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Abstract

In the present paper, by making use of certain operators of generalized

i

fractional calculus, we introduce a novel class Ty ’Zb’n(n; a) of functions
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which are analytic and univalent in the open unit disk U. A necessary
and sufficient condition for a function to be in the class Tf’f”n(n; a) is

obtained.

1. Introduction and Definitions

Let T(n) denote the class of functions f(z) of the form

flz)=2z- Z apz® (@, 20, neN=1{,23,..)), (1)

k=n+1
which are analytic and univalent in the unit open disk

U={z:zeCand|z]|<1}.

Let Tx“’(d)’n(n; a) denote the subclass of T'(n) consisting of functions f(z)

which satisfy the inequality:

(D228 253U @) + @0t + 1 = )22 22 (2,
S 1 O [ XERY e 11 O

+ (= 02 TN+ (L= n+ IR S -1 -0) | <a @

(zelU;0<a<;0<pu<; ¢,neR, ¢<l;n>max{y, ¢}-2;0< ¢ <A <1

Definition 1.1. The fractional integral of order p of a function f(z) is

defined by

O g (u>o0), 3

_ 1 Z
R C R e

where f(z) is analytic in a simply-connected region of the z-plane

containing the origin, and the multiplicity of (z — &)“_1 1s removed by

requiring log(z — &) to be real when (z - &) > 0.
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Definition 1.2. The fractional derivative of order p of a function f(z)

is defined by

L d (10 g 0<p<), @

D {f(z)} = T -wdedo_gp

where f(z) is constrained, and the multiplicity of (z — £)™* is removed, as

in Definition 1.1.

Definition 1.3. Let p > 0 and n, B € R. Then, in terms of familiar

(Gauss’s) hypergeometric function 9 F], the generalized fractional integral

operator Ig’g’n of a function f(z) is defined by

ZHPB
()

B2 = 2 [ e - O pFiwe g 1= e )

where the function f(z) is analytic in a simply-connected region of the

z-plane containing the origin, with the order

f(z)=0(z2[), (z > 0), (6)
for

¢ > max{0, p—n} -1, (7)

and the multiplicity of (z — &)“_1 is removed by requiring log(z — &) to be

real when (z — &) > 0.

Definition 1.4. Let 0 < u <1 and n, B € R. Then, the generalized

fractional derivative operator J f ' of a function f(z) is defined by

JEP ()

_ 1
Ll -p)

4 {z“-ﬁ [le-or@am(p-ni-n1-w1- %j]da}, ®)
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where the function f(z) is analytic in a simply-connected region of the
z-plane containing the origin, with the order as given by (6), and the
multiplicity of (z - &)™ is removed by requiring log(z — &) to be real
when (z - &) > 0.

By comparing (3) with (5), we obtain the following relationship
Iy W (2) = D*{f(2)} (> 0). ©)
Similarly, by comparing (4) with (8), we find

Jo 2 (=) = DEf(2)} (0 < p < 1). (10)

From the general class Ti’f’”(n; a) defined by (2), we obtain the

following important subclasses:

VZ“’d”n(n; a) = T&’;’””(n; a) and V0”’¢’n(n; a) = TO*:’O‘I””(n; a), (11)

Wé“’d)’n(n; a) = Tlu’})’n(n; a) and WO“’(b’n(n; a) = Tlub‘b’n(n; a), (12)

Q. (s ) = V" (0 ) and Q(n; a) = VI (n; o), (13)
A o(ns @) = WP (0 o) and Ay (n; @) = Wi (s ), (14)
Snla) = Qo(n; a), (15)
Cpla) = Ag(n; @), (16)
S*(a) = Si(a), 17)
C(a) = Cy(a), (18)

mMeN;0O<a<1L;0<p<1;¢,neR, ¢<1;n>max{y, ¢} —2;

0< /<A<
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The classes S,(a) and S*(a) consist of starlike functions, of order
1-o and the classes C,(a) and C(a) consist of convex functions, of

order 1 - a. These classes are of much importance in the Geometric
Function theory. Some other interesting papers involving fractional
calculus operators are the ones by Altintas et al. [1, 2], Chen et al. [3, 4],

Irmak [5], and Raina and Srivastava [7].

2. Some Properties of the Class T}L“’;b’n(n; a)

Theorem 2.1. Let a function f(z) € T(n). Then, the function f(z)

belongs to the class Tk“,’;l””(n; a) if and only if

o C(k+1)T(k-¢ 1)
2 Tk - : I 1)1’(; 12$ 1) (G, §)]ay,

k=n+1

<o T2 =0+ )10 —1to +1 24 + (4]

, 19
T2 -psnE—¢) (19)

meN;0<a<1;,0<pu<;¢,neR, ¢<1l;n>max{y, ¢}-20< /<A <)

The result is sharp for the function f(z) given by

a2 -+ 1) (A% — Alh +1 - A + L)
F2-p+n2-§)C(n+2)I(n—-¢+n+2)

f(z) =z

Fn-—p+n+2)I(n-¢+2) SN+l (20)
G(n +1, 9) ’

where
G(k, §) = (M(E — 6) + [ohl + o0l — 200 + & — 0] (k — 9)? + [au(h — ¢ — 10)
+ (1= 20+ 20— QAL + ML + A — 09)] (B — ) + [a(1 = & + 0)
— (-t +1 =+l =)

Proof. Suppose that the function f(z) is defined by (1), and the
inequality (19) holds true and take
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MBI BT )]+ (200 + 0 = 0) 27T ENf ()
+ 2O TN F ) - (- )Ty R TR ()

+ (0= 2Ty BT ENE ) 4 (1= a4 O)TE SR

— a2 TSI @) + (- )25 T f(2)

+(1-r+ Z)Jg;j_””{f(zm

2 1"(2(]—43 : i)lq;(f 1_)1(1—)(; - ; 1)1) ek — ) + (90t — 200

k=n+1

+ A=) k= 0)% + (1= 2% + 20— QAL + AL + 2 — £0) (k — §)

(L= =+ o — ) a2

_ F(2—¢+n) 2_ . L
a‘ l"(2—M+n)1"(2_(|))(7‘£‘|’ Mo — 1+ L +1)z

v [(k+D)I(k—¢+n+1) )
_an;IF(k—u+n+1)F(kT—]¢+1){M(k_¢)2+(7”_£—M)(k—¢)+(1—k+€)}zk o

< N F(k+1)r(k—¢+n+1)
) kglﬂ M(k—p+n+1)0(k—¢+1) [G(E, §)lay

F2-¢+mn)
_aF(2—p+n)r(g_¢) (092 = Nt — A + £ + 1)}

<0
meN;0<a<1;0<pu<;¢,neR, ¢6<l;m>maxfy, ¢} -2;0< <A <1)
Hence, by maximum modulus theorem, the function f(z) defined by (1)

belongs to the class Tf’f’n(n; a).
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In order to prove the converse, we assume that the function

f(z) e T)&’;‘)’n(n; a), then
(025 2303 f (@) + (210 + h — 0) 22T 22N f(2))
+ 2l BTN @) DTG N f (@) + (- D2 g T ()

S nr DTN - (- 9) < @

o TEDME-drn+) e T@-b4m)
‘ [Z kens1 TR -+ m + DIk - + 1) PO / re-psmrz-g

~ ~ -6 N % rk+1)I(k-—¢+n+1)
M=o+ 0o +1)z Zk:n+1r(k—u+n+1)r(k—¢+1)

rakzk_d’} <a

(21)
where

p = {Me(k = §)° + (00 — 200 + % — ) (k — )

+ Q-2+ 20— M + M+ X —LO) (R =)= A=A+ 0 — b+ 1d— )]},
t= k-0 + (A= =10 (k—)+(1—n+0).

Since |Re(z)| <|z| for any z, choosing z to be real and letting
z 171 through real values, (21) yields (19).

Corollary 2.1. Let a function f(z) € T(n). Then, the function f(z)

belongs to the class V(”’d”n(n; a) if and only if

i T(k+1)C(k—¢+n+1)

Rt Ne-p+n+I(k-—9¢+1)

(0= + (1 +20—top—al)(k—¢)—1—L+ ¢+ (o +a+alla,

cofTe=ten 0]
S r@-p+n)rE-¢)’

PeN;0O<a<1;0<pu<1¢,nelR, ¢<2;n>max{y, ¢} —2).
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Corollary 2.2. Let a function f(z) € T(n). Then, the function f(z)

belongs to the class Weu’d)’n(n; a) if and only if

i Tk +1)C(k—¢+n+1)
Frk-p+n+1)T(k-9¢+1)

k=n+1

{0k =) + (1 =30+ td+al) (k-0 + (el —20)—1+30 — 200 + ¢) (k — §)

+al+ 0 - lay < a{r(z f(j - 2);&)_ 5 (00 — ¢ + 1)},

(reN;0<a<1;0<pu<l;o,neR, ¢d<1;mn>max{y, ¢}—2;0< /<A <1).

Corollary 2.3. Let a function f(z) € T(n). Then, the function f(z)
belongs to the class Q, ,(n; o) if and only if

Z (k+1)
F(k u+1)
ok -p)P? +(Q+20—tp—oal)(k—p)—1—L+p+Llu+a+alla,

So{ﬂ},(neN;O<aS1;0Su<l).
I(2-p)

Corollary 2.4. Let a function f(z) € T(n). Then, the function f(z)
belongs to the class Au’é(n; o) if and only if

Z G F(k + 1)1)@(;@ —n)? + (-804 pl+ al) (k- p)

+(al-20)-1+30-2ul +p)(k—p)+ ol + lp—Llla

a 2
<S—— i -p+1},(neN;0<a<1;0<u<).
02 - p)

We obtained Corollaries 2.1-2.4 by using equations (11)-(14).

Remark 2.1. When ¢ = 0 corollaries from 2.1-2.4 correspond to the
known results proved by Irmak and Raina [6, pp. 447-448].
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Theorem 2.2. Let B € R, and y, 1 € R such that n > max(-B, y) - 2.

If n is a positive integer such that

nzv(B[;rn)_Z

and, if f(z) e Tf’f’n(n; a), then

I e ps s KL

< al(2—¢+M)T(n—p+n+2)T(n+2-§)T(n—y+n+2) 1> —7~5¢+1—7~¢+f¢}‘z‘n—y+l
h Fr-pu+nMr2-9)rn-¢+n+2)f(n—y+2)f'(n+p+n+2)Gn+1, ¢]

(22)
for ze U if y<1 and ze D if y >1. The result (22) is sharp for the
function f(z) given by (20).

Proof. Let f(z) e T{l’f”n(n; a). It follows from the inequality (19)

that

ia <ocl“(2—¢+n)l“(n—u+n+2)F(n+2—¢){M¢2—M¢+1—k¢+£¢} 23)
C T2-p+nT2-0)(n+2)T(n—¢+n+2)Gn+1, ] '

k=n+1

From (1), (8) and a known result due to Srivastava et al. [9, p. 415,
equation (2.3)], we have

By, __ T@2-v+m) T k-
BEMEY = teras r” kgﬂw(k)akz L@

where

(k4 1)k - 1)
"’(k)—r(k_;+1)r<k153;+1)’

(k>n+1; neN).

The function (k) is non-increasing for integers k(k > n+1, n € N),

under the hypothesis of Theorem 2.2. Therefore we have

I(n+2)T(n—y+n+2)
Fn-—y+2)T(n+B+n+2)

0<yk)<yn+1)= (n e N). (25)
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Then the desired assertion (22) of Theorem 2.2 follows by substituting
(23) and (25) in (24).

Theorem 2.3. Let 0 <P <1 and y,meR such that y<2,n >

max(B, y) — 2. If n is a positive integer such that
n > Y(BT_T]) -2, andif f(z) e T{t’f’n(n; a),
then

R e L

<[er@-¢+mT(n-p+n+2)T(n+2-¢)T(n -y +n+2) Ad? — Alh
+1 -2+ 0}]/[0(2 -+ T2 - )T (n— ¢ +n+2)T(n -y
+2)T(n-B+n+2)Gn+1, ¢]]]| z|" " (26)

for zeU if y<1 and ze D if y>1. The result is sharp for the
function f(z) given by (20).

Proof. Under the hypothesis of Theorem 2.3, we have from (1) and a

known result of Raina and Srivastava [7, p. 15, equation (2.2)].

Jg:;’n{f(z)} = 1—*(2 E('?)l:(étg)‘i‘ n) Zl_y

o F(k+1)C(k—y+n+1) p
_k;rll"(k—y+1)l—‘(k_ﬁ+n+1)z v @7)

Making use of (27) and the steps are similar to Theorem 2.2, equation (26)
of Theorem 2.3 is easily arrived.

Remark 2.2. When ¢ = 0 theorems from 2.2-2.3 correspond to the
known results proved by Irmak and Raina [6, pp. 449-450].



|DP{f(2)}] -

<

ol - ¢p+m)T(n—p+n+2)T(n+2— ) {Ad? —hlp+1— A + L)
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Corollary 2.5. If f(z) € Tf’f’n(n; a), then

1
2 +p)

| > |1+[3

|Z |n+[3+1

Fr2-pu+n)f2-0)T(n-¢6+n+2)I(n+p+2)G[n+1, ¢]
(28)

forall B(B>0),zeU and n € N.

Corollary 2.6. If f(z) € T{l’f’n(n; a), then

DN - gyl =

_ o2 -0+ M(n - p+n+2)T(n+2 - ¢) (Mo” —M¢+1—x¢+f¢}|zln_ﬁ+l

TE-p+MIE2-9T(n-90+n+2)T(n-PB+2)G[n +1, ¢|
(29)

forall B (0<B<1),zeUandneN.

Equations (28), (29) are sharp for the function f(z) given by (20).

Corollaries (2.5) and (2.6) are obtained by using equations (9) and (10)

respectively.

Remark 2.3. We note that the results (28), (29) coincide with the

corollaries obtained in [6, p. 450].
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