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Abstract

The notions of fuzzy normal spaces, fuzzy almost normal spaces and
fuzzy mildly normal spaces have been defined and investigated in a
Chang’s fuzzy topological space.

1. Introduction

Chang introduced the notion of fuzzy topology in his classical paper
[3]. Balasubramanian and Sundaram [2] introduced the concept of fuzzy
generalized closed sets in Chang’s fuzzy topology as an extension of
generalized closed sets of Levine [7] in ordinary topology. More details
about the generalized closed sets can be found in [4, 5, 9].

Here, we will define the concepts of fuzzy generalized α-closed sets
and fuzzy generalized regular α-closed sets in Chang’s fuzzy topological
space. By using the above mentioned classes of generalized fuzzy closed
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sets we will introduce and study the concepts of fuzzy normal space, fuzzy
almost normal space and fuzzy mildly normal space.

Throughout this paper, by ( )τ,X  or simply by X will be denoted fuzzy

topological space (fts) due to Chang. The interior, the closure and the
complement of a fuzzy set λ will be denoted by λλ cl,int  and ,1 λ−

respectively.

A fuzzy set λ is quasi-coincident with a fuzzy set µ, denoted by ,µλq  if

there exists Xx ∈  such that ( ) ( ) .1>µ+λ xx  Otherwise we denote µλq

[8].

Definition 1.1. Let λ be a fuzzy set of an fts ( )., τX  Then λ is called

(1) a fuzzy open set if and only if τ∈λ  [3];

(2) a fuzzy regular open set if and only if ( )λ=λ clint  [1];

(3) a fuzzy α-open set if and only if ( )( )λ≤λ intclint  [10].

Definition 1.2. Let λ be a fuzzy set of an fts ( )., τX  Then λ is called

(1) a fuzzy closed set if and only if τ∈λ−1  [3];

(2) a fuzzy regular closed set if and only if λ−1  is a fuzzy regular
open set [1];

(3) a fuzzy α-closed set if and only if λ−1  is a fuzzy α-open set [10].

Theorem 1.1. Let X be an fts.

(1) Any union of fuzzy regular open (resp. fuzzy α-open) sets is a fuzzy
open (resp. fuzzy regular open, fuzzy α-open) set [1];

(2) Any intersection of fuzzy regular closed (resp. fuzzy α-closed) sets is
a fuzzy closed (resp. fuzzy regular closed, fuzzy α-closed) set [10].

Theorem 1.2 [10]. Let λ and µ be fuzzy sets of an fts X. Then the
following statements are true:

(1) if λ is a fuzzy regular closed set, then λ is a fuzzy closed set;

(2) if λ is a fuzzy closed set, then λ is a fuzzy α-closed set;
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(3) if λ is a fuzzy α-closed set and ( ) ,intcl λ≤µ≤λ  then µ is a fuzzy
 α-closed set.

Theorem 1.3 [10]. Let λ and µ be fuzzy sets of an fts X. Then the
following statements are true:

(1) if λ is a fuzzy regular open set, then λ is a fuzzy open set;

(2) if λ is a fuzzy open set, then λ is a fuzzy α-open set;

(3) if λ is a fuzzy α-open set and ( ),clint λ≤µ≤λ  then µ is a fuzzy
α-open set.

Theorem 1.4 [1]. Let λ be a fuzzy set of an fts X. Then

(1) ( ) ;cl11int λ−=λ−

(2) ( )( ) ( )( )( );intclintclclintcl λ=λ

(3) ( ) ( )( )( ).clintclintclint λ=λ

Definition 1.3 [6]. Let λ be a fuzzy set of an fts X. Then λ is called

(1) a generalized fuzzy closed set if and only if ,cl µ≤λ  for each fuzzy
open set µ such that ;µ≤λ

(2) a generalized fuzzy regular closed set if and only if ,cl µ≤λ  for
each fuzzy regular open set µ such that .µ≤λ

Definition 1.4 [6]. Let λ be a fuzzy set of an fts X. Then λ is called

(1) a generalized fuzzy open set if and only if λ−1  is a generalized
fuzzy closed set;

(2) a generalized fuzzy regular open set if and only if λ−1  is a
generalized fuzzy regular closed set.

Theorem 1.5 [6]. Let λ be a fuzzy set of an fts X. Then the following
statements are true:

(1) if λ is a generalized fuzzy closed set, then λ is a generalized fuzzy
regular closed set.

(2) if λ is a generalized fuzzy open set, then λ is a generalized fuzzy
regular open set.
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Theorem 1.6 [6]. Let λ and µ be fuzzy sets of an fts X. Then the
following statements are true:

(1) if λ and µ are generalized fuzzy closed (resp. generalized fuzzy
regular closed) sets, then µ∨λ  is a generalized fuzzy closed (resp.
generalized fuzzy regular closed) set;

(2) if λ is a generalized fuzzy closed (resp. generalized fuzzy regular
closed) set and ,clλ≤µ≤λ  then µ is a generalized fuzzy closed (resp.
generalized fuzzy regular closed) set;

(3) if λ is a fuzzy closed set, then λ is a generalized fuzzy closed set.

Theorem 1.7 [6]. Let λ and µ be fuzzy sets of an fts X. Then the
following statements hold:

(1) if λ and µ are generalized fuzzy open (resp. generalized fuzzy
regular open) sets, then µ∧λ  is a generalized fuzzy open (resp.
generalized fuzzy regular open) set;

(2) if λ is a generalized fuzzy open (resp. generalized fuzzy regular
open) set and ,int λ≤µ≤λ  then µ is a generalized fuzzy open (resp.
generalized fuzzy regular open) set;

(3) if λ is a fuzzy open set, then λ is a generalized fuzzy open set.

2. Generalized Fuzzy α-closed Sets and Regular α-closed Sets

Definition 2.1. Let λ be a fuzzy set of an fts X. Then

{ }setclosed-fuzzyais,cl αµµ≤λ|µ∧=λα  is called a fuzzy
α-closure of λ;

{ }setopen-fuzzyais,int αµλ≤µ|µ∨=λα  is called a fuzzy
α-interior of λ.

Theorem 2.1. Let A be a fuzzy set of an fts X. Then the following
statements are true:

(1) ( ) ;cl11int λα−=λ−α         (2) ( )( );clintclcl λ∨λ=λα

(3) ( )( );intclintint λ∧λ=λα  (4) ;clcl λ≤λα≤λ

(5) ( ) .clclcl λα=λαλα
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Proof. Let A be any fuzzy set of an fts X. Then

(1) We have ( ) { }setopen-fuzzyais,11int αµλ−≤µ|µ∨=λ−α

{ } .cl1setcolsed-fuzzyais1,111 λα−=αµ−λ≥µ−|µ−∧−=

(2) We put ( )( ).clintcl λ∨λ=µ  From ( )( )( )λ∨λ=µ clintclclclcl

( )( ) λ=λ∨λ= clclintclcl  follows that ( )( ) ( )( ) .clintclclintcl µ≤λ=µ  Hence 

µ is a fuzzy α-closed set and ,µ≤λ  so ( )( ).clintclcl λ∨λ≤λα

We suppose that ( )( ).clintclcl λ∨λ≥λα  Then, there exist Xx ∈  and
( )1,0∈t  such that ( ) ( ) ( )( ) ( ).clintclcl xxtx λ∨λ<<λα  According to

the definition of the fuzzy α-closure of a fuzzy set, there exists a
fuzzy α-closed set ρ with ρ≤λ  such that ( ) ( ) <<ρ≤λα txxcl

( ) ( )( )( ).clintcl xx λ∨λ  On the other hand, since ρ is a fuzzy α-closed set

and ,ρ≤λ  we have ( )( ) ρ≤ρclintcl  and ( )( ) ( )( ) .clintclclintcl ρ=ρ∨ρ≤λ∨λ

It is a contradiction. Hence ( )( ).clintclcl λ∨λ≥λα

(3) It can be proved in a similar manner as (2).

(4) It follows from the fact that every fuzzy closed set is a fuzzy
α-closed set.

(5) It can be proved by using Definition 2.1 and Theorem 1.1(2).

Theorem 2.2. If λ is a fuzzy α-open set of an fts X, then =λ=λα clcl
( ).intcl λ

Proof. Let λ be any fuzzy α-open set. We have ( )( ),intclint λ≤λ  so
( ).intclcl λ≤λ  Therefore ( ).intclcl λ=λ  Hence

( )( ) ( )( )( ) ( ) .clclintclintclintclclintclcl λ=λ∨λ=λ∨λ=λ∨λ=λ∨λ=λα

Definition 2.2. A fuzzy set λ of an fts X is called

(1) a generalized fuzzy α-closed set if and only if ,cl µ≤λα  for each

fuzzy open set µ such that ;µ≤λ

(2) a generalized fuzzy regular α-closed set if and only if ,cl µ≤λα  for

each fuzzy regular open set µ such that .µ≤λ
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Definition 2.3. A fuzzy set λ of an fts X is called

(1) a generalized fuzzy α-open set if and only if λ−1  is a generalized
fuzzy regular α-closed set;

(2) a generalized fuzzy regular α-open set if and only if λ−1  is
generalized fuzzy regular α-closed set.

Remark 2.1. From the above definitions it is not difficult to conclude
that the following diagram of implications is true.

generalized fuzzy closed ⇒ generalized fuzzy regular closed

⇓ ⇓

generalized fuzzy α-closed ⇒ generalized fuzzy regular α-closed

Example 2.1. Let { }baX ,=  and let µλ,  and ν are fuzzy sets
defined by

( ) ( ) ;4,0;2,0 =λ=λ ba  ( ) ( ) ;4,0;9,0 =µ=µ ba  ( ) ( ) .4,0;1,0 =ν=ν ba

Let { }.1,,,01 µλ=τ  By easy computation it can be shown that ν is a
generalized fuzzy α-closed set, but it is not a generalized fuzzy closed set.
Also, ν is a generalized fuzzy regular α-closed set, but it is not a
generalized fuzzy regular closed set.

If we put { },1,,02 µ=τ  then the fuzzy set ν is a generalized fuzzy
regular α-closed set, but it is not a generalized fuzzy α-closed set. Also, ν
is a generalized fuzzy regular closed set, but it is not a generalized fuzzy
closed set.

Theorem 2.3. Let λ and µ be fuzzy sets of an fts X. Then the following
statements hold:

(1) if λ is a generalized fuzzy α-closed (resp. generalized fuzzy regular 
α-closed) set and ,clλα≤µ≤λ  then µ is a generalized fuzzy α-closed
(resp. generalized fuzzy regular α-closed) set;

(2) if λ is a fuzzy closed set, then λ is both generalized fuzzy α-closed
and generalized fuzzy regular α-closed;

(3) if λ is a fuzzy α-closed set, then λ is both generalized fuzzy α-closed
and generalized fuzzy regular α-closed.



SOME TYPES OF FUZZY NORMAL SPACES … 121

Proof. (1) Let λ be any generalized fuzzy α-closed set and µ≤λ

.clλα≤  Then ,cl ρ≤λα  for each fuzzy open set ρ such that .ρ≤λ  From
,clλα≤µ  we have ( ) .clclclcl ρ≤λα=λαα≤µα

Hence µ is a generalized fuzzy α-closed set.

The other case can be proved in a similar manner.

(2) It can be proved by using the relations .clcl λ=λ≤λα

(3) It follows immediately from the relation .cl λ=λα

Theorem 2.4. Let λ and µ be fuzzy sets of an fts X. Then the following
statements hold:

(1) if λ is a generalized fuzzy α-open (resp. generalized fuzzy regular
α-open) set and ,int λ≤µ≤λα  then µ is a generalized fuzzy α-open (resp.
generalized fuzzy regular α-open) set;

(2) if λ is a fuzzy open set, then λ is both generalized fuzzy α-open and
generalized fuzzy regular α-open;

(3) if λ is a fuzzy α-open set, then λ is both generalized fuzzy α-open
and generalized fuzzy regular α-open.

Proof. It follows from Theorem 2.1(1) and Theorem 2.3.

Definition 2.4. Let λ be a fuzzy set of an fts X. Then

{ }setclosed-fuzzydgeneralizeais,cl αµµ≤λ|µ∧=λαg  is called a
generalized fuzzy α-closure of λ;

{ }setclosed-regularfuzzydgeneralizeais,cl αµµ≤λ|µ∧=λαgr  is
called a generalized fuzzy regular α-closure of λ.

Theorem 2.5. Let λ be a fuzzy set of an fts X. Then the following
statements hold:

(1) ;clclcl λα≤λα≤λα≤λ ggr          (2) ( ) ;clclcl λα=λαα ggg

(3) ( ) ;clclcl λα=λαα grgrgr         (4) ( ) ( );clclclclcl λαα=λα=λαα gg

(5) ( ) ( ).clclclclcl λαα=λα=λαα grgr

Proof. (1) It follows immediately from Definition 2.2 and Remark 2.1.
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(2) We suppose that ( ).clclcl λαα≥λα ggg  Then there exist Xx ∈

and ( )1,0∈t  such that ( ) ( ) ( ).clclcl xggtxg λαα<<λα  According to the

definition of the generalized α-closure of a fuzzy set, there exists a
generalized fuzzy α-closed set ρ with ρ≤λ  such that ( ) ( ) .cl txxg <ρ≤λα

On the other hand, since ρ is a generalized fuzzy α-closed set and ,ρ≤λ

we have .cl ρ≤λαg  Then ( ) ,clclcl ρ=ρα≤λαα ggg  so we obtain that

( ) ( ) ( ) .clcl txxgg <ρ≤λαα  This is a contradiction. Hence ≥λαclg

( ).clcl λαα gg

The equality follows from the last relation and the evident relation
( ).clclcl λαα≤λα ggg

(3) It can be proved in a similar manner as (2).

(4) Since λαcl  is a fuzzy α-closed set, it follows from Theorem 2.3(3)
that λαcl  is a generalized fuzzy α-closed set and a generalized fuzzy
regular α-closed set. Hence ( ) .clclcl λα=λααg

We will prove the first equality of (4). From λα≤λ clg  it follows that
( ).clclcl λαα≤λα g

We suppose that ( ).clclcl λαα≥λα g  Then there exist Xx ∈  and

( )1,0∈t  such that ( ) ( ) ( ).clclcl xtxg λα>>λαα

Since ( ) ,cl tx <λα  from the definition of the fuzzy α-closure of a fuzzy

set, it follows that there exists a fuzzy α-closed set ρ with ρ≤λ  such

that ( ) ( ) ( ) ( ).clclcl xxtxg λα≥ρ>>λαα

From Theorem 2.3(3), it follows that ρ is a generalized fuzzy
α-closed set, so .clρα=ρ g  Hence ( ) .clclclclcl ρ=ρα=ραα=ρα≤λα ggg

Thus ( ) .clcl ρ≤λαα g  It is a contradiction, so ( ) .clclcl λα≤λαα g

(5) It can be proved in a similar manner as (4).

3. Fuzzy Normal, Fuzzy Almost and Fuzzy Mildly Normal Spaces

Definition 3.1. An fts ( )τ,X  is called:
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(1) fuzzy normal if and only if for each pair of fuzzy closed sets 1λ  and

2λ  such that ,21 λλ q  there exist fuzzy open sets 1µ  and ,2µ  such that

2211 , µ≤λµ≤λ  and ;21 µµ q

(2) fuzzy almost normal if and only if for each fuzzy closed set 1λ  and

each fuzzy regular closed set ,2λ  such that ,21 λλ q  there exist fuzzy open

sets 1µ  and ,2µ  such that 2211 , µ≤λµ≤λ  and ;21 µµ q

(3) fuzzy mildly normal if and only if for each fuzzy regular closed sets
1λ  and 2λ  such that ,21 λλ q  there exist fuzzy open sets 1µ  and ,2µ  such

that 2211 , µ≤λµ≤λ  and .21 µµ q

Remark 3.1. Since each fuzzy regular closed set is a fuzzy closed set,
it is not difficult to prove that the following diagram of implications is
true.

fuzzy normal space ⇒ fuzzy almost normal space ⇒ fuzzy mildly
normal space

The following example shows that the converse may not be true.

Example 3.1. Let IX =  and let ηνµλ ,,,  and ω are fuzzy sets
defined by

( ) ,4,0=λ x  for each ,Ix ∈  ( ) ,7,0=µ x  for each ( ) ,8,0, =ν∈ xIx

for each ,Ix ∈

( ) ,6,0=η x  for each ,Ix ∈  ( ) ,2,0=ω x  for each .Ix ∈

Let { }1,,,01 µλ=τ  and { }.1,,,,,02 ωηνµ=τ  By easy computation

it can be shown that ( )1, τX  is a fuzzy mildly normal space which is not a

fuzzy almost normal space. The fts ( )2, τX  is a fuzzy almost normal
space, but it is not a fuzzy normal space.

Lemma 3.1. Let X be an fts. Then the following statements hold:

(1) ( )( ) ( )( ),clintclintclint λ≤λ  for each fuzzy set λ of X;

(2) if ,µλq  then ( )( ) ( )( ),intclintintclint µλ q  for each fuzzy set λ and µ

of X.
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Proof. (1) From ( ) ,clintcl λ≤λ  it follows that ( )( ) ( )λ≤λ clintintclint

( )( );clintcl λ≤

(2) if ,µλq  then ,1 µ−≤λ  so

( )( ) ( )( )( ) ( )( ) ( )( ).intclint1clintcl11intclintintclint µ−≤µ−=µ−≤λ

Theorem 3.2. Let ( )τ,X  be an fts. Then the following statements are

equivalent:

(1) ( )τ,X  is a fuzzy mildly normal space;

(2) for each pair of fuzzy regular closed sets 1λ  and 2λ  such that

,21 λλ q  there exist fuzzy regular open sets 1µ  and ,2µ  such that

2211 , µ≤λµ≤λ  and ;21 µµ q

(3) for each pair of fuzzy regular closed sets 1λ  and 2λ  such that

,21 λλ q  there exist generalized fuzzy open sets 1µ  and ,2µ  such that

2211 , µ≤λµ≤λ  and ;21 µµ q

(4) for each pair of fuzzy regular closed sets 1λ  and 2λ  such that

,21 λλ q  there exist generalized fuzzy α-open sets 1µ  and ,2µ  such that

2211 , µ≤λµ≤λ  and ;21 µµ q

(5) for each fuzzy regular closed set λ and each fuzzy regular open set µ
such that ,µ≤λ  there exists a fuzzy open set ρ such that ;cl µ≤ρ≤ρ≤λ

(6) for each fuzzy regular closed set λ and each fuzzy regular open set µ
such that ,µ≤λ  there exists a fuzzy regular open set ρ such that

;cl µ≤ρ≤ρ≤λ

(7) for each fuzzy regular closed set λ and each fuzzy regular open set µ
such that ,µ≤λ  there exists a generalized fuzzy open set ρ such that

;cl µ≤ρ≤ρ≤λ

(8) for each fuzzy regular closed set λ and each fuzzy regular open set µ
such that ,µ≤λ  there exists a generalized fuzzy α-open set ρ such that

;cl µ≤ρα≤ρ≤λ
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(9) for each fuzzy regular closed set λ and each fuzzy regular open set µ
such that ,µ≤λ  there exists a fuzzy α-open set ρ such that ρ≤λ

;cl µ≤ρα≤

(10) for each pair of fuzzy regular closed sets 1λ  and 2λ  such that

,21 λλ q  there exist fuzzy α-open sets 1µ  and ,2µ  such that ,11 µ≤λ

22 µ≤λ  and .21 µµ q

Proof. (1) ⇒ (5) Let λ be any fuzzy regular closed set and let µ be
fuzzy regular open set such that .µ≤λ  Then .1 µ−λq  According to the

assumption there exist fuzzy regular open sets ρ and ν, such that
ν≤µ−ρ≤λ 1,  and .νρq  It follows that .1cl µ≤ν−≤ρ≤ρ≤λ

(5) ⇒ (2) Let 1λ  and 2λ  be any fuzzy regular closed sets such that

.21 λλ q  Then .1 21 λ−≤λ  According to the assumption there exists a

fuzzy open set ρ such that .1cl 21 λ−≤ρ≤ρ≤λ  It follows that
( ) 21 1clint λ−≤ρ≤λ  and ( ).1intcl12 ρ−=ρ−≤λ  Then ( )ρ=µ clint1

and ( )ρ−=µ 1int2  are fuzzy regular open sets such that ,11 µ≤λ

22 µ≤λ  and .21 µµ q

(2) ⇒ (6) Let λ be any fuzzy regular closed set and let µ be a fuzzy
regular open set such that .µ≤λ  Then .1 µ−λq  According to the

assumption there exist fuzzy regular open sets ω and ν such that
ν≤µ−ω≤λ 1,  and .νωq  We put ( ).clint ω=ρ  Then ρ is a fuzzy regular

open set such that .1cl µ≤ν−≤ρ≤ρ≤λ

(6) ⇒ (2) Let 1λ  and 2λ  be any fuzzy regular closed sets such that

.21 λλ q  Then .1 21 λ−≤λ  According to the assumption there exists fuzzy

regular open set ρ such that .1cl 21 λ−≤ρ≤ρ≤λ  For ,1cl 2λ−≤ρ

there exists fuzzy regular open set ω such that .1clcl 2λ−≤ω≤ω≤ρ

Then ( )ω−=ω−≤λ 1intcl12  and ( )ω−1int  is a fuzzy regular open set.

Finally, ω≤ρ cl  implies ( ).1int ω−ρq

It is not difficult to prove the implications (1) ⇒ (3) ⇒ (4), (3) ⇒ (7) ⇒
(8) and (2) ⇒ (1).
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(4) ⇒ (8) Let λ be any fuzzy regular closed set and let µ be a fuzzy
regular open set such that .µ≤λ  Then .1 µ−λq  According to the
assumption there exist generalized fuzzy α-open sets ρ and ν such that

ν≤µ−ρ≤λ 1,  and .νρq  Since ν is a generalized fuzzy α-open set and
µ−1  is a fuzzy regular closed set, from ν≤µ−1  follows that µ−1

.int να≤  Thus .1int1 ρ−≤ν≤να≤µ−

Since να− int1  is a generalized fuzzy α-closed set, from 1≤ρ

να− int  we obtain that .int1cl να−≤ρ−α  Hence .cl µ≤ρα≤ρ≤λ

(8) ⇒ (9) Let λ be any fuzzy regular closed set and let µ be a fuzzy
regular open set such that .µ≤λ  Then .1 µ−λq  According to the
assumption there exists a generalized fuzzy α-open set ω such that

.cl µ≤ωα≤ω≤λ  Since ω is a generalized fuzzy α-open set, from ,ω≤λ

it follows that .int ωα≤λ  Then, ωα=ρ int  is fuzzy α-open set and
.clcl µ≤ωα≤ρα≤ρ≤λ

(9) ⇒ (10) Let 1λ  and 2λ  be fuzzy regular closed sets such that

.21 λλ q  Then .1 21 λ−≤λ  According to the assumption there exists fuzzy 
α-open set 1µ  such that .1cl 2111 λ−≤µα≤µ≤λ  Then µα−=µ cl12  is
a fuzzy α-open set and .21 µµ q

(10) ⇒ (1) Let 1λ  and 2λ  be fuzzy regular closed sets such that
.21 λλ q  Then .1 21 λ−≤λ  According to the assumption there exist fuzzy 

α-open sets 1ν  and ,2ν  such that 2211 , µ≤λµ≤λ  and .21 µµ q  We put
( )( )11 intclint µ=ρ  and ( )( ).intclint 22 µ=ρ  Then 1ρ  and 2ρ  are fuzzy

open sets. From Lemma 3.1(2) follows that 21 µµ q  implies .21 ρρ q  Hence
( )τ,X  is a fuzzy normal space.

Theorem 3.3. Let ( )τ,X  be an fts. Then the following statements are
equivalent:

(1) ( )τ,X  is a fuzzy normal space (resp. fuzzy almost normal space);

(2) for each pair of fuzzy closed sets 1λ  and 2λ  such that ,21 λλ q  there
exist fuzzy regular open sets 1µ  and ,2µ  such that 2211 , µ≤λµ≤λ  and

;21 µµ q
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(3) for each pair of fuzzy closed sets 1λ  and 2λ  such that ,21 λλ q  there

exist generalized fuzzy open sets 1µ  and ,2µ  such that 2211 , µ≤λµ≤λ

and ;21 µµ q

(4) for each pair of fuzzy closed sets 1λ  and 2λ  such that ,21 λλ q  there

exist generalized fuzzy α-open sets 1µ  and ,2µ  such that 2211 , µ≤λµ≤λ

and ;21 µµ q

(5) for each fuzzy closed set λ and each fuzzy open set µ such that
,µ≤λ  there exists a fuzzy open set ρ such that ;cl µ≤ρ≤ρ≤λ

(6) for each fuzzy closed set λ and each fuzzy open set µ such that
,µ≤λ  there exists a fuzzy regular open set ρ such that ;cl µ≤ρ≤ρ≤λ

(7) for each fuzzy closed set λ and each fuzzy open set µ such that
,µ≤λ  there exists a generalized fuzzy open set ρ such that

;cl µ≤ρ≤ρ≤λ

(8) for each fuzzy closed set λ and each fuzzy open set µ such that
,µ≤λ  there exists a generalized fuzzy open α-open set ρ such that

;cl µ≤ρα≤ρ≤λ

(9) for each fuzzy closed set λ and each fuzzy open set µ such that
,µ≤λ  there exists a fuzzy α-open set ρ such that ;cl µ≤ρα≤ρ≤λ

(10) for each pair of fuzzy closed sets 1λ  and 2λ  such that ,21 λλ q

there exist fuzzy α-open sets 1µ  and ,2µ  such that 2211 , µ≤λµ≤λ  and

.21 µµ q

Proof. It can be proved in a similar manner as Theorem 3.2.

Theorem 3.4. Let ( )τ,X  be an fts. Then the following statements are

equivalent:

(1) ( )τ,X  is a fuzzy almost normal space;

(2) for each fuzzy closed set 1λ  and each fuzzy regular closed set 2λ

such that ,21 λλ q  there exist fuzzy regular open sets 1µ  and ,2µ  such that

2211 , µ≤λµ≤λ  and ;21 µµ q
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(3) for each fuzzy closed set 1λ  and each fuzzy regular closed set 2λ

such that ,21 λλ q  there exist generalized fuzzy open sets 1µ  and ,2µ  such

that 2211 , µ≤λµ≤λ  and ;21 µµ q

(4) for each fuzzy closed set 1λ  and each fuzzy regular closed set 2λ

such that ,21 λλ q  there exist generalized fuzzy α-open sets 1µ  and ,2µ

such that 2211 , µ≤λµ≤λ  and ;21 µµ q

(5) for each fuzzy closed set λ and each fuzzy regular open set µ such
that ,µ≤λ  there exists a fuzzy open set ρ such that ;cl µ≤ρ≤ρ≤λ

(6) for each fuzzy closed set λ and each fuzzy regular open set µ such
that ,µ≤λ  there exists a fuzzy regular open set ρ such that

;cl µ≤ρ≤ρ≤λ

(7) for each fuzzy closed set λ and each fuzzy regular open set µ such
that ,µ≤λ  there exists a generalized fuzzy open set ρ such that

;cl µ≤ρ≤ρ≤λ

(8) for each fuzzy closed set λ and each fuzzy regular open set µ such
that ,µ≤λ  there exists a generalised fuzzy α-open set ρ such that

;cl µ≤ρα≤ρ≤λ

(9) for each fuzzy closed set λ and each fuzzy regular open set µ such
that ,µ≤λ  there exists a fuzzy α-open set ρ such that ;cl µ≤ρα≤ρ≤λ

(10) for each fuzzy closed set 1λ  and each fuzzy regular closed set 2λ

such that ,21 λλ q  there exist fuzzy α-open sets 1µ  and 2µ  such that

2211 , µ≤λµ≤λ  and .21 µµ q

Proof. It can be proved in a similar manner as Theorem 3.2.
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