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Abstract 

In the present paper, by making use of certain operators of generalized 

fractional calculus, we introduce a novel class ( )αηφµ
λ ;,,

, nT l  of functions 
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which are analytic and univalent in the open unit disk U. A necessary 

and sufficient condition for a function to be in the class ( )αηφµ
λ ;,,

, nT l  is 

obtained. 

1. Introduction and Definitions 

Let ( )nT  denote the class of functions ( )zf  of the form 

( ) { }( )∑
∞

+=

=∈≥−=
1

,...,3,2,1;0
nk

k
k

k nazazzf N  (1) 

which are analytic and univalent in the unit open disk 

{ }.1and: <∈= zzzU C  

Let ( )αηφµ
λ ;,,

, nT l  denote the subclass of ( )nT  consisting of functions ( )zf  

which satisfy the inequality: 

[[ ( ){ } ( ) ( ){ }zfJzzfJz zz
η+φ+µ+η+φ+µ+ −λ+λ+λ 2,2,2

,0
23,3,3

,0
3 2 lll  

( ){ }] [ ( ){ }zfJzzfzJ zz
η+φ+µ+η+φ+µ+ λ+ 2,2,2

,0
21,1,1

,0 l  

( ) ( ){ } ( ) ( ){ }]] ( ) α<φ−−+λ−+−λ+ ηφµη+φ+µ+ 11 ,,
,0

1,1,1
,0 zfJzfzJ zz ll  (2) 

{ }( ).10;2,max;1,,;10;10; ≤λ≤≤−φµ>η<φ∈ηφ<µ≤≤α<∈ lRUz  

Definition 1.1. The fractional integral of order µ of a function ( )zf  is 

defined by 

( ){ }
( )

( )
( )

( )∫ >µξ
ξ−

ξ
µΓ

=
µ−

µ−
z

z d
z

fzfD
0 1 ,01  (3) 

where ( )zf  is analytic in a simply-connected region of the z-plane 

containing the origin, and the multiplicity of ( ) 1−µξ−z  is removed by 

requiring ( )ξ−zlog  to be real when ( ) .0>ξ−z  



SOME APPLICATIONS OF GENERALIZED FRACTIONAL …  163 

Definition 1.2. The fractional derivative of order µ of a function ( )zf  

is defined by 

( ){ }
( )

( )
( )

( )∫ <µ≤ξ
ξ−

ξ
µ−Γ

=
µ

µ
z

z d
z

f
dz
dzfD

0
,10

1
1  (4) 

where ( )zf  is constrained, and the multiplicity of ( ) µ−ξ−z  is removed, as 

in Definition 1.1. 

Definition 1.3. Let 0>µ  and ., R∈βη  Then, in terms of familiar 

(Gauss’s) hypergeometric function ,12F  the generalized fractional integral 

operator ηβµ ,,
,0 zI  of a function ( )zf  is defined by 

( ){ } ( ) ( ) ( )∫ ξ











 ξ−η−β+µξξ−

µΓ
= −µ

β−µ−
ηβµ z

z dFfzzzfI
0

12
1,,

,0 ,21;;  (5) 

where the function ( )zf  is analytic in a simply-connected region of the    

z-plane containing the origin, with the order 

( ) ( ) ( ),0, →= ε zzOzf  (6) 

for 

{ } ,1,0max −η−β>ε  (7) 

and the multiplicity of ( ) 1−µξ−z  is removed by requiring ( )ξ−zlog  to be 

real when ( ) .0>ξ−z  

Definition 1.4. Let 10 <µ≤  and ., R∈βη  Then, the generalized 

fractional derivative operator ηβµ ,,
,0 zJ  of a function ( )zf  is defined by 

( ){ }zfJ z
ηβµ ,,

,0  

( )
( ) ( ) ,

2
1;1;1,

1
1

0
12









ξ



 





 ξ−µ−η−µ−βξξ−

µ−Γ
= ∫ µ−β−µ

z
dFfzz

dz
d (8) 
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where the function ( )zf  is analytic in a simply-connected region of the    

z-plane containing the origin, with the order as given by (6), and the 

multiplicity of ( ) µ−ξ−z  is removed by requiring ( )ξ−zlog  to be real 

when ( ) .0>ξ−z  

By comparing (3) with (5), we obtain the following relationship 

( ){ } ( ){ } ( ).0,,
,0 >µ= µ−ηµ−µ zfDzfI zz  (9) 

Similarly, by comparing (4) with (8), we find 

( ){ } ( ){ } ( ).10,,
,0 <µ≤= µηµµ zfDzfJ zz  (10) 

From the general class ( )αηφµ
λ ;,,

, nT l  defined by (2), we obtain the 

following important subclasses: 

( ) ( )α=α ηφµηφµ ;; ,,
,0

,, nTnV ll  and ( ) ( ),;; ,,
0,0

,,
0 α=α ηφµηφµ nTnV  (11) 

( ) ( )α=α ηφµηφµ ;; ,,
,1

,, nTnW ll  and ( ) ( ),;; ,,
0,1

,,
0 α=α ηφµηφµ nTnW  (12) 

( ) ( )α=αΩ ηµµ
µ ;; ,,

, nVn ll  and ( ) ( ),;; ,,
0 α=αΩ ηµµ

µ nVn  (13) 

( ) ( )α=α∆ ηµµ
µ ;; ,,

, nWn ll  and ( ) ( ),;; ,,
0 α=α∆ ηµµ

µ nWn  (14) 

( ) ( ),;0 αΩ=α nnS  (15) 

( ) ( ),;0 α∆=α nnC  (16) 

( ) ( ),1 α=α∗ SS  (17) 

( ) ( ),1 α=α CC  (18) 

( { } ;2,max;1,,;10;10; −φµ>η<φ∈ηφ<µ≤≤α<∈ RNn  

).10 ≤λ≤≤ l  
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The classes ( )αnS  and ( )α∗S  consist of starlike functions, of order 

α−1  and the classes ( )αnC  and ( )αC  consist of convex functions, of 

order .1 α−  These classes are of much importance in the Geometric 
Function theory. Some other interesting papers involving fractional 
calculus operators are the ones by Altintaş et al. [1, 2], Chen et al. [3, 4], 
Irmak [5], and Raina and Srivastava [7]. 

2. Some Properties of the Class ( )αηφµ
λ ;,,

, nT l  

Theorem 2.1. Let a function ( ) ( ).nTzf ∈  Then, the function ( )zf  

belongs to the class ( )αηφµ
λ ;,,

, nT l  if and only if 

( ) ( )
( ) ( ) ( )[ ]∑

∞

+=

φ
+φ−Γ+η+µ−Γ

+η+φ−Γ+Γ

1
,11

11

nk
kakGkk

kk  

( ) [ ]
( ) ( )

,
22

12 2

φ−Γη+µ−Γ
φ+λφ−+φλ−φλη+φ−Γ

α≤
lll  (19) 

{ }( ).10;2,max;1,,;10;10; ≤λ≤≤−φµ>η<φ∈ηφ<µ≤≤α<∈ lRNn  

The result is sharp for the function ( )zf  given by 

( ) ( ) ( )
( ) ( ) ( ) ( )2222

12 2

+η+φ−Γ+Γφ−Γη+µ−Γ
φ+λφ−+φλ−φλη+φ−Γα

−=
nn

zzf lll  

( ) ( )
( )

,
,1

22 1+
φ+

+φ−Γ+η+µ−Γ nz
nG

nn  (20) 

where 

( ) { ( ) [ ] ( ) [ ( )lllllll λ−−λα+φ−−λ+λ−φλ+αλ+φ−λ=φ 23 2, kkkG  

( )] ( ) [ ( )lllll +λ−α+φ−φ−λφ+λ+φλ−+λ−+ 1221 k  

( )]}.1 φ−+λ−+φ−λφ− ll  

Proof. Suppose that the function ( )zf  is defined by (1), and the 

inequality (19) holds true and take 
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( ){ } ( ) ( ){ }zfJzzfJz zz
η+φ+µ+η+φ+µ+ −λ+λ+λ 2,2,2

,0
23,3,3

,0
3 2 lll  

( ){ } ( ) ( ){ }zfJzzfzJ zz
η+φ+µ+η+φ+µ+ λφ−−+ 2,2,2

,0
21,1,1

,0 1 l  

( ) ( ){ } ( ) ( ){ }zfJzfJz zz
ηφµη+φ+µ+ +λ−+−λ+ ,,

,0
1,1,1

,0 1 ll  

( ){ } ( ) ( ){ }zfzJzfJz zz
η+φ+µ+η+φ+µ+ −λ+λα− 1,1,1

,0
2,2,2

,0
2 ll  

( ) ( ){ }zfJ z
ηφµ+λ−+ ,,

,01 l  

( ) ( )
( ) ( )

{[ ( ) ( lll λ−φλ+φ−λ
+φ−Γ+η+µ−Γ

+η+φ−Γ+Γ
= ∑

∞

+=

2
11

11

1

3

nk
k

kk
kk  

)( ) ( ) ( )φ−φ−λφ+λ+φλ−+λ−+φ−−λ+ kk lllll 2212  

( )] }φ−φ−λφ+φ−+λ−− k
kzall1  

( )
( ) ( )

( ) φ−+φ+λφ−φλ−φλ
φ−Γη+µ−Γ

η+φ−Γα− 12 1
22

2 zlll  

( ) ( )
( ) ( ){ ( ) ( )( ) ( )}∑

∞

+=

φ−+λ−+φ−λ−−λ+φ−λ
+φ−Γ+η+µ−Γ

+η+φ−Γ+Γ
−

1

2 111
11

nk

kzkkkk
kk

llll  

( ) ( )
( ) ( )

( )[ ]∑
∞

+=

φ
+φ−Γ+η+µ−Γ

+η+φ−Γ+Γ
≤

1
,

11
11

nk
kakG

kk
kk  

( )
( ) ( ) {( )}122

2 2 +φ+λφ−φλ−φλ
φ−Γη+µ−Γ

η+φ−Γ
α− lll  

0≤  

{ }( ).10;2,max;1,,;10;10; ≤λ≤≤−φµ>η<φ∈ηφ<µ≤≤α<∈ lRNn  

Hence, by maximum modulus theorem, the function ( )zf  defined by (1) 

belongs to the class ( ).;,,
, αηφµ

λ nT l  
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In order to prove the converse, we assume that the function 

( ) ( ),;,,
, α∈ ηφµ

λ nTzf l  then 

[[ ( ){ } ( ) ( ){ }zfJzzfJz zz
η+φ+µ+η+φ+µ+ −λ+λ+λ 2,2,2

,0
23,3,3

,0
3 2 lll  

( ){ }] [ ( ){ } ( ) ( ){ }zfzJzfJzzfzJ zzz
η+φ+µ+η+φ+µ+η+φ+µ+ −λ+λ+ 1,1,1

,0
2,2,2

,0
21,1,1

,0 ll  

( ) ( ){ }]] ( ) α<φ−−+λ−+ ηφµ 11 ,,
,0 zfJ zl  

( ) ( )
( ) ( )

( )
( ) ( )(

2
1 22

2
11

11
φλ

φ−Γη+µ−Γ
η+φ−Γ


 ρ

+φ−Γ+η+µ−Γ
+η+φ−Γ+Γ∑∞

+=
φ− l

nk
k

kzakk
kk  

) ( ) ( )
( ) ( ) α<

τ
+φ−Γ+η+µ−Γ

+η+φ−Γ+Γ
−+φ+λφ−φλ− ∑∞

+=
φ−φ−

1
1

11
111

nk
k

kzakk
kkzll   

 (21) 
where 

{[ ( ) ( ) ( )23 2 φ−−λ+λ−φλ+φ−λ=ρ kk llll  

( ) ( ) ( )]},1221 φ−λφ+φ−+λ−−φ−φ−λφ+λ+φλ−+λ−+ llllll k  

{ ( ) ( ) ( ) ( )}.12 llll +λ−+φ−λ−−λ+φ−λ=τ kk  

Since ( ) zz ≤Re  for any z, choosing z to be real and letting 
11−→z  through real values, (21) yields (19). 

Corollary 2.1. Let a function ( ) ( ).nTzf ∈  Then, the function ( )zf  

belongs to the class ( )αηφµ ;,, nVl  if and only if 

( ) ( )
( ) ( )∑

∞

+=
+φ−Γ+η+µ−Γ

+η+φ−Γ+Γ

1
11

11

nk
kk

kk  

{ ( ) ( ) ( ) } kakk lllllll α+α+φ+φ+−−φ−α−φ−++φ−− 1212  

( )
( )

( )
( )

,
2

1
2
2









φ−Γ
φ+

η+µ−Γ
η+φ−Γα≤ l  

{ }( ).2,max;2,,;10;10; −φµ>η<φ∈ηφ<µ≤≤α<∈ RNn  
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Corollary 2.2. Let a function ( ) ( ).nTzf ∈  Then, the function ( )zf  

belongs to the class ( )αηφµ ;,, nWl  if and only if 

( ) ( )
( ) ( )∑

∞

+=
+φ−Γ+η+µ−Γ

+η+φ−Γ+Γ

1
11

11

nk
kk

kk  

{ ( ) ( ) ( ) ( )( ) ( )φ−φ+φ−+−−α+φ−α+φ+−+φ− kkk lllllll 2312131 23  

} ( )
( ) ( ) ( ) ,122

2 2






 +φ−φ

φ−Γη+µ−Γ
η+φ−Γ

α≤−φ+α+ llll ka  

( { } ).10;2,max;1,,;10;10; ≤λ≤≤−φµ>η<φ∈ηφ<µ≤≤α<∈ lRNn  

Corollary 2.3. Let a function ( ) ( ).nTzf ∈  Then, the function ( )zf  

belongs to the class ( )αΩµ ;, nl  if and only if 

( )
( )∑

∞

+=
+µ−Γ

+Γ

1
1

1

nk
k

k  

{ ( ) ( ) ( ) } kakk lllllll α+α+µ+µ+−−µ−α−µ−++µ−− 1212  

( )
,

2
1







µ−Γ
µ+α≤ l ( ).10;10; <µ≤≤α<∈ Nn  

Corollary 2.4. Let a function ( ) ( ).nTzf ∈  Then, the function ( )zf  

belongs to the class ( )α∆µ ;, nl  if and only if 

( )
( ){ ( ) ( ) ( )23

1
311

1 µ−α+µ+−+µ−
+µ−Γ

+Γ∑
∞

+=

kkk
k

nk
llll  

( )( ) ( ) }ak llllll −µ+α+µ−µ+µ−+−−α+ 23121  

( )
{ },1

2
2 +µ−µ

µ−Γ
α≤ l ( ).10;10; <µ≤≤α<∈ Nn  

We obtained Corollaries 2.1-2.4 by using equations (11)-(14). 

Remark 2.1. When 0=l  corollaries from 2.1-2.4 correspond to the 
known results proved by Irmak and Raina [6, pp. 447-448]. 
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Theorem 2.2. Let +∈β R  and R∈ηγ,  such that ( ) .2,max −γβ−>η  
If n is a positive integer such that 

( ) 2−
β
η+βγ≥n  

and, if ( ) ( ),;,,
, α∈ ηφµ

λ nTzf l  then 

( ){ } ( )
( ) ( )

γ−ηγβ

η+β+Γγ−Γ
η+γ−Γ− 1,,

,0 22
2 zzfI z  

( ) ( ) ( ) ( ){ }
( ) ( ) ( ) ( ) ( ) [ ]

1
2

,122222
12222 +γ−

φ++η+β+Γ+γ−Γ+η+φ−Γφ−Γη+µ−Γ
φ+λφ−+φλ−φλ+η+γ−Γφ−+Γ+η+µ−Γη+φ−Γα

≤ nz
nGnnn

nnn lll

(22) 

for Uz ∈  if 1≤γ  and Dz ∈  if .1>γ  The result (22) is sharp for the 
function ( )zf  given by (20). 

Proof. Let ( ) ( ).;,,
, α∈ ηφµ

λ nTzf l  It follows from the inequality (19) 

that 

( ) ( ) ( ){ }
( ) ( ) ( ) ( ) [ ]

.
,12222

1222

1

2

∑
∞

+=
φ++η+φ−Γ+Γφ−Γη+µ−Γ

φ+λφ−+φλ−φλφ−+Γ+η+µ−Γη+φ−Γα
≤

nk
k nGnn

nna lll  (23)  

From (1), (8) and a known result due to Srivastava et al. [9, p. 415, 
equation (2.3)], we have 

( ){ } ( )
( ) ( )

( )∑
∞

+=

γ−γ−ηγβ ψ−
η+β+Γγ−Γ

η+γ−Γ=
1

1,,
,0 ,

22
2

nk

k
kz zakzzfI  (24) 

where 

( ) ( ) ( )
( ) ( ) ( ).;1,11

11 N∈+≥
+η+β+Γ+γ−Γ

+η+γ−Γ+Γ
=ψ nnkkk

kkk  

The function ( )kψ  is non-increasing for integers ( ),,1 N∈+≥ nnkk  
under the hypothesis of Theorem 2.2. Therefore we have 

( ) ( ) ( ) ( )
( ) ( ) ( ).22

2210 N∈
+η+β+Γ+γ−Γ

+η+γ−Γ+Γ
=+ψ≤ψ< nnn

nnnk  (25) 
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Then the desired assertion (22) of Theorem 2.2 follows by substituting 
(23) and (25) in (24). 

Theorem 2.3. Let 10 <β≤  and R∈ηγ,  such that >η<γ ,2  

( ) .2,max −γβ  If n is a positive integer such that 

( ) ,2−
β
η−βγ≥n   and if ( ) ( ),;,,

, α∈ ηφµ
λ nTzf l  

then 

( ){ } ( )
( ) ( )

γ−ηγβ

η+β−Γγ−Γ
η+γ−Γ− 1,,

,0 22
2 zzfJ z  

[[ ( ) ( ) ( ) ( ) { φλ−φλ+η+γ−Γφ−+Γ+η+µ−Γη+φ−Γα≤ ll 22222 nnn  

}] [ ( ) ( ) ( ) ( γ−Γ+η+φ−Γφ−Γη+µ−Γφ+λφ−+ nn 2221 l  

) ( ) [ ]]] 1,122 +γ−φ++η+β−Γ+ nznGn  (26) 

for Uz ∈  if 1≤γ  and Dz ∈  if .1>γ  The result is sharp for the 

function ( )zf  given by (20). 

Proof. Under the hypothesis of Theorem 2.3, we have from (1) and a 
known result of Raina and Srivastava [7, p. 15, equation (2.2)]. 

( ){ } ( )
( ) ( )

γ−ηγβ
η+β−Γγ−Γ

η+γ−Γ= 1,,
,0 22

2 zzfJ z  

( ) ( )
( ) ( )∑

∞

+=

γ−
+η+β−Γ+γ−Γ

+η+γ−Γ+Γ
−

1
.11

11

nk

kzkk
kk  (27) 

Making use of (27) and the steps are similar to Theorem 2.2, equation (26) 
of Theorem 2.3 is easily arrived. 

Remark 2.2. When 0=l  theorems from 2.2-2.3 correspond to the 
known results proved by Irmak and Raina [6, pp. 449-450]. 
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Corollary 2.5. If ( ) ( ),;,,
, α∈ ηφµ

λ nTzf l  then 

( ){ } ( )
β+β−

β+Γ
− 1

2
1 zzfDz  

( ) ( ) ( ){ }
( ) ( ) ( ) ( ) [ ]

1
2

,12222
1222 +β+

φ++β+Γ+η+φ−Γφ−Γη+µ−Γ
φ+λφ−+φλ−φλφ−+Γ+η+µ−Γη+φ−Γα

≤ nznGnn
nn lll  

(28) 
for all ( ) Uz ∈>ββ ,0  and .N∈n  

Corollary 2.6. If ( ) ( ),;,,
, α∈ ηφµ

λ nTzf l  then 

( ){ } ( )
β−β

β−Γ
− 1

2
1 zzfDz  

( ) ( ) ( ) { }
( ) ( ) ( ) ( ) [ ]

1
2

,12222
1222 +β−

φ++β−Γ+η+φ−Γφ−Γη+µ−Γ
φ+λφ−+φλ−φλφ−+Γ+η+µ−Γη+φ−Γα

≤ nznGnn
nn lll   

 (29) 
for all ( ) Uz ∈<β≤β ,10 and .N∈n  

Equations (28), (29) are sharp for the function ( )zf  given by (20). 
Corollaries (2.5) and (2.6) are obtained by using equations (9) and (10) 
respectively. 

Remark 2.3. We note that the results (28), (29) coincide with the 
corollaries obtained in [6, p. 450]. 
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