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Abstract

A curve is said to be a spherical curve if it lies on a sphere. There are
many characterizations of spherical curves, among those is the well-

known theorem of Breuer and Gottlieb [4], which was then improved by

Wong without any preconditions. It states that a C* -curve lies on a

sphere if and only if

k{A COS(J; (s) dsJ +B sin(-[;‘c(s) dsﬂ =1,

where A, B are arbitrary constants and % is the curvature of the curve
and 7 is the torsion of the curve. This result was then generalized by

Alodan and Deshmukh to n-dimensional submanifolds of a Euclidean
space R™P which states that an n-dimensional compact connected and
oriented submanifold of R"™P lies on a hypersphere if and only if
F = (H, y*) = -1, where H is the mean curvature vector ficld and y*
is the normal component of the position vector field y of the submanifold

in R™P. In this paper we prove the equivalence of Wong’s result with

Alodan and Deshmukh’s result in two ways.
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1. Introduction

Characterizing spherical curves is an interesting goal in geometry.

There are many characterizations for a curve in R3 tolieon a sphere. An
important one is the well-known theorem of Breuer and Gottlieb [4],

which was then improved by Wong [12] without any preconditions, states

that a C*-curve lies on a sphere if and only if

k{A cos[ J' Os r(s)ds} +B sin[ I Os 'c(s)dsﬂ -1,

where A, B are arbitrary constants and % is the curvature of the curve
and t is the torsion of the curve. Alodan and Deshmukh gave recently a

generalization of this result to higher dimensions which is, given an
n-dimensional submanifold M of a Euclidean space R""? with immersion
v: M - R"P y(M)c S*"P7(c) for some ¢ if and only if the smooth
function F = (H, \VJ‘> = -1, where H is the mean curvature vector field
and y = \UT + \yl, \yT, \yl being the tangential and normal components
of y restricted to M, and (,) is the Euclidean metric on R"*P

(Theorem) [1].

We prove that Wong’s result is equivalent to Alodan and Deshmukh’s
result (cf. Theorem 4.1). We also give examples of spherical and non-

spherical submanifolds where the condition is met or is violated.
2. Preliminaries

We denote by (,) and V the Euclidean metric and the Euclidean

connection on R""P. Let g and V be the induced metric and the
Riemannian connection on the submanifold M. Then we have the

following equations for the submanifold M

VY =VxY +A(X,Y), VxN =-AyX + V%N, (2.1)
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where X, Y € X(M), N € I'(v), where X(M) is the Lie-algebra of smooth
vector fields, I'(v) is the space of smooth sections of the normal bundle v
of M, h is the second fundamental form, Ay is the Weingarten map with

respect to the normal N e I'(v) which is related to the second

fundamental form & by g(AyX, Y) = (WX, Y), N), X, Y € (M) and V*
is the connection in the normal bundle v. We also have the following

equations of Gauss and Codazzi for the submanifold M
R(X,Y,Z, W)= gy, Z), (X, W))- g(n(X, Z), (Y, W)), (2.2)
(Dh)(X, Y, Z) = (Dh)(Y, Z, X) = (Dh)(Z, X, Y), (2.3)

where R 1s the curvature tensor field of the submanifold M and

(Dh)(X, Y, Z) = VXh(Y, Z) = h(Vx, Y, Z) = h(Y, VxZ), X, Y  y(M).
The Ricci tensor Ric of the submanifold is given by

Ric(X, Y) = ng(h(X, Y), H) - )" g(h(X, ¢;), (Y, ¢;), 2.4)

12

where {ej,...,e,} 1is a local orthonormal frame on M and
H = Zi h(e;, e;), is the mean curvature vector field. The Ricci operator @

is a symmetric operator defined by Ric(X,Y)=g(Q(X)Y), X,Y e
x(M).

The scalar curvature S of the submanifold M is given by

S =n?|HI? - h ]2, 2.5)

where | A ||2 is the square of the length of the second fundamental form

defined by

In1 =3, e e
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If we express y =y’ +y', where y! X(M) is the tangential

component and y» e I'(v) is the normal component of y. We denote by

A= A\v . the Weingarten map with respect to the normal vector field
vt e ['(v), then using (2.1), we have
Vyy! = X + AX, Viyt = -n(X, yT), X e x(M). (2.6)

Define a smooth function F : M — R on the submanifold M by

F =(H, \uJ‘>, then we have the following lemmas for an n-dimensional

compact submanifold y : M — R"*P.

Lemma 2.1 [1]. Let M be an n-dimensional compact submanifold of

the Euclidean space R"*P. Then

IM (1+ F)dv = 0.

Lemma 2.2 [1]. Let M be an n-dimensional submanifold of R"*?.

Then the tensor field A satisfies

(1) trA = nF,
(i) (VA)(X, Y) - (VA)(Y, X) = R(X, Y)u",
(i) )" (VA)(e;, ¢) = nVF + Q(y"),

where (VA)(X,Y)=VxAY - AVxY, X, Y e x(M) and {e, ..., e,} is a

local orthonormal frame on M.

Lemma 2.3 [1]. Let M be an n-dimensional submanifold of R™P.

Then the tensor field A satisfies

j RictyT, yT)+ | A2 - n2F? + n(n - 1)}dV = 0.
M
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3. Spherical Submanifolds

The following well-known theorem characterizes spherical curves

Theorem 3.1 (Breuer and Gottlieb). A curve a(s) in R® is a

spherical curve if and only if p(s) and t(s) satisfy the explicit relation:

K|:A cos(j 1(s)ds ) +B sinu- 1(s)ds ﬂ =1,

where A and B are arbitrary constants.

This theorem was later improved by Wong without any preconditions

on x and t as follows:

Theorem 3.2 (Wong). A C* curve o(s), s e [0, L] parametrized by its

arc length is a spherical curve if and only if

K|:A cosUOs r(s)dsj +B sinU; t(s)dsﬂ 1,

where A and B are arbitrary constants. A curve satisfying the above

1
condition lies on a sphere of radius (A2 + B? )2.

This result was then generalized by Alodan and Deshmukh for

n-dimensional submanifolds of R"*? to lie on a hypersphere

Theorem 3.3 (Alodan and Deshmukh). Let ¥ : M — R™? be an

n-dimensional connected compact oriented submanifold. Then

Y(M) = S™P7Y(c), for some constant ¢ > 0, if and only if the function

F=(H v =-1.
4. Equivalence Theorem

In this section, we prove that the result of Wong (Theorem 3.2) is
equivalent to the result of Alodan and Deshmukh (Theorem 3.3).
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Theorem 4.1. For a unit speed curve ¥ : [a, b]] - R3, F = (H, ‘I’l>
= -1 holds if and only if

k{A cos[ j Os r(s)dsj +B sin[ j : r(s)dsﬂ -1,

where A, B are arbitrary constants.

Proof. It is known that

k{A cos[ j Os t(s)dsj +B sin( J Os r(s)dsﬂ 1

holds if and only if there exists a differentiable function f such that
ft=p" and f'+ 1p = 0. Thus it is sufficient to prove that F = —1 if and

only if there exists a differential function f such that fr =p" and

f'+1p=0.

Suppose that F = —1. Then ¥ is a spherical curve. Then in this case
|H| =-1 and n along ¥ is given by n(s) = ¥(s). Thus

(¥,n) =1 (4.1)
which gives after differentiating with respect to s
(T, ¥) =0. 4.2)

Differentiating equation (4.2) with respect to s and using the Frenet-

Serret theorem we have
~N, ¥) = p.
Now
p' = k(T, ¥) - t(B, ¥)

= —1(B, ).
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Take f = —(B, ¥) which is a differentiable function and
f'=-p.
Thus we get f'+1p =0 and fr = p".

Conversely, suppose that there exists a differentiable function f which

satisfies f'+ tp = 0 and fr = p".

Now as

p=—N,¥)
we get di<T, V) = 0 and hence (T, ¥) = constant. But as ¥ is spherical,
s

then the constant must be zero. Nowas ¥ =n, T = Cé—n, we arrive at
s

(T, ¥) = %(m W)~ (n, T) = 0.

Thus di<n, ¥) = 0 and hence (n, V) = constant. Butas n = ¥
s

(n, ¥) =1
F=-1.
This proves the theorem.

Remark. The proof we gave for Theorem 4.1 is certainly not the only
possible proof. Another proof can given with more use of submanifold

theory. We shall give such proof in what follows.

Suppose ¥ 1is a unit speed curve and F = -1, then ¥ is a spherical

curve. Now V¥ : [a, b] > R?, can be expressed as follows:

VY =fT+AN+uB
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f, X, p are smooth functions. Now as f = (¥, T), then

T(f) = (T, T) + (¥, V¢T + A(T, T)).

But as VoT =0
T(f) = f' = 1+ (¥*, A(T, T))

=1+ F

and hence f=constant. Thus

and using F =-1, we get f' =0,

(¥", T) = 0. This implies that ¥ = AN + uB.

Now
¥ = Vp¥ = U'N + A=ET + 1B) + @B + u(-1N),

T = -AkT + (\' = pt)N + (A1 + ') B,
0=-1+xR)T+ (A —put)N+ (At +u)B.
As {T, N, B} is a linearly independent set we get
-1 =2xk, A =p1, At =-p.
Thus %2 # 0 and A = —p. Hence p’ = —ut and p = —p'c. But p = (¥, B)
gives

p=-t¥, N)=r1p

and
= (-p'o).
This is Darboux’s condition which is equivalent to Wong’s condition.

Conversely, suppose ¥ is a unit speed curve and there exists a

differential function f such that ft=p" and f'+1p =0, ie, ¥ is a
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spherical curve. We have
¥ =yt = pN-p'oB.

As the curve is a 1-dimensional submanifold of RS, the mean

curvature vector is expressed as
H = (T, T).
Now

T' = VT = VT + A(T, T)

:lN
p

which gives

F = (H, v

<l N, -pN - p'0B>
p
=-1.
5. Examples of Spherical and Non-spherical Submanifolds

In this section we give examples of spherical submanifolds where the
condition F = -1 is met and examples of non-spherical submanifolds

where the condition F' = -1 is violated.

Example 5.1. Consider the hyperspheres ¥; : Sz(cl) - R3,

¥ (w, v) = [u, v, 1 u? —vzj

a

and ¥y : S%(cy) > R3,
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\PZ(ras):(ra S, i_rz_szj
¢

2

and let M = S%(c;)x S%(cy). Define ¥ : M — R® by W = (¥, ¥,),
such that (¥, W) = 0.

It is easy to check

Thus M is a spherical submanifold.

Example 5.2. Consider the unit sphere S"(1) c R™*! with the

natural embedding i:S"(1) > R, Let M= Sm( m - J x
n—

n-1 n-1

Sk[ LIJ be the product of the spheres Sm£ LJxSk[ k j,
n

where m + k = n —1. Then from Simon [11], we know that there exists

an immersion f : M — S"(1) which is a minimal hypersurface.

Now consider W =iof: M — R™ as an (n-1)-dimensional
submanifold of R™!. Let N; be the unit normal of M in S™(1) and
Ny =i the unit normal of S™(1) in R"™!. Then {Nj, Ny} is an

orthonormal frame of normals for the submanifold M in R"*!.
The mean curvature vector H of Min R"! is given by
nH = -nNy,
where we used trAy, = 0 as Mis a minimal hypersurface of S"(1). Thus

H =-N,.
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Also as
¥(p) = (o f)(p)
= Ny(f(p)),
where i = Ny, treating i as a position vector field of S™(1).

Thus we have

which gives an example of a spherical submanifold M.
Example 5.3. Consider the surface of revolution given by

x(0, ¢) = ((2 + cos 0) cos ¢, (2 + cos 0)sin ¢, sin 0),

where x:U > R U={06,¢,0<0<n,-n<¢<n. Then x is an

immersion and
xt = (2cos 0 + 1)(cos 0 cos ¢, cos 0sin ¢, sin 6),
we have

F =(H, x")

B 3cos 0+ 2cos” 0 + 1
2+ cos0

# —1.
This gives an example of a submanifold with F = —1.
Remark. In the previous example, we found that F' # —1 as x| # 0.

Example 5.4. Consider the simple surface x : U — R? defined by
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x(s, 0) = (s cos O, ssin 6, V1 + 32),

where U = {(s, 0), s > 0, 0 < 6 < 2r}. Then clearly x is an immersion and

and

F = (H, x")

:[ (1+s?) )
(1+2s%)?

= —1.

This is another example with F = —1.
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