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Abstract

In this paper, the author obtained Lipschitz boundedness for a class of
fractional multilinear operators on Lebesgue spaces, which is similar to
the higher-order commutator for the singular integral. A simple way is
obtained that is closely linked with a class of rough fractional integral

operators.

1. Introduction and Results

For 0 < a < n, the fractional integral operator with variable kernel

1s defined by
Q. % = ) (3)dy

T, of (x) =
Q, o R" |x _yln—oc

and

To, pf (x) = IRn%“@)m.
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When o =0, Tq , 1s much more closely related to the elliptic partial
equations of second order with variable coefficients. In 1955, Calderén
and Zygmund [1] proved its L boundedness [2]. For 0< o <n,
Muckenhoupt and Wheeden [10] proved the (L?, L?)-boundedness of

Tq, o with power weights.

Definition 1.1. Let S”! be the unit sphere in R"(n > 2), equipped
with normalized Lebesgue measure do = do(z’). We say that a function
Q(x, z) to be in L™ x L'(S™), (r > 1), if Q(x, z) satisfies the following
two conditions:

(1) For any x, z € R" and A > 0, Q(x, Az) = Q(x, 2);

1
(2) " Q ||L°°><Lr(Sn_1) = supxeRn (J‘S”’l | Q(x, z') |rd6(z’))r < oo,

Definition 1.2. For a function A defined on R", the fractional
multilinear singular integral operator Tg, , 4 is defined by

Qx, x — y)

|x —y |n—0L+m—1

To.uaf@ = R (45 %, ) (),

where R,,(A; x, y) denotes the mth remainder of Taylor series of A at x

about y. More precisely,

Bp(4i %, 3) = A@)- Y, - D'AG)(x - 5,

|y |<m

and the corresponding fractional multilinear maximal operator,

1
M x) = su —J. Qx, x — R, (A; x, dy.
0,a,af(x) e ‘x_y‘ql ( M| Rp( I ) |dy

Definition 1.3. For B > 0, the homogeneous Lipschitz space AB is

the space of functions f such that

APFLf ()
" f "Aﬁ = sup % < oo,
x heR" hz0 ||

where Al f(x) = f(x + h) - f(x), A f(x) = A% foc + h) - A% f(x), k2 1.
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Towards the development of Calderén-Zygmund operators and their
commutators with higher order remainder, it is well known that the
multilinear fractional operators have been widely studied by many
authors ([1], [2], [4], [10]). The purpose of this paper is to study the
behaviour of Tq, 4 on Lebesgue space. We prove that if

Qx,z)e L°(R") xL'(S"™1) with variable kernel, then To 0.4 is
bounded from LP to L7.

Now, let us formulate our results as follows:

Theorem 1.1. Let 0 <a<n,0<B <1, and O0<a+B<n,1<p<

n 1 _1

wiBa
such that Q(x, z) € L*(R"™) x L (S™ '), then there is a C > 0, independent
of fand A, such that

—OC—+B, D'A e AB(|y| =m —1). If there exists an r > p’
n

| Toaaf lps < c( > |pra Mn Fllp-

|v|=m-1

Theorem 1.2. Under the same conditions as in Theorem 1.1, there is
a C > 0, independent of f and A, such that

| Moo, af s < c[ > |pra Mu Fllp-

|v|=m-1

Remark 1.1. For m =1,Tq ( 4 is obviously the commutator operator,

(A, Tﬂ,a]f(x) = TQ,ocf(x) - TQ,(X(Af)(x)-
2. Lemmas and Proofs of Theorems

Lemma 2.1 [13]. Let 0<B<n,1<p<£,l=

1
B'q¢ »p
exists an r > p' such that Q(x, z) € L*(R")x L' (S™!), then there is a
C > 0 such that

—E. If there
n

1 Ta,pf e < CIF -
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Lemma 2.2 [1]. Let A(x) be a function on R" with mth order

derivatives in L, (R") for some I > n. Then

1

1 Vi

| By %, 9)[ < Clx=y" Y [ [ |D'A@)[dz |,
‘r‘:m |Qx| Qx

where QY is the cube centered at x and having diameter 5vn| |x -]

Lemma 2.3 [2]. For 0 < < 1,1 < g < o, we have

1£14 = s;pw%ﬁ/nw () - mg(f)|dx

1
. sup— Lt [ 1 _ a
ST i REC R

Lemma 2.4 [2]. Let @ < @, g € A(0 < B <1). Then

| mge (&)~ mq(@)] < C1QP"| g |,

We state the following important lemma:

Lemma 2.5. Suppose O<a<n,0<p<l, with
O<oa+Pp<n Qx, z)e L°(R")xL'(S" 1), DA e Ag. Then there exists a
constant C, only depend on m, n, o, B, such that

| To,o,4f ()| < C | > 1415, Ta (/D)
Y [=m-

Proof. For any x € R", let the cube be centered at x and possess

diameter [, where [ > 0. Then we have

Tq,,af(x) = [IQ+ J.ch | xQ(x, x =) R, (A; x, y)f(y)dy == Hy + Hy.

—y |n—oc+m—1
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Below, we give the estimates of H;. Let

oo

| Q@x, x — y)|| Ry (45 x, y)|
[ Ha| = ZOJ.ZjQ\Zle y oL | F)|dy
J:

Ei

J. | O, x = D) [| Bu(Ay-j 5 %, 9)|
Z_jQ\Z_j_lQ | x—y |n—a+m—1

| f(y)|dy.

IA
M

1
Note that A2_jQ(y) = A(y) - Z\y\:m—lﬁmz—iQ(DyA)yr‘ When y €

2_J.Q\2_j_1 @, by Lemmas 2.2, 2.3 and 2.4, we have

-1
| B4y i % 9)] < CRTDP 2 -y [ | > DA,
Y |[=m-—

Note that |x —y|> 2777 Then we have |x—y |B > 27P©2771), such that

S Qx, x - y)llf(y)l
< YAl j ﬁj |
EARCEDY ||DA||AB]ZO<2 V) yigsig

ly ot |-y
<C Z "DYA" Zj. (2 ]l)ﬁlg(x x_y)llf(y)l
= e ligeite ERFiia

2P x - y PO, x - y)|
<C 2 |D A"AB ZJ.Z jQ\z—j—lQ yln o |f(y)|dy

ly[=m-1 |~

| Q(x, x - y)llf(y)l
<c ¥ 1|| D'A ”ABI e
Y |=m-

Qx, x — )| f(y)
<c ¥ yoagf | e WO g,
Yy |=m-1

=C Y DAl Tojas( DG

|y |=m-1
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Below, we give the estimates of Hy. For 0 < a + < n, we get

- Qx, x — R, (A; x,
| Hy | < 2I2j+1Q\2jQ| ( 2| B y)||f(y)|dy
Jj=0

| x—y |n—0c+m—1

| O, x = 9) || Ry (Ayjar 5%, 9)|

SZ(;J‘ﬂHQ\ZjQ |x_y|n—a+m—1 |f(y)|dy’
J:
for any y e 2/71Q\2/Q,
— 1 ' v
Aying(y) = A) - | D e oD 4).
Y[=m-

Thus, by Lemmas 2.2 and 2.3, we obtain

j -1
| Bp(Ayjia g % 9)| < CIDPLx =y |" Zl | DA,
Y |=m-

And for |x -y | > 271, we have | x —y|B > (2jl)B. Hence

Z Zoo j Q(x, x = Y[ fB)]
Hy | < DYA|; 271 J ‘ , | dy
| 2 | . =m_1" ”AB por ( )B 2N 2/Q | X — |n o

X — B X, X —
<c Y| |DYA||AﬁZI ESFIale! y)llf(y)ld

Iy fEm-1 271\ 2/Q |x yl

v |, x - N[O,
<C 2 " b'A "AB 2.[2J+1Q\2jQ |n (a+B) dy

lyfem-1 E

Z Qx, x - y)[| f(»)
<C W " D'A "ABI | |x _ |n (L!Jrﬁ) | dy
Y |=m-1

<c Y |Dp'a lig el asp( £ 1) ().

|v|=m-1
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From the proof above, we obtain

| To,o,af @) < [ Hy [+ Hy | <C Y | DAL Taarp(l £ @)
¥ |=m-1

Lemma 2.6. Let 0 < o < n, Q € L(S™™). Then for x € R",

Y_T\Q\,Q,Af(x) 2 MQ,a,Af(x)'

Proof.
T\Q \,oc,Af(x)
Qx, x —y
- J.Rn |3|C _(y |n—oc+n2—|1 | Ry, (A; x, y)|| f(y)|dy
Q(x, x —
= .[ = n-afml | Ry (A5 x, ) || () |dy

\x—y\<r|x—y|

1

rn—a+m—1

I\

Jx_wl Qx, x = ) || Ry (As x, y)|| f(y)[dy

Tq|o af(®)2 Mg o af(x).

Proof of Theorem 1.1. The proof depends on the weighted
boundedness of the fractional integral operator Tq, g. By Lemma 2.2, we

have

| To,af Iz <€ Y, 1 DAl Tap e
|y [=m-1

<C D IDTAl N g

|v|=m-1
This completes the proof of Theorem 1.1.
The proof of Theorem 1.2 follows from Lemma 2.6 and Theorem 1.1.
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