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Abstract

In this paper, the author obtained Lipschitz boundedness for a class of
fractional multilinear operators on Lebesgue spaces, which is similar to
the higher-order commutator for the singular integral. A simple way is
obtained that is closely linked with a class of rough fractional integral
operators.

1. Introduction and Results

For ,0 n<α<  the fractional integral operator with variable kernel
is defined by

( ) ( ) ( )∫ α−αΩ
−

−Ω=
nR n

dyyf
yx

yxx
xfT ,,

,

and

( ) ( ) ( )∫ β−βΩ
−

−Ω
=

nR n
dyyf

yx

yxx
xfT .

,
,
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When ,0=α  αΩ,T  is much more closely related to the elliptic partial

equations of second order with variable coefficients. In 1955, Calderón

and Zygmund [1] proved its pL  boundedness [2]. For ,0 n<α<

Muckenhoupt and Wheeden [10] proved the ( )qp LL , -boundedness of

αΩ,T  with power weights.

Definition 1.1. Let 1−nS  be the unit sphere in ( ),2>nRn  equipped

with normalized Lebesgue measure ( ).zdd ′σ=σ  We say that a function

( )zx,Ω  to be in ( ) ( ),1,1 >× −∞ rSLL nr  if ( )zx,Ω  satisfies the following

two conditions:

(1) For any nRzx ∈,  and ,0>λ  ( ) ( );,, zxzx Ω=λΩ

(2) ( ) ( ) ( ) .,sup
1

11 ∞<




 ′σ′Ω=Ω ∫ −−∞

∈×
r

S
r

RxSLL nnnr zdzx

Definition 1.2. For a function A defined on ,nR  the fractional

multilinear singular integral operator AT ,,αΩ  is defined by

( ) ( ) ( ) ( )∫ −+α−αΩ
−

−Ω=
nR

mmnA dyyfyxAR
yx

yxxxfT ,,;,
1,,

where ( )yxARm ,;  denotes the mth remainder of Taylor series of A at x

about y. More precisely,

( ) ( ) ( ) ( )∑
<γ

γγ −
γ

−=
m

m yxyADxAyxAR ,
!

1,;

and the corresponding fractional multilinear maximal operator,

( ) ( ) ( ) ( )∫ <−−+α−>
αΩ −Ω=

ryx
mmnr

A dyyfyxARyxx
r

xfM .,;,1sup
10

,,

Definition 1.3. For ,0>β  the homogeneous Lipschitz space βΛ  is

the space of functions f such that
[ ] ( )

,sup
1

0,,
∞<

∆
= β

+β

≠∈
Λβ h

xf
f h

hRhx n

where ( ) ( ) ( ) ( ) ( ) ( ) .1,, 11 ≥∆−+∆=∆−+=∆ + kxfhxfxfxfhxfxf k
h

k
h

k
hh
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Towards the development of Calderón-Zygmund operators and their
commutators with higher order remainder, it is well known that the
multilinear fractional operators have been widely studied by many
authors ([1], [2], [4], [10]). The purpose of this paper is to study the
behaviour of AT ,,αΩ  on Lebesgue space. We prove that if

( ) ( )nRLzx ∞∈Ω ,  ( )1−× nr SL  with variable kernel, then AT ,,αΩ  is

bounded from pL  to .qL

Now, let us formulate our results as follows:

Theorem 1.1. Let ,10,0 <β<<α< n  and <<<β+α< pn 1,0

( ).1,11, −=γΛ∈β+α−=
β+α β

γ mAD
npq

n  If there exists an pr ′>

such that ( ) ( ) ( ),, 1−∞ ×∈Ω nrn SLRLzx  then there is a ,0>C  independent

of f and A, such that

.
1

,, pq L
m

LA fADCfT 












≤ ∑

−=γ
Λ

γ
αΩ β

Theorem 1.2. Under the same conditions as in Theorem 1.1, there is
a ,0>C  independent of f and A, such that

.
1

,, pq L
m

LA fADCfM 












≤ ∑

−=γ
Λ

γ
αΩ β

Remark 1.1. For ATm ,,,1 αΩ=  is obviously the commutator operator,

[ ] ( ) ( ) ( ) ( )., ,,, xAfTxfTxfTA αΩαΩαΩ −=

2. Lemmas and Proofs of Theorems

Lemma 2.1 [13]. Let .11,1,0
npq

npn β−=
β

<<<β<  If there

exists an pr ′>  such that ( ) ( ) ( ),, 1−∞ ×∈Ω nrn SLRLzx  then there is a

0>C  such that

., pq LL fCfT ≤βΩ
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Lemma 2.2 [1]. Let ( )xA  be a function on nR  with mth order

derivatives in ( )nl
loc RL  for some .nl >  Then

( ) ( ) ,1,;

1

∑ ∫
=

γ










−≤

mr

l

Q

l
y
x

m
m y

x

dzzAD
Q

yxCyxAR

where y
xQ  is the cube centered at x and having diameter .5 yxn −

Lemma 2.3 [2]. For ,1,10 ∞<≤<β< q  we have

( ) ( )∫ −= β+Λβ Q
Qn

Q
dxfmxf

Q
f

1
1sup

( ) ( ) .11sup

1
q

Q

q
Qn

Q
dxfmxf

QQ




 −≈ ∫β

Lemma 2.4 [2]. Let ( ).10, <β<Λ∈⊂ β
∗ gQQ  Then

( ) ( ) .
β∗ Λ

β≤− gQCgmgm n
QQ

We state the following important lemma:

Lemma 2.5. Suppose ,10,0 <β<<α< n  with

( ) ∈Ω<β+α< zxn ,,0  ( ) ( ) .,1
β

γ−∞ Λ∈× ADSLRL nrn  Then there exists a

constant C, only depend on ,,,, βαnm  such that

( ) ( ) ( )∑
−=γ

β+αΩΛ
γ

αΩ β
≤

1
,,, .

m
A xfTADCxfT

Proof. For any ,nRx ∈  let the cube be centered at x and possess

diameter l, where .0>l  Then we have

( ) ( ) ( ) ( ) .:,;,
211,, HHdyyfyxAR

yx

yxxxfT mmnQ Q
A C

+=
−

−Ω




 += −+α−αΩ ∫ ∫
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Below, we give the estimates of .1H  Let

( ) ( ) ( )∑ ∫
∞

=
−+α−−−− −

−Ω
≤

0
2\2 11 1

,;,

j
QQ mn

m
jj

dyyf
yx

yxARyxx
H

( ) ( )
( )∑ ∫

∞

=
−+α−−−−

−

−

−Ω
≤

0 2\2 1
2

1
.

,;,

j QQ mn
Qm

jj

j
dyyf

yx

yxARyxx

Note that ( ) ( ) ( )∑ −=γ
γ

−− γ
−=

1 22
.

!
1

m
r

QQ
yADmyAyA jj  When ∈y

,2\2 1QQ jj −−−  by Lemmas 2.2, 2.3 and 2.4, we have

( ) ( ) ∑
−=γ

Λ
γ−β−

β− −≤
1

1
2

.2,;
m

mj
Qm ADyxlCyxAR j

Note that .2 1−−≥− jyx  Then we have ( ) ,22 β−β−β ≥− lyx j  such that

( ) ( ) ( )∑ ∑ ∫
−=γ

∞

=
α−

β−
Λ

γ
−−−β −

−Ω
≤

1 0 2\2
1 1

,
2

m j QQ n
j

jj
dy

yx

yfyxx
lADCH

( ) ( ) ( )∑ ∑∫
−=γ

∞

=
α−

β−

Λ
γ

−−−β −

−Ω
≤

1 0 2\2 1

,2

m j QQ n

j

jj
dy

yx

yfyxxl
ADC

( ) ( )∑ ∑∫
−=γ

∞

=
α−

ββ

Λ
γ

−−−β −
−Ω−

≤
1 0

2\2 1

,2

m j
QQ njj

dyyf
yx

yxxyx
ADC

( ) ( )
( )∑ ∫

−=γ
β+α−Λ

γ

−
−Ω

≤
β

1

,

m
Q n

dy
yx

yfyxx
ADC

( ) ( )
( )∑ ∫

−=γ
β+α−Λ

γ

−
−Ω

≤
β

1

,

m
R nn

dy
yx

yfyxx
ADC

( ) ( )∑
−=γ

β+αΩΛ
γ

β
=

1
, .

m

xfTADC
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Below, we give the estimates of .2H  For ,0 n<β+α<  we get

( ) ( ) ( )∑ ∫
∞

=
−+α−+ −

−Ω≤
0

2\2 12 1

,;,

j
QQ mn

m
jj

dyyf
yx

yxARyxx
H

( ) ( )
( )∑ ∫

∞

=
−+α−+

+

−

−Ω
≤

0 2\2 1
2

1

1
,

,;,

j QQ mn
Qm

jj

j
dyyf

yx

yxARyxx

for any ,2\2 1 QQy jj+∈

( ) ( ) ( )∑
−=γ

γ
++ γ

−=
1

22
.

!
1

11

m
QQ

ADmyAyA jj

Thus, by Lemmas 2.2 and 2.3, we obtain

( ) ( ) ∑
−=γ

Λ
γ−β

β+ −≤
1

1
2

.2,;1

m

mj
Qm ADyxlCyxAR j

And for ,2 lyx j≥−  we have ( ) .2 ββ ≥− lyx j  Hence

( ) ( ) ( )∑ ∫∑
∞

=
α−

β

−=γ
Λ

γ
+β −

−Ω













≤

0
2\2

1
2 1

,
2

j
QQ n

j

m
jj

dy
yx

yfyxx
lADH

( ) ( )∑ ∑∫
−=γ

∞

=
α−

β

Λ
γ

+β −

−Ω−
≤

1 0 2\2 1

,

m j QQ njj
dy

yx

yfyxxyx
ADC

( ) ( )
( )∑ ∑∫

−=γ

∞

=
β+α−Λ

γ
+β −

−Ω
≤

1 0
2\2 1

,

m j
QQ njj

dy
yx

yfyxx
ADC

( ) ( )
( )∑ ∫

−=γ
β+α−Λ

γ

−
−Ω

≤
β

1

,

m
R nn

dy
yx

yfyxx
ADC

( ) ( )∑
−=γ

β+αΩΛ
γ

β
≤

1
, .

m

xfTADC
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From the proof above, we obtain

( ) ( ) ( )∑
−=γ

β+αΩΛ
γ

αΩ β
≤+≤

1
,21,, .

m
A xfTADCHHxfT

Lemma 2.6. Let ( ).,0 1−∈Ω<α< nSLn  Then for ,nRx ∈

( ) ( ).,,,, xfMxfT AA αΩαΩ ≥

Proof.

( )xfT A,,αΩ

( ) ( ) ( )∫ −+α−−
−Ω

=
nR

mmn
dyyfyxAR

yx

yxx
,;

,
1

( ) ( ) ( )∫ <− −+α−−
−Ω

≥
ryx

mmn
dyyfyxAR

yx

yxx
,;

,
1

( ) ( ) ( )∫ <−−+α−
−Ω≥

ryx
mmn

dyyfyxARyxx
r

,;,1
1

( ) ( ).,,,, xfMxfT AA αΩαΩ ≥

Proof of Theorem 1.1. The proof depends on the weighted
boundedness of the fractional integral operator .,βΩT  By Lemma 2.2, we

have

∑
−=γ

βΩΛ
γ

αΩ β
≤

1
,,,

m
LLA qq TADCfT

∑
−=γ

Λ
γ

β
≤

1

.
m

LpfADC

This completes the proof of Theorem 1.1.

The proof of Theorem 1.2 follows from Lemma 2.6 and Theorem 1.1.
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