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Abstract

In this paper we study the role played by the indefinite weight function

( )xa  and the parameter λ on the existence of positive solutions to the

problem

( ) ( ) ( )









Ω∂∈=
∂
∂

Ω∈λ=∇∇− −

,,0

,,2

x
n
u

xuFxauudiv p

where Ω is a smooth bounded domain in ,Nℜ  ,1 Np <<  λ is real

parameter and ( )xa  changes sign.

We prove that in the case ( ) ( )γ− ±= uuuuF p 12  for ,0>γ  the

problem has a positive solution.

1. Introduction

In this paper we study the existence of positive solutions of the
Neumann boundary value problem
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on a bounded domain ,Nℜ⊆Ω  with smooth boundary ,Ω∂  where

( )uudivu p
p ∇∇=∆ −2  is the p-Laplacian operator with 1>p  and ( )xa

is a smooth weight function which changes sign on Ω. Here we say a
function ( )xa  changes sign if the measure of the sets ( ){ }0; >Ω∈ xax

and ( ){ }0; <Ω∈ xax  are both positive.

A host of literature exists for this type of problem when ;2=p  see,

e.g., [1], [5], [6] and the references therein. Li and Zhen [8] studied (1)
with 2≥p  and obtained some interesting results.

In this paper we consider a special type of function ( )uF  and study

the influence of the function ( )xa  on the structure of the set of positive

solutions of (1) in the cases where ( ) ( )γ− −= uuuuF p 12  and ( ) =uF

( ),12 γ− + uuu p  .0>γ

If ,2=p  ( ) 1=xa  and ( ) ( ),1 γ−= uuuF  then (1) becomes

( )









Ω∂∈=
∂
∂

Ω∈−λ=∆− γ

.,0

,,1

x
n
u

xuuu

It is well known that positive solutions of this problem must satisfy
,10 << u  and precisely arise out of bifurcation from the zero solution;

moreover, the equation has no positive solutions if ,1
+λ<λ  where +λ1

denotes the least eigenvalue of the Laplacian.

We shall show, however, that, when ( )xa  changes sign, the

variational method proves the existence of a positive solution for a special
range of λ in the case p-Laplacian.

Our method relies on the eigencurve theory developed in [3, 4]. It

turns out that the sign of the integral ∫Ω a  plays an important role for

the range of λ for which (1) has a positive solution.
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In the next section we consider the map ( ),λµ→λ  where ( )λµ

denotes the principal eigenvalue of the problem

( )









Ω∂∈=
∂
∂

Ω∈µ+λ=∆− −−

,,0

,,22

x
n
u

xuuuuxau pp
p

(2)

and we notice how eigencurves can be used to generate an equivalent

norm on ( ),,1 ΩpW  then we prove the existence of variational solutions by

using this equivalent norm.

2. Main Results

We first introduce some notations and recall some results. Consider

the eigenvalue problem (2) where we treat the eigenvalue µ associated

with a positive eigenfunction, as a function of λ.

( )
( ) { }

( )
.inf

0\,1 ∫
∫∫

Ω

ΩΩ

Ω∈

λ−∇
=λµ

dxu

dxuxadxu

p

pp

Wu p

From whence it follows that (see, e.g., [3, 4, 7]).

Proposition 1. Assume that ( ).Ω∈ ∞La  Then ( )λµ  is continuous and

concave and ( ) .00 =µ  If ( ) ,0>xa  then ( )λµ  is decreasing, and if

( ) ,0<xa  then ( )λµ  is increasing. Assume now that ( )xa  changes sign in

Ω. If ( )∫Ω < ,0dxxa  then there exists a unique 01 >λ+  such that

( ) 01 =λµ +  and ( ) 0>λµ  for ( ).,0 1
+λ∈λ  If ( )∫Ω = ,0dxxa  then ( ) 00 =µ

and ( ) 0<λµ  for .1
+λ≠λ  If ( )∫Ω > ,0dxxa  then there exists a unique

01 >λ−  such that ( ) 01 =λµ −  and ( ) 0>λµ  for ( ).0,1
−λ∈λ

It follows from this proposition that when ( )xa  changes sign and

( )∫Ω < ,0dxxa  the eigenvalue problem
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has a positive eigenvalue +λ1  associated with the positive principal

eigenfunction .1
+u

Thus we assume that there hold the following conditions:

( ) ( ) ( )Ω∈ ∞Lxa1A

( ) ( ) .02 <∫Ω dxxaA

With these constructions we have [2].

Proposition 2. Assume ( )1A  and ( ).2A  Then for every ( )+λ∈λ 1,0

( ( ) ) ppp dxuxauu

1

: 






 λ−∇= ∫Ωλ

defines a norm in ( )ΩpW ,1  which is equivalent to the short norm of

( ).,1 ΩpW

Now we can state our main result:

Theorem 1. Assume that ( )1A  and ( )2A  and ,0 ∗<γ< p  where ∗p

is the critical Sobolev exponent. Then for any ( ),,0 1
+λ∈λ  the problem (1)

has a positive solution.

Proof. We introduce the functional I on the space ( )ΩpW ,1  by

( ) ( ) ∫∫ Ω

γ+

Ω γ+
λ

+λ−∇= .
1

dxua
p

dxuau
p

uI ppp

It is easy to see that ( )uI  is the Euler functional associated with equation

(1) which is neither bounded from above nor from below on ( ).,1 ΩpW
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Take the set { ( ) }∫Ω
γ+ −=

γ+
λΩ∈=Γ .1;,1 dxua

p
Wu pp  Since ( )xa

is a sign changing function, there exists an open subset B of Ω such that

( ) 0<xa  on B. Then taking ( )Ω∈ pWu ,1  with ,Supp Bu ⊆  we get

.∅≠Γ

Moreover, as ( )Ωγ+pL  may be compactly embedded in ( ),,1 ΩpW  Γ is

weakly closed in ( ).,1 ΩpW  Now using the homogeneity of (1), a solution of

the equation (1) can be obtained by solving a constrained minimization

problem for the functional

( ) ( ) ppp u
p

dxuau
p

uE λΩ
=λ−∇= ∫ 11

on the ( ),,1 ΩpW  restricted to the set Γ.

We verify R→Γ:E  satisfies the hypotheses of Theorem 1.2 of [9].

Equivalence property of Proposition 2 leads us to get E is coercive.

Moreover sequentially lower semicontinuity of E follows from weak lower

semicontinuity of the equivalent norm. It follows that E attains its

infimum at a point u  in Γ. Remark that since ( ) ( )uEuE =  we may

assume that .0≥u

Note that E is continuously Frechet differentiable in ( )ΩpW ,1  with

( ( ) ) ( ) ., 22∫Ω
−− λ−∇∇∇=′ dxuvuavuuvuE pp

Moreover, letting

( ) ∫Ω
γ+ +

γ+
λ= 1dxua

p
uK p

( ) ( ) R→ΩpWuK ,1:  is continuously Frechet differentiable with

( )( ) ∫Ω
−γ+λ=′ ., 2uvdxuavuK p
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In particular at any point Γ∈u

( )( ) ( ) ,0, ≠γ+−=λ=′ γ+

Ω∫ pdxuauuK p

and by the implicit function theorem, the set ( )01−=Γ K  is a 1C -

submanifold of ( ).,1 ΩpW  Now the Lagrange multiplier rule follows that

there exists a parameter R∈µ  such that

( ) ( )( ) 0, =′µ−′ vuKuE for all ( ).,1 Ω∈ pWv

Setting ,uv =  above gives

( ) ∫∫ Ω

γ+

Ω
=µλ+λ−∇ ,0dxuadxuau ppp

i.e.,

( )∫Ω
γ+

λ γ+µ=µλ−= .pdxuau pp

Since Γ∈u  cannot vanish identically, 0>λu  and so .0>µ  Scaling

with a suitable power of µ, we obtain a weak solution

( )Ω∈µ=
−γ pWuu ,11

 of (1) in the sense that

( ) 




 λ−∇∇∇µ ∫Ω
−−γ

−−
dxuvuavuu pp
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22
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i.e.,

( )∫Ω
−γ+−− =λ+λ−∇∇∇ 0222 dxuvuauvuavuu ppp

for all ( ).,1 Ω∈ pWv

It follows from standard regularity arguments that ( )Ω∈ 2Cu  is a

classical solution satisfying the appropriate boundary condition, and
finally by the maximum principle 0>u  on Ω.
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