ ∫ −λ∇= −

B

1
222 1~

z

np drrzdzfzf  

( ) ( ) ( ) ( ).1~ 1222∫ λ−∇= +−

B
zdzzfzf np  

This completes Theorem 1.2.  

Remark 2.1. Taking 1→ρ  in (2.3), we obtain 

( ) ( ) ( ) ( )∫ ∫ λ∇−≈ −−1

0

2212 ~1
Br

pn
H zdzfzfdrrf pM  
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( ) ( ) ( ) ( )∫ ∫ −− −λ∇=
B

1 1222 1~
z

np drrzdzfzf  

( ) ( ) ( ) ( ).1~ 222∫ λ−∇≈ −

B
zdzzfzf np  

The result gives another proof of Proposition 5 in [7]: Let .1 ∞<< p  

Then ( )BpHM  if and only if 

( ) ( ) ( ) ( )∫ ∞<λ−∇ −

B
.1~ 222 zdzzfzf np  

By modifying Hardy’s inequality, K. T. Hahn obtained the following 

theorem. 

Theorem 2.2 [2]. For ,1 ∞<< p  ( )BpBf M∈  if and only if 

( ) ( ) ( )
( ) ( ) ( ) ( ) ,

,,
, 2

∫ ∫ ∞<λλ−
B B

wdzd
wwKzzK

wzK
wfzf p  

where 

( )
( )

B∈
−

=
+

wz
wz

wzK
n

,,
,1

1,
1

 

denotes the Bergman kernel of B. 

Using K. T. Hahn’s result, we can obtain a characterization of the 

M -harmonic Besov space. 

Proof of Theorem 1.3. By Theorem 2.2, we want to show that 

( ) ( ) ( ) ( )
( ) ( ) ( )∫ ∫ νν

−

−
+

−

B B
wdzd

wz

wfzf
zfQ

n

p

12

2
2

,1
ˆ  

( ) ( )
( ) ( ) ( )∫ ∫ νν

−

−
≈

+B B
.

,1 12
wdzd

wz

wfzf
n

p
 

It follows from (1.1) and (1.2) that we have the identity 

( ) ( ) ( ) ( ) ( ) ( ) ( )∫ ∫ νν
−

−
+

−

B B
wdzd

wz
wfzfzfQ

n
p

12
22

,1

1ˆ  



JINKEE LEE 390

( ) ( ) ( ) ( ) ( )( ) ( )
( )∫ ∫ +

−

−

νϕν−=
B B

.
1

ˆ
12

22
nw

p

w

wdzdwfzfzfQ  

By the change of variable ( )zu wϕ=  and the invariance of fQ̂  under the 

automorphism on B, the integral above is 

( ) ( )( ) ( )( ) ( ) ( ) ( )
( )∫ ∫ +

−

−

νν−ϕϕ
B B 12

22

1
ˆ

n
p

ww
w

wdudwfufufQ  

( ( )) ( ) ( ) ( ) ( ) ( )
( )∫ ∫ +

−

−

νν−ϕϕ=
B B

.
1

ˆ
12

22
n

p
ww

w

wdudwfufufQ  (2.4) 

Replacing ( ) ( )wfuf w −ϕ  by ( ),uFw  (2.4) is equivalent to 

( ) ( ) ( ) ( ) ( )
( )∫ ∫ +

−

−

νν
B B

,
1

ˆ
12

22
n

p
ww

w

wduduFuFQ   

by applying Theorem 1.2 to wF  and by (1.4), which is equivalent to 

( ) ( ) ( ) ( )
( )∫ ∫ +

−

−

νν∇
B B 12

22

1

~
n

p
ww

w

wduduFuF  

( ) ( ) ( )
( )∫ ∫ +−

νν=
B B

.
1 12 n

p
w

w

wduduF  (2.5) 

Replacing ( )uFw  by ( ) ( )wfuf w −ϕ  in (2.5), we get 

( ) ( ) ( )
( )∫ ∫ +−

νν
B B 121 n

p
w

w

wduduF  

( ) ( ) ( ) ( )
( )∫ ∫ +−

ν
ν−ϕ=

B B
.

1 12 n
p

w
w

wd
udwfuf  

By changing of variable ( )zu wϕ=  and (1.1), the proof is completed.  

Proof of Theorem 1.4. Following the step to obtain (2.5), we have 

( ) ( )
( ) ( ) ( ) ( ( ) ) ( ) ( )∫ ∫ ννϕ−

−

− +
+

−

∈ B BB
wdzdwzfQ

wz

wfzf n
an

p

a

122
12

2
1ˆ

,1
sup  

( ) ( ) ( ) ( ( ) ) ( ) ( ),11~sup 121222∫ ∫ λλϕ−−∇≈ ++−

∈ B BB
wdzdwzzFzF n

a
n

w
p

w
a

 (2.6) 
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where ( ).: wffF ww −ϕ=  By Theorem 1.2, (2.6) is equivalent to 

 ( ) ( ( ) ) ( ) ( )∫ ∫ λνϕ− +

∈ B BB
.1sup 12 wdzdwzF n

a
p

w
a

 (2.7) 

By Proposition 10.2 in [8], M -subharmonic mean value property, 

( ) ( ) ( ) ( ) ( ).1~ 2 ∫ ν−ϕ−∇
B

zdwfzfwwf p
w

pp   

So, (2.7) is greater than or equal to a constant times to 

( ) ( ) ( ( ) ) ( ),11~sup 122∫ λϕ−−∇ +

∈ BB
wdwwwf n

a
pp

a
 

which is, by (1.4) and (1.1), equivalent to the left side quantity in (1.7). 

Conversely, (2.7) is less than or equal to 

( ) ( ) ( ( ) ) ( )∫ ∫ λϕ−⋅ν +

∈∈ B BBB
,1supsup 12 wdwzdzF n

a
a

p
w

w
 

which equals 

( ) ( ) ( )∫ ≈ν−ϕ
∈ BB

p
B

p
w

w
fzdwfzf Msup  

since 

( ( ) ) ( )∫ =λϕ− +

B
.11 12 wdw n

a   

3. Comparison with a Holomorphic Case 

Remark 3.1. When 1=n  and f is holomorphic in the unit disc D, the 

left side of (1.5) equals 

 ( ) ( ) ( ) ( ) ( ) ( )∫ ∫ −

−
−′

−

D D
,

1
1

4

2
222 wdAzdA

wz

wfzf
zzf

p
 (3.1) 

in fact, the Bergman metric ( )ζβ ,z  for D is ( ).12 2z−ζ  

Lemma 3.2. For ,, D∈wz  ( ) ( )21 zzf −′  is comparable to 

( ) ( ) .wfzf −  
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Proof. From Theorem 3.1 in [9], we see the inequality for 10 << r  

( ) ( )
( )

( ) ( ) .sup11 2 wfzf
r

zzf
rzw

−−′
<ϕ

  

On the other hand it follows from the inequality 

( ) ( ) ( )∫=−
1

0
0 dttuf

dt
dfuf  

( ) ( ) ∫ −
−′≤

<

1

0 22
2

1 1
1sup dt

ut

u
tutuf

tu
 

for each D∈u  that 

 ( ) ( ) ( ) ( ) .
1
1

log
2
11sup0 2

1 u
u

tutuffuf
tu −

+
⋅−′≤−

<
 (3.2) 

Thus we have, for the Möbius transformation aϕ  on the unit disc D, 

( ) ( ) ( ) ( )0www fzfwfzf ϕ−ϕϕ=−  

 ( ) ( ) ( )( ).,0 uzFfFuF ww =ϕ=ϕ−=  

Applying (3.2) to F, we then obtain 

( ) ( ) ( ) ( )2

1
1sup

1
1

log
2

0 tutuF
u
u

FuF
tu

−′⋅
−
+1

≤−
<

 

( )
( )

( ) ( )( ) ( ( ) ).1sup
1
1

log
2
1 22

10
ztztf

z
z

www
tw

w ϕ−ϕ′ϕ⋅
ϕ−
ϕ+

=
<<

 

By (1.1), we have 

( ) ( ) ( )
( ) ( )( ) ( ( ) )2

10
1sup

1
1

log
2

tutuf
z
z

wfzf ww
tw

w ϕ−ϕ′⋅
ϕ−
ϕ+1≤−

<<
 

( )
( ) ( ) ( ) ( )( ).,1sup

1
1

log
2
1 2

10
tuvvvf

z
z

w
tw

w ϕ=−′⋅
ϕ−
ϕ+

=
<<
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Therefore 

( )
( ) ( ) ( ) ( ).1sup

1
1log

2
1sup 2

10
vvf

r
rwfzf

trzw

−′⋅
−
+≤−

<<<ϕ
 

The proof is complete.  

Then we see that the following characterization of the holomorphic 

Besov space ( )DpB  by K. Zhu is obtained by (3.1) and Lemma 3.2. 

Theorem 3.3 [11]. If 1>p  and f is holomorphic in D, then f is in 

pB  if and only if 

( ) ( ) ( ) ( )∫ ∫ ∞<
−

−
D D

.
1 4

wdAzdA
wz

wfzf p
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