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Abstract

In this paper, a nonlinear Schrodinger equation is solved approximately
under variable group velocity dissipation in a limited time interval.
Complex initial conditions and zero Neumann conditions are considered.
The perturbation method together with the eigenfunction expansion and
variation of parameters method are used to introduce an approximate
solution for the perturbative nonlinear case for which a power series
solution is proved to exist. Using Mathematica, the solution algorithm is
tested through computing the only possible first order approximation for
some variations of the variable group velocity. The method of solution is

illustrated through case studies and figures.
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1. Introduction

In the last two decades, the nonlinear Schrodinger equation (NLS) got
the interests of many scientists in engineering, applied and theoretical
sciences, see [1-4, 9] for examples. There are a lot of NLS problems
depending on additive or multiplicative noise in the random case [5, 6] or
a lot of solution methodologies in the deterministic case [14-18]. By using
coupled amplitude phase formulation, Parsezian and Kalithasan [11]
constructed the quartic anharmonic oscillator equation from the coupled
higher order NLS. Two-dimensional grey solitons to the NLS were
numerically analyzed by Sakaguchi and Higashiuchi [13]. The
generalized derivative NLS was studied by Huang et al. [10] introducing
a new auxiliary equation expansion method. El-Tawil and El-Hazmy [7]
used the perturbation method to introduce an approximate solution to a
perturbative cubic NLS equation.

In this paper, a straightforward solution algorithm is introduced
using the transformation from a complex solution to a coupled equations
in two real solutions, eliminating one of the solutions to get separate
independent and higher order equations, and finally introducing a

perturbative approximate solution to the system.
2. The NLS Equation

Consider the homogeneous non-linear Schrodinger equation:

5u(t 2) B(t‘a ”Zt 2) | glult, 2)[Pult, 2) + iyult, 2) = 0, (t, 2) € (0, T)x (0, 0), (1)

where u(t, z) is a complex valued function which is subjected to:

C.: ult, 0) = f1(t) + ify(t), a complex valued function,
B.C.:u,(0,2z)=0, u,(T,z)=0, and B(t) is a variable group velocity
dissipation.

Lemma. The solution of equation (1) with its associated constraints is

a power series in g, if exists.

Proof. At ¢ = 0, the following linear equation is got:
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6u0(t z) 0 uo(

e )40l 2) i 220, (1 2) € (0, T)x (0, =)

which has the solution

uO(t’ Z) = (WO(t’ Z) + id)O(t’ 2))’

where, Appendix-A,

wolt, 2) = e“/zz A, cos(l"nz)sin(%)t,

n=0

0
dolt, 2) = e_yzz B, cos(l“nz)sin(%jt,
n=0
in which

A, T.[ fl(t)sm( )tdt

B, TI f2(t)s1n( )tdt

(e 028

Following Pickard approximation, equation (1) can be rewritten as

; ou,(t, z)

- +B(2) 0 un(t 2)

+iyult, 2) = —g uy_1(t, 2) |2un,1(t, z), n=1.
At n =1, the iterative equation takes the following form:

+B(t) 0 ul(t z)

i 6u1(§t, z) +iyult, 2) = —€| ug(t, 2) Puo(t, 2) = ehy (¢, 2),
z

which can be solved as a linear case with zero initial and boundary
conditions. The following general solution can be obtained:

o0

i, 2) = e‘YZZ(TOn + sTln)sin(%)t,

n=0



418 MAGDY A. EL-TAWIL and MAHA A. EL-HAZMY
01, 2) = eyZZ:‘)(TOn + STln)Sin(%jt,
n=

w (6, 2) = (y1(t, 2) + i1 ¢, 2))

0 4 eufd)

= u£
At n = 2, the following equation is obtained:

0%us(t, 2)
ot*

; 8”26“’ 2 4 Be) v ivult, 2) = —d (b, 2) Puy(t, 2) = ehot, 2),
z

which can be solved as a linear case with zero initial and boundary
conditions. The following general solution can be obtained:

us(t, z) = ugo) + sug) + szugz) + 83u(23) + ¢t g4).

Continuing like this, one can get

un(t, 2) = u® + eul) + 22 1 343 4.4 grrm)y em),

As n — o, the solution (if exists) can be reached as u(t, z) = lim u,,(t, 2).
n—o

Accordingly, the solution is a power series in €. 0

According to the previous Lemma, one can assume the solution of

equation (1) as the following:

o0

ult, z) = Z e"u,. 2

n=0
Let ul(t, z) = y(t, z) + id(¢, 2), vy, ¢: real valued functions. The following

coupled equations are got:

)
6¢(t, 2) _ B(t) 0 \V(t’ 2) + 8(\|/2 + (])Z)W - v, 3)
0z ot?
2
oy(t, ) _ —B(t)—a o, 2) e(w? + 62)o - 1y, <
0z ot2

where y(¢, 0) = fi(), o, 0) = f5(¢), and all corresponding other I.C. and

B.C. are zeros.
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As a perturbation solution, one can assume that
2
y(t, 2) = yo +eyy +e7yg + o,

d(t, 2) = b + edy + %y + -,

®)
©)

where (¢, 0) = f1(¢), do(t, 0) = f5(¢), and all corresponding other I.C.

and B.C. are zeros.

Substituting from equations (5) and (6) into equations (3) and (4) and

then equating the equal powers of ¢, one can get the following set of

coupled equations:

2
Bl =) ) Vo2,
2
8“’08(2, 2) _ _B(t) 0 ¢§t(;’ 2) _——_—

2
— o1 + (Wh + wod3),

o1t 2) o it 2)
82 - B(t) 6t2

2
oy (¢, 2) _ —B(t)%(;’z) -y — ((])% + d)oll/%),
t

0z

— Y05 + (Bydw1 + 2wodods + W10),

oot, 2) oo OPsalt, 2)
82 - B(t) atz

2
2028 2) iy 0202y — @, + 20gvovs + ),

0z

and so on. The prototype equations to be solved are:

0i(t, 2) _ o Vit 2) | H)
o =BG +GY, i1,

@) i1
1 b -

a\lli(t> Z) _ a2¢i(t’ Z)
— = [_%(z,‘)—at2 +G

(M

®

©

(10)

(11

(12)

(13)

(14)

where y;(t, 0) = §; of1(t), ¢;(t, 0) = 8; ofo(t) and all other corresponding

conditions are zeros. Gi(l), GL.(Z) are functions to be computed from

previous steps.
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Following the solution algorithm described in Appendix-A, the linear

coupled equations can always be solved using eigenfunction expansion [8]

and variable parameters method [12].
2.1. The zero order approximation

In this case,

w0, 2) = (yo +ido),

where
volt, 2) = Z Ccos(l"nz)sin(%)t,
n=0
dolt, 2) = Z D cos(l“nz)sin(%jt,
n=0
in which

NOIGLERE
C- % J' OT fl(t)sin(%jtdt,

D- % j OT fz(t)sin(%jtdt.
The absolute value of the zero order approximation is
|9, 2) = v + 65,
2.2. The first order approximation
uD(, 2) = u + ey +igy),

where

i 2)= 3 Bsin 25
n=0

0

i(t.2) = Y ial)sinf 57|,

n=0

(15)

(16)

17

(18)

(19)

(20)

21

(22)

(23)

(24)
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in which
Tin(2) = A11(2)sin([,2) + (Cyg + Byq(2))cos(T,2), (25)

11n(2) = Ajp(2)sin(l,2) + (Cig + Byg(2))cos(T,2), (26)

where the constants and variables Aj;(z), Cig, Bj1(2), Ap2(2), Cps and
B;5(z) can be evaluated in a similar manner as the corresponding ones in

the linear case, Appendix-A.

The absolute value of the first order approximation can be got using:

1D, 2) 7 = [0, 2) + 26(wowy + dody) + 2(wF + 67). @7

2.3. The second order approximation

u(z)(t, z) = u(l)(t, z)+ 82(W2 +1d9), (28)
where
walt, 2) - §T2n(z)sin(%jt, 29)
dolt, 2) = i r2n(z)sin(ﬂ)t, (30)
n=0 T

in which
Ton(2) = Agq(2)sin(l,2) + (Cog + By (2))cos(I,2), (31)
Ton(2) = Agy(2)sin(T,2) + (Cog + Bay(2))cos(T,2), (32)

where the constants and variables Ag;(2), Cgg, Bg(z), Agg(z), Cag and

Bys(z) can be evaluated in a similar manner as the previous case.

The absolute value of the second order approximation can be got

using:
1@, 2)

= [u(t, 2) + 262 (wows + doda) + 26° (wws + d109) + 1 (w3 + 03).  (33)
3. Case Studies

To examine the proposed solution algorithm, see Appendix-B, two
case studies are illustrated.
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3.1. Case study-1

Taking fi(t) = p1, fo(t) = pg, ¥ =0, B =1 and following the solution

algorithm, the following selective results for the first order approximation

are got:

Figure 1. The first order approximation of |u(1)| at € =0, pg, pg =1,
T =10, y=0, B=1 with considering only ten terms in the series

(M = 10).

One can notice that it is an identical result with that in [12, Figure 1].

Figure 2. The first order approximation of |u(1)| at e=0, py, pg =1,
T =10, y=0, B=t with considering only ten terms in the series

(M =10).
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One can notice the increase of oscillation due to the variability of B.

Figure 3. The first order approximation of [u()| at & =0, p;, py =1,

T =10, y=.05, B =t with considering only ten terms in the series
(M =10).

One can notice the high regression effect of y.

LI

Figure 4. The first order approximation of |u(l)| at ¢ =.2 and py,ps =1,
T =10,
(M =1).

y=0, B=1 with considering only one term in the series

One can notice that the results are identical with the case y = 0 in
[12, Figure 2].
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3.2. Case study-2

Taking the case of f1(¢) = py, f5(¢) = pg Sin(%}, the following final

results for the first order approximation are obtained:

Figure 5. The first order approximation of |u(1)| at e=0, py, pg =1,
T =10, y=0, Bp=1 with considering only one term in the series

(M =1).

One can notice that the results are identical with the case y = 0 in
[12, Figure 6].

Figure 6. The first order approximation of |u(1)| at € =0, p;,pg =1,
T =10,

y=0, B=t with considering only one term in the series
(M =1).
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Figure 7. The first order approximation of |u(1)| at € =0, pg, pg =1,
T =10, y=.05, B =t with considering only ten terms in the series
(M =10).

One can notice the high regression effect of y.
Conclusions

The perturbation technique together with the eigenfunction
expansion and variation of parameters method introduce an approximate
solution to the cubic NLS equation under variable group velocity
dissipation for a finite time interval. The difficult and huge first order
computations were achieved using Mathematica-5. To get more improved
orders, it is expected to face a problem of computation. In general, the
solution oscillations are increased with the variability of B. The increase

of y causes a high regression in the solution level.
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Appendix-A. The Homogeneous Linear Case
Consider the nonhomogeneous linear Schrodinger equation:
2
i 20 2) gy T2 g 2) = 0, 2) € (0. 7)< (0, ), (A1)
0z 8t2

where u(¢, z) is a complex valued function which is subjected to:
I.C.: u(t, 0) = f1(t) + ify(¢), a complex valued function, (A-2)
B.C.: u,(0, 2) = 0, u,(T, z) = 0. (A-3)

Let ult, z) = y(t, z) +id(t, z), v, ¢: real valued functions. The

following coupled equations are got as follows:

2

a(l)(at; 2) — B(t)% — —Yq), (A-4)
2

a\v((;; 2) — —ﬁ(t)% -y, (A-5)

where y(¢, 0) = f1(¢), ¢, 0) = f5(¢), and all corresponding other I.C. and

B.C. are zeros.
Let the loss terms in equations (4, 5), y = e w, ¢ =e v, be
eliminated.

Eliminating one of the variables in the resultant equations, one can
get the following independent equations:

%w(t, z) o dtw(t, 2) , O%w(t, z)
B 2 + B 4 + BB 2 - 07 (A'G)
7 ot ot
*w(t, z) o d*wl(t, 2) L%, z)
7 +B — + BB 35— =0 (A-7)
2 ot ot

Using the eigenfunction expansion technique [8], the following

solution expressions are obtained:

w(t, z) = e_yziTn(t, z)sin(%jt, (A-8)
n=0



428 MAGDY A. EL-TAWIL and MAHA A. EL-HAZMY

o, z) = efyzi 1, (t, z)sin(%)t, (A-9)

n=0

where T, (¢, z) and 7, (¢, z) can be got through the applications of initial

conditions and then solving the resultant second order differential
equations. The final expressions can be got as the following:

T,(z) = C; cos(yJT, z), (A-10)
1,(2) = Cq cos({T}, 2), (A-11)
where
2 2 2
_(mm)(nm) g2 g OB i
Fn—(Tj{(TjB Batz}EO, (A-12)
2 T . (nn
G =2 j ) fl(t)sm[Tt)dt, (A-13)
2T . (n=n
Co=2 I ) fZ(t)sm(Tt)dt. (A-14)
Appendix-B. The Non-homogeneous Linear Case
Consider the non-homogeneous couple equations;
oot, z) o%y(t, z) B i
2220 e, (B-1)
ot 2) _ oy 070t 2) ]
az - B(t) 6t2 a4 + g2? (B 2)

where y(t, 0) = 0, ¢(¢, 0) = 0, and all corresponding other I.C. and B.C.
are also zeros.

Let the loss terms in equations (B-1, B-2), v = e *w, ¢ = e v, be
eliminated.

Eliminating one of the variables in the resultant equations, one can
get the following independent equations:
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2 4 2
) o) e tun gy
oz ot ot
2 4 2
0 Ll)(t2, Z) + Bz 0 W(i, Z) 4 BB” 0 ZU(tZ, 2) — \sz’ (B-4)
oz ot ot
where
~ _ Gy Gy
‘Vl(t’ 2) = —B at2 s (B-5)
- ., 0Gy  0Gy
Valt 2) =B+ -
in which

Gl = eyzgl, G2 = eyzgz.

Using the eigenfunction expansion technique [8], the following

solution expressions are obtained:

v(t, z) = e_yzr;)Tn(t, z)sin(%jt, (B-7)
o, 2) = e—Vi 1, (t, z)sin[%)t, (B-8)
n=0

where T, (¢, z) and 1,,(¢, 2) can be got through the applications of initial

conditions and then solving the resultant second order differential
equations using the method of the variational parameter [12]. The final
expressions can be got as the following:

T,(2) = Ay(2)sin(yT,, 2) + (Cy + By(2))cos(yT, 2), (B-9)
tn(2) = Ay(2)sin(JT,, 2) + (C + By(2))cos(yT, 2), (B-10)

where

L G R
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Az) = %j%n(z; n)cos(yT, 2)dz, (B-12)

Bife) = - [F1n(e: m)sin(T, 2)dz, (B-13)

Agfz) = J;— [ #2n(z: mcos(JT, )z, (B-14)

By(z) = Jri [ 2 m)sin(F, 2)d. (B-15)
in which

F1u(2: 1) = % J' OT .0, z)sin(%) d, (B-16)

Fon(2: 1) = % IOT Folt, z)sin(%) dt. (B-17)

The following conditions should also be satisfied:
Cy = -B,(0), (B-18)

Cy = —By(0). (B-19)



