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Abstract 

Let G be a simple graph. Then the Laplacian matrix ( ) =GL  

( ) ( )GAGD −  is the difference of the diagonal of vertex degrees and the 
10 −  adjacency matrix. In this paper, we investigate the effect on the 

Laplacian spectral radius of a graph by grafting an edge, and give some 
results of bicyclic graphs. 

1. Introduction 

Let ( )EVG ,=  be a simple graph with vertex set { }nvvvV ...,,, 21=  
and edge set { }meeeE ...,,, 21=  in which Vn =  and .Em =  Let 
( )ivd  denote the degree of ,...,,2,1, niVvi =∈  and ( )GDD =  be the 

diagonal matrix of vertex degree. The matrix ( )GAA =  denotes the 
adjacency matrix of the graph G, then the matrix ( ) ( ) ( )GAGDGL −=  is 
called the Laplacian matrix of G. One may also describe ( ),GL  by means 
of its quadratic form: 
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where ( ) ....,,, 21
T

nxxxX =  So ( )GL  is a symmetric, positive semidefinite 

matrix, denoted its eigenvalues by 

( ) ( ) ( ) .021 =µ≥≥µ≥µ GGG n  

The largest eigenvalue of ( )GL  is called the Laplacian spectral radius 

of the graph G, denoted by ( ).Gµ  

The Laplacian spectral radius of graphs has many results [1, 2, 3, 4, 5]. 

Lemma 1.1 [5]. Let G be a graph on n vertices with at least one edge. 
Then ( ) .nG ≤µ  

Lemma 1.2 [5]. Let G be a connected graph on n vertices with at least 
one edge. Then ( ) ( ) ,1+∆≥µ GG  where ( )G∆  is the maximum degree of the 

graph G, with equality if and only if ( ) .1−=∆ nG  

Lemma 1.3 [5]. Let G be a connected graph on n vertices with at least 
one edge. Then ( ) ,21 ddG +≤µ  where 21, dd  are the maximum and the 

second maximum degree of the graph G. 

2. The Laplacian Spectrum of Graphs tsG ,  and Graph tsG ,′  

In this section, we will consider the effect on the Laplacian spectral 
radius of a graph by grafting an edge. Guo [4] determined how the 
Laplacian spectral radius behaves when the graph is perturbed by adding 
or grafting edges (Figure 1). 

 
lkG ,                                                                .1,1 +− lkG  

Figure 1. lkG ,  and .1,1 +− lkG  
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Lemma 2.1 [4]. Let G be a connected graph on 2≥n  vertices and v 
be a vertex of G. If ,1≥≥ kl  then ( ) ( ),,1,1 lklk GG µ≥µ +−  with equality if 

and only if there exists a unit eigenvector of lkG ,  corresponding to ( )lkG ,µ  

taking the value 0 on vertex v. 

Let tsG ,  denote the graph that is satisfied for conditions as follows: 

( ) ( ) ( ) ( )tststststs vdvdGEvvGVvv >∉∈ ,,, ,,  and ts vv ,  have the same 

neighboring vertex set N. Besides that, all the other vertices that are 
adjacent with sv  and tv  are dependent. 0v  is a dependent vertex of 

adjacent to ,tv  and let 1,1 −+ tsG  be the graph obtained from tsG ,  by 

deleting the edge 0vvt  and adding the edge 0vvs  (Figure 2). 

 
            tsG ,                                                            1,1 −+ tsG  

Figure 2. tsG ,  and .1,1 −+ tsG  

Now we consider the Laplacian spectrum of graph .,tsG  

Theorem 2.1. Let X be a unit eigenvector of tsG ,  corresponding to 

( ),, tsGµ  where vx  corresponds to the vertex ( ( ))., tsGVvv ∈  Then we have 

ts vv xx >  and .0>ts vv xx  
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Proof. By the definition of Laplacian matrix of graph G, we have 
( ) ( )XGXGL tsts ,, µ=  and 

[ ( ) ( )]
( )[ ]

( ) ,1 ,
, ∑

∈
µ−
−

+=µ−
Nv ts

vs
vvtss

i

s
is G

xNvd
xxGvd  (1) 
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( )[ ]

( ) .1 ,
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∈
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−
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Nv ts

vt
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i

t
it G

xNvd
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By (1)-(2), we have 

[ ( ) ( )( ) ( ) ] ( ) ( ) ( ) ( )[ ] .1 ,,
2

ststsvvtst xvdvdGxxNGvdG ts −µ=−+µ+−µ  (3) 

According to Lemma 1.2 we have obtained ( ) ( )( ) ( )tstts GvdG ,,
2 1 µ+−µ  

,0>+ N  so .ts vv xx >  

By (3) we have 

( ( ) ( )( ) ( ) ) svtssts xNGvdG +µ+−µ ,,
2 1  

( ( ) ( )( ) ( ) ) .1 ,,
2

tvtstts xNGvdG +µ+−µ=  (4) 

Also note that ( ) ( ) ( ) 01 ,,
2 >+µ+−µ NGdG tsvts t  and ( )tsG ,

2µ  

( ) ( ) ,01 >+µ+− NGd sv  so .0>ts vv xx  

This completes the proof. 

Applying Theorem 2.1, we can prove 

Theorem 2.2. ( ) ( ).1,1, −+µ<µ tsts GG  

Proof. Let X be a unit eigenvector of tsG ,  corresponding to ( ).Gµ  

Then 

( ) ( ) ( ) ( )22
,1,1 00 vvvvts

T
ts

T xxxxXGLXXGLX ts −−−+=−+  

( ) ( ) ( ),2 0, vvvvvts
T xxxxxXGLX tsts −+−+=  

since [ ( )] ,1 0, tvvts xxG =µ−  so .00 <tvv xx  And by Theorem 2.1, we have 

( ) ( ) ,02 0 >−+− vvvvv xxxxx tsts  so ( ) ( ) ,,1,1 XGLXXGLX ts
T

ts
T >−+  then 
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we obtain 

( ) ( ) ( ) ( ).max ,,1,1
0,1

1,1 tsts
T

ts
T

eYY
ts GXGLXYGLYG

T
µ=>=µ −+

==
−+  

This completes the proof. 

Let tsG ,′  denote the graph that is satisfied for conditions as follows: 

( ) ( ) ( )tstststs vdvdGEvvVvv >′∈∈ ,,, ,  and ts vv ,  have the same 

neighboring vertex set N. Besides that, all the other vertices that are 
adjacent with sv  and tv  are dependent, but ( ) ( )., tss Gvd ′∆≠  0v  is a 

dependent vertex of adjacent to ,tv  and let 1,1 −+′ tsG  be the graph 

obtained from tsG ,′  by deleting the edges 0vvt  and adding the edges 

0vvs (Figure 3). 

 
                                 tsG ,′                                                       1,1 −+′ tsG  

Figure 3. tsG ,′  and .1,1 −+′ tsG  

By the same way, we can get a corollary as follows: 

Corollary 2.1. ( ) ( ).1,1, −+′µ<′µ tsts GG  
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3. The Laplacian Spectral Radius of a Type of Bicyclic Graphs 

Bicyclic graphs are connected graphs in which the number of edges 
equals the number of vertices plus one. 

Denote by pC  the cycle with n vertices. Let ( )qpA qp ,1−+  be the 

bicyclic graph obtained from two vertex-disjoint cycles pC  and qC  by 

identifying vertices 0u  of pC  and 0v  of .qC  Bicyclic graph ( )qpAn ,  can 

be obtained from ( )qpA qp ,1−+  by attaching trees to some vertices of 

( )qpA qp ,1−+  and ( )[ ] ., nqpAV n =  Specially, the bicyclic graph 

( )qpSn ,  obtained from ( )qpA qp ,1−+  by attaching a star graph 

1,1 −−− qpnK  to the vertex 0u  (Figure 4). 

 
( )qpSn ,                                                                      ( )3,3nS  

Figure 4. ( )qpSn ,  and ( ).3,3nS  

Applying Lemmas 1.2, 1.3, we easily obtain Corollary 3.1, 3.2. 

Corollary 3.1. ( )( ) ( )( ),,3,3 qpAnS nn µ≥=µ  the equality holds if 
and only if ( )qpAn ,  is isomorphic to ( ).3,3nS  

Corollary 3.2. ( )( ) ( )( ),,,1 qpSqpS nn µ>−µ  where .4≥p  

Proof. The maximum degree of ( )qpSn ,  is 5+−− qpn  and the 
second largest is 2. From Lemmas 1.2 and 1.3, we have 6+−− qpn  

( )( ) .7, +−−≤µ≤ qpnqpSn  Clearly, ( )( )qpSqpn n ,17 −µ≤+−−  
.8+−−≤ qpn  

This completes the proof. 
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Let graph ( )3,30
nA  (Figure 5) be a bicyclic graph, ( ) ( ( ))3,30

nAud ∆=  

and ( ) ( ) ( ( )) ( )3,3.3,3, 10
0 nntts AAEvvvdvd ∈>  obtained from ( )3,30

nA  by 
deleting edge 0vvt  and adding edge .0vvs  

 
( )3,30

nA                                                          ( )3,31
nA  

Figure 5. ( )3,30
nA  and ( ).3,31

nA  

By Corollary 2.1, we obtained 

Corollary 3.3. ( ( )) ( ( )).3,33,3 01
nn AA µ>µ  
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