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Abstract

Let G be a simple graph. Then the Laplacian matrix L(G)=
D(G) - A(G) 1is the difference of the diagonal of vertex degrees and the

0 —1 adjacency matrix. In this paper, we investigate the effect on the

Laplacian spectral radius of a graph by grafting an edge, and give some
results of bicyclic graphs.

1. Introduction

Let G = (V, E) be a simple graph with vertex set V = {v;, vg, ..., v, }
and edge set E = {ef, ey, ..., €,,} in which n=|V| and m =| E|. Let
d(v;) denote the degree of v; € V,i=1,2,..,n, and D = D(G) be the
diagonal matrix of vertex degree. The matrix A = A(G) denotes the
adjacency matrix of the graph G, then the matrix L(G) = D(G) - A(G) is
called the Laplacian matrix of G. One may also describe L(G), by means
of its quadratic form:

X"Lex = > (x-x)
i<j,l)il}j€E(G)
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where X = (x;, Xg, ..., x,)" . So L(G) is a symmetric, positive semidefinite
matrix, denoted its eigenvalues by
u(G) 2 p2(G) 2 -+ 2 1, (G) = 0.
The largest eigenvalue of L(G) is called the Laplacian spectral radius
of the graph G, denoted by w(G).

The Laplacian spectral radius of graphs has many results [1, 2, 3, 4, 5].

Lemma 1.1 [5]. Let G be a graph on n vertices with at least one edge.
Then u(G) < n.

Lemma 1.2 [5]. Let G be a connected graph on n vertices with at least
one edge. Then u(G) > A(G) + 1, where A(G) is the maximum degree of the

graph G, with equality if and only if A(G) =n —1.
Lemma 1.3 [5]. Let G be a connected graph on n vertices with at least
one edge. Then w(G) < d; + dy, where dy, dy are the maximum and the

second maximum degree of the graph G.
2. The Laplacian Spectrum of Graphs G, ; and Graph G ,

In this section, we will consider the effect on the Laplacian spectral
radius of a graph by grafting an edge. Guo [4] determined how the
Laplacian spectral radius behaves when the graph is perturbed by adding
or grafting edges (Figure 1).

Uk Uk—1
Uki/l ’UA/;
V1," U1,-
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kal Gk—l,l+1-

Figure 1. Gk,l and kal,l+1'
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Lemma 2.1 [4]. Let G be a connected graph on n > 2 vertices and v
be a vertex of G. If 1 > k > 1, then w(Gy_q 141) 2 W(Gy,;), with equality if

and only if there exists a unit eigenvector of Gy, | corresponding to H(Gk,l)
taking the value 0 on vertex v.

Let G, denote the graph that is satisfied for conditions as follows:
vs, vy € V(Gg ), vgvy ¢ E(Gg ), d(vg) > d(v;) and vg, v, have the same

neighboring vertex set N. Besides that, all the other vertices that are

adjacent with vy, and v; are dependent. vy is a dependent vertex of

adjacent to v;, and let Gg,q,; be the graph obtained from G, by

deleting the edge v;vy and adding the edge v vy (Figure 2).

Vo vo

Gs t Gs+1, t-1

)

Figure 2. G, ; and Gg,; ;3.
Now we consider the Laplacian spectrum of graph Gy ;.

Theorem 2.1. Let X be a unit eigenvector of Gy, corresponding to
w(Gs ), where x,, corresponds to the vertex v(v € V(Gy ;)). Then we have

|y, | > [x, | and x, %, > 0.
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Proof. By the definition of Laplacian matrix of graph G, we have
L(Gs,t)X = “(Gs,t)X and

[d(vs) B | N |]xvs

[d(vs) - H(Gs,t)]xvs = v;\] Xy, 1_ “(Gs,t) ) (1)
d(v;)—| N ||«
[d(vt) - P«(Gs,t)]xvt = Z xvi + % (2)

vieN

By (1)-(2), we have
[W*(G) = (1 + d )Gy, o) + | N 1y, = 2,) = 1(Gy, ) [dvs) - dvp)]xs. (3)
According to Lemma 1.2 we have obtained n*(G, )~ (1 +d(v,))u(Gs, ;)
+[ N[>0, s0 |x, | > |xy, |-
By (3) we have
(Hz(Gs,t) - (1 + d(vg ))H(Gs,t) +| N |)xvs
= (1*(Gy,) — (1 + d(v (G, g) +| N )y, 4)
Also note that pz(Gs’t) -1 +dy, )uGs ) +|N|>0 and uz(Gsyt)
-1 +dy )u(@G)+|N| >0, so x, x, >0.

This completes the proof.
Applying Theorem 2.1, we can prove

Theorem 2.2. u(G; ;) < W(Gsyq,4-1)-

Proof. Let X be a unit eigenvector of Gy, corresponding to u(G).
Then
XTL(Gyr,0-1)X = XTL(Gy )X + (0, = %0y ) = (3, = %)
= XTL(Gy ) X + (x5, = xy,) (xy, + %y, = 2y)),
since [1 — W(G; ;)]xy, = %y, 50 xyx,, < 0. And by Theorem 2.1, we have

(g, = %y, ) (2, + 2y, = 22,,) > 0, s0O XTL(GSH,t_l)X > XTL(GSJ)X, then
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we obtain

“(Gs+1,t—1) = Iy I?a;(T OYTL(Gs+l,t—1)Y > XTL(Gs,t)X = “(Gs,t)'
=1, e=

This completes the proof.
Let Gg; denote the graph that is satisfied for conditions as follows:
vs, vy € V, vgyy € E(Gy ), dvg) > d(v;) and vg,v; have the same

neighboring vertex set IN. Besides that, all the other vertices that are

adjacent with v, and v, are dependent, but d(vs) # A(G; ;). vy is a
dependent vertex of adjacent to v,, and let Gg,;,; be the graph

obtained from Gg; by deleting the edges v,vy and adding the edges

vV (Figure 3).

’ ’
Gsi1,041

s,t

Figure 3. G; ;, and Gg,q ;3.

By the same way, we can get a corollary as follows:

Corollary 2.1. u(G; ;) < w(Ggq,4-1)-
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3. The Laplacian Spectral Radius of a Type of Bicyclic Graphs

Bicyclic graphs are connected graphs in which the number of edges
equals the number of vertices plus one.

Denote by C, the cycle with n vertices. Let A, , 1(p, q) be the
bicyclic graph obtained from two vertex-disjoint cycles C, and C, by
identifying vertices u of C, and vy of C,. Bicyclic graph A, (p, q) can
be obtained from A, +q_1(p, q) by attaching trees to some vertices of
Apig-1(p, @) and |V[A,(p, q)]| = n. Specially, the bicyclic graph
S,(p, q) obtained from A,., ;(p,q) by attaching a star graph

K - p-g-1 tothe vertex ug (Figure 4).

Sn(p, q) S,(3, 3)
Figure 4. S,,(p, q) and S,,(3, 3).
Applying Lemmas 1.2, 1.3, we easily obtain Corollary 3.1, 3.2.
Corollary 3.1. u(S,(3,3)) =n > wA,(p, q)), the equality holds if
and only if A, (p, q) is isomorphic to S,,(3, 3).
Corollary 3.2. u(S,(p -1, q)) > w(S,(p, q)), where p > 4.
Proof. The maximum degree of S,(p, q) is n—p—q¢+5 and the

second largest is 2. From Lemmas 1.2 and 1.3, we have n—p—q + 6

<uS,(p,q)<n-p-q+7. Clearly, n—-p-q+7<u(S,(p-1,1q))
<n-p-q+38.

This completes the proof.
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Let graph AY(3, 3) (Figure 5) be a bicyclic graph, d(u) = A(A%(3, 3))

and d(vg) > d(v,), vug € E(AY(3, 3)). AL(3, 3) obtained from AY(3, 3) by

deleting edge v;vy and adding edge v,vg.

(1]

(2]

(3]

(4]

(5]

A(3,3) A3(3, 3)
Figure 5. A)(3, 3) and Al(3, 3).
By Corollary 2.1, we obtained

Corollary 3.3. u(AL(3, 3)) > n(42(3, 3)).
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