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Abstract

By means of an extended mapping approach and a linear variable
separation approach, a new family of exact solutions of the (2+1)-

dimensional Broek-Kaup system with variable coefficients (VCBKK) is
derived. Based on the derived solitary wave excitation, we obtain some
special peakon localized excitations, then we discussed the interactions

between two peakons in this short note.
1. Introduction

Soliton theory is one important aspect of nonlinear science [10, 12,
24]. Because of the wide applications of soliton in many natural sciences
such as chemistry, biology, mathematics, communication, and
particularly in almost all branches of physics like fluid dynamics, plasma
physics, field theory, optics, and condensed matter physics, etc., [9, 17, 25]
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searching for exact and explicit solutions of a nonlinear physical model,
especially for new exponentially localized structures like soliton solutions
or for these excitations with novel properties is a very significant work.
Since the concept of dromions was introduced by Boiti et al. [1] the study
of soliton-like solutions in higher dimensions has attracted much more

attention. Now several significant (2+1)- and (3 +1)-dimensional models,
such as (2 + 1)-dimensional Kadomtsev-Petviashvili equation [11], Davey
Stewartson equation [4], generalized Korteweg-de Vries equation [22],
asymmetric NNV equation [21], sine-Gordon equation [13], (3 +1)-

dimensional Korteweg-de Vries equation [14] and Jimbo-Miwa-
Kadomtsev-Petviashvili equation [23] have been investigated and some
special types of localized solutions for these models have also been
obtained by means of different approaches, for instance, the bilinear
method, the standard Painlevé truncated expansion, the method of
“coalescence of eigenvalue” or “wavenumbers”, the homogenous balance
method, the variable separation method [15, 16, 26-28, 31-35], and the
mapping method [5-7, 18-20], etc. From the above study of (2 +1)- and

(8 +1)-dimensional models, one can see that there exist more abundant

localized structures than in lower dimensions. This fact hints that there
may exist new localized coherent structures that are unrevealed in some

(2 + 1)-dimensional integrable models.

In this paper, by the extended mapping approach, we found the new
exact solutions of (2 + 1)-dimensional VCBKK system

Uty — a(t) [uxxy - z(uux )y - zvxx] =0,
U + alt) [veye + 2(wv), ] =0, (1)

where a(t) is an arbitrary function of time ¢. It is evident that when
a(t) =1, the VCBKK system will be degenerated to the well-known
(2 + 1)-dimensional Broer-Kaup-Kupershmidt (BKK) system, which may

be derived from the inner parameter dependent symmetry constant of the

Kadomtsev-Petviashvili model. When y =x, the (2 +1)-dimensional
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Broer-Kaup-Kupershmidt system is reduced to the usual (1+1)-

dimensional BKK system, which is often used to describe the propagation
of long waves in shallow water [30]. Using some suitable dependent and

independent variable transformations, the (2 +1)-dimensional BKK
system can be further transformed to the (2 +1)-dimensional dispersive
long-water wave equation and (2 + 1)-dimensional Ablowitz-Naup-
Newell-Segur system [2]. Actually the (2 +1)-dimensional BKK system

has been widely investigated in details by many researcher [29].

2. New Exact Solutions to the
(2 + 1)-dimensional VCBKK System

In this section, we give some exact solutions to the VCBKK system,
including solitary wave solutions, trigonometric function solutions,
rational solutions and Weierstrass function solutions.

Letting f = f(&(x)), g = g(&(x)), where & = &(x) is an undetermined
function for the independent variables x = (xqg = ¢, xq, X9, ..., X,,,), the

projective Riccati equation [3, 8] is defined by
f'=pfg, g =aq+pg®-rf, @)

where p2 =1, g and r are two real constants. When p = -1 and ¢ =1,

(2) reduces the coupled equations given in [3] and the following relation
between f and g can be satisfied as 6 = 1 and ¢ # O :

r? 4+ 8

2. (3)

9 1
=——|q-2rf +
g p{q f

Equation (2) had been discussed in [8]. In this paper, we discuss other

cases.

Lemma. If the condition of (3) holds with other choices of 8, then the
projective Riccati equation (2) has following solutions:

(a) If 6= —r2, then the Weierstrass elliptic function solution is

admitted
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_q 2 _ 12¢'(¢)
f—§+ﬁso(i), g—m- (4)

Here p =+1, the Weierstrass elliptic function p(&) = @(&; g9, g3) satisfies

2 3 g pq’
©'7(8) = 4p°(8) - 820(€) — g3, and g3 = 19 83 = 915"

2
,
® If §=—5,

Weierstrass elliptic function solution

then the projective Riccati equation (2) has the

-
(&) (pg +12p())’

where p = +1. Both q and r in (4) and (5) are arbitrary constants.

2
f=59, _5pa"
6r  72rp(&)

g = (5)

() If 6 = h? - 82, and pq < 0, then (2) has the solitary wave solution

q
r + s cosh(y-pg&) + hsinh(y-pgé&)’

J-pq ssinh(y-pg&)+ hcosh(y-pq§)

P r+scosh(y-pg&)+ hsinh(y-pgé&)’

g- ©)

where p = %1, r, s and h are arbitrary constants.

() If 8=-h>-5%, and pq >0, then (2) has the trigonometric

function solution

_ q
r+s cos(@é) +h sin(\/ﬁﬁ) ’

Jpq _ssin(Jpgé&) - hcos(pg&)
P r+scos(\pgé)+ hsin(ypgg)’

where p = 1, r, s and h are arbitrary constants.

g- (7)

(e) If ¢ = 0, then (2) has the rational solution

2
pre? + CE-Cy
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2pré + C;
g = , (8
(pre® + Ci& - Cy)p

where p = £1, r, C; and Cq are arbitrary constants.

We now introduce the mapping approach via the above projective
Riccati equation. The basic ideal of the algorithm is as follows. For a
given nonlinear partial differential equation (NPDE) with the

independent variables x = (xqg = ¢, xq, X9, ..., X,,), and the dependent

variable u, in the form

P(u, u, Uy;» Uy ..) =0, 9)

where P is in general a polynomial function of its arguments, and the
subscripts denote the partial derivatives. We assume that its solution is

written as the standard truncated Painlevé expansion, namely

n

u = Ag(x)+ Z [Ai(x) (&) + By(x) g&x)]f ™ (). (10)

=1

Here Ay(x), A;(x), Bj(x)(i=1,..,n) are arbitrary constants to be
determined, and f, g satisfy the projective Riccati equation (2).

To determine u explicitly, one proceeds as follows: First similar to the
usual mapping approach, we can determine n by balancing the highest-

order partial differential terms with the highest nonlinear terms in (9).
Second, substituting (10) together with (2) and (3) into the given NPDE,

collecting the coefficients of polynomials of f igi and eliminate each of
them, we can derive a set of partial differential equations for Ay(x),
Ai(x), Bj(x)(@=1,..n) and &(x). Third, to calculate Ay(x), A;(x),
B;(x) i =1, .., n) and &(x), we solve these partial differential equations.
Finally, substituting Agy(x), A;(x), Bj(x) i =1,..,n), &x) and the
solutions (4)-(8) into (10), one obtains solutions of the given NPDE.

First, let us make a transformation of (1): v = Uy. Substituting this

transformation into (1), yields
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Uy + alt) [2uyuy + 2utiyy + Uy, ] = 0. (11)

Now we apply the mapping approach to (11). By the balancing procedure,

ansatz (10) becomes
u=F +Gf(Ex, y, 1))+ Hg(&(x, y, 1)), (12)

where F, G, H, and § are arbitrary functions of (x, y, t) to be determined.
Substituting (12) together with (2) and (3) into (11), collecting the
coefficients of the polynomials of fig’ (i=012,..,j=0,1,2,..) and
setting each of the coefficients equal to zero, we can derive a set of partial
differential equations for F, G, H, and &. It is difficult to obtain the
general solutions of these algebraic equations based on the solutions of

(2). Fortunately, in the special case if setting & = y(x, t) + ¢(y), where
x = x(x,t), ¢ =¢(y) are two arbitrary variable separated functions of

(x, t) and y, respectively, we can obtain solutions of (1).
Case 1. For 6 = —7“2, the Weierstrass elliptic function solutions are

u = %% + 5 2:8(0) (13)

U = _% p(ny(E_,), (14)

where p = 11, f, g are expressed by (4).

2
Case 2. For & = —;—5, another set of Weierstrass elliptic function

solutions are found

-6
Uy = % Xt ;(?)(;)xXxx n % pqquxf(é) _ %prg(a)’ (15)
-6
by %#ﬂ@ - 2 D0y f(®), (16)

where p = +1, g and r are arbitrary constants, f, g are expressed by (5).
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Case 3. For & = h2 — s% and pq = —1, the solitary wave solutions are

_l Xe + a(t)Xxx

"7 a
+ 1 X [m + h cosh(y + @) + ssinh(y + <P)] an
2 r + scosh(y + @) + A sinh(y + @)
Ua = —l Xx®Py [COSh(X + (P) (hm _ S)‘)]
3 2 [r + scosh(y + @) + hsinh(y + (P)]Z
1 Lx®y[sinh(y + @) (sm — hr) = s + h?] (18)

2 [r + scosh(y + ¢) + Asinh(y + ¢)]?

with two arbitrary functions being y(x, ¢) and ¢(y), r, s, h are arbitrary

constants.

Case 4. For &6 = -h%2 —s®, and pq =1, the trigonometric function

solutions are

1y + alt) fpx

“TT2 s
l Xx [m +h COS(X + (P) -8 Sln(x + (P)] 19
r+scos(y + @) + hsin(y + @)
L ety + ) 2 o)
4 2 [r + scos(y + @) + hsin(y + @)]2
1 Ax®ylsin(y + @) (—s\/m + hr)+ s2 + h?] (20)

2 [r + scos(y + @) + A sin(y + (P)]2

with two arbitrary functions being y(x, ¢) and o¢(y), r, s, h are arbitrary

constants.
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Case 5. For ¢ = 0, the rational solutions are

_ 1yt alt) Yxx

T
2 pr(X+(P)2+C1(X+(p)_Cz
vg = _l Xx(Py[\/W(QPQTX + 2p2r(p + pCl)]
2 [p’“(x + (P)2 + CI(X + (P) _ C2]2
2.2 2 )
1 %9y [20%r%(x + 9)% + 2prCy (1 + ¢) + 2Cypr + CY]
2 (22)

2 [pr(x + 0)° + Cy(x + @) - Co

with two arbitrary functions being y(x, ¢t) and ¢(y), p = #1, C;, Cy, and

r are arbitrary constants.
3. Some Special Localized Excitations in the VCBKK System

Due to the arbitrariness of the functions y(x, ¢) and ¢(y) included in

the above cases, the physical quantities u and v may possess rich

structures. For example, when y = ax + ¢t and ¢ = by, all the solutions

of the above cases become simple travelling wave excitations. Moreover,
based on the derived solutions, we may obtain rich localized structures
such as peakons. In the following discussion, we merely analyze some
special multi-peakons localized excitation and the interactions between

two peakons of solution vg (18) in Case 3, namely

1 Xa®ylcosh(y + ¢) (A r2 4+ h? - s% —sr)

2 [r+scosh(y + ¢) + hsinh(y + q))]z

1 Xx®y[sinh(y + ©)(sVr? + h? —=s* — hr)—s% + h?]

2 [r + scosh(y + @) + hsinh(y + (p)]2

V=U3=

(23)

3.1. Multi-peakon excitations

According to the solution V (23), we first discuss its multi-peakon

excitations. For instance, if we choose y and ¢ as
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x=1+exp(-|x+ct+2])+2exp(-x+ct—-1|), ¢=1+exp(-|y-1|), (24)
and
x=1+0.5exp(—|x+ct+2|)+0.8exp(—|x+ct—1])+exp(-|x+ct—3])
+2exp(—|x +ct —4]),
¢ =1+exp(-|y-1]), (25)

we can obtain the two-peakon and four-peakon excitations for the
physical quantity V of equation (23) presented in Figures 1(a) and 1(b)

with fixed parameters h =2, s=1, r =0, and ¢t = 0.

0.121

\0.08
0.04

Figure 1. A plot of multi-peakon structures for the physical quantity V
given by the solution (23) with the choice (24), (25) and A =2, s =1,
r=0, t =0.

3.2. Interactions between two peakons
According to the solution V (23), if we choose y and ¢ as
x =1+exp(-|x+3t-1|)+2exp(-|x -t —-1]), ¢ =1+tanh(-|y-1]),(26)
then we can obtain a solitary wave solution of equation (1) with elastic
behaviour. Figure 2 shows an evolutional profile corresponding to the
physical quantity V of equation (23). From Figure 2 and through detailed

analysis, we find that the shapes, amplitudes and velocities of the two

peakons are completely after their interaction.
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0.12

0.12
\0.08

Figure 2. The evolutional plot of two peakons for the solution V (23)

under the condition (26) with fixed parameters A =2, s=1, r =0, at
different times (a) ¢t = -5, (b) t =-2.5, (c) t=0, (d) t=1, (e) t =35,
respectively.

Generally, the interactions between solitons are completely elastic as

Figure 2. While for some specific cases, the interactions between solitons
are nonelastic. For example, if y and ¢ are chosen to be

x =1+ 3.5cosech(—| x + ¢ —1|) + 1.2cosech(-| x + 0.3t — 1),
¢ =1+ tanh(-| y - 1]), 27)



NEW EXACT SOLUTIONS ... 67

and A =2, s =1, r =0 in equation (23), we can obtain another type of

solitary wave solution of equation (1) with nonelastic behaviour. The two
peakons move with the same direction, but their velocities are different.
One peakon catch up with the other and they are in collision with each
other. From Figure 3 we can see that the shapes and amplitudes of two
peakons are changed after their collisions. What is more, after their
departure, the distance of the two peakons becomes farther and farther.

Figure 3. The evolutional plot of two peakons for the solution V (23)

under the condition (27) with fixed parameters h =2, s=1, r =0, at
different times (a) ¢t = -15, (b) t =-8, (¢) t =0, (d) t =8, (e) t =15,

respectively.
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4. Summary and Discussion

In summary, via an extended mapping approach and a special
variable separation approach, we find some new exact solutions of the
(2 + 1)-dimensional Broek-Kaup system with variable coefficients. Based
on the derived solitary wave solution vg (18), we obtain some special
peakon excitations. Then we discussed the interactions between two
peakons. Additionally, using the piecewise function, Zheng and Zhu
recently obtained some peakon excitations in the new (2 + 1)-dimensional

long dispersive wave system [35]. Along with the above line, we use the
piecewise function to get the new peakon excitations of VCBKK system.
Especially, the phenomenon showed in Figure 3 of two peakons running
after each other and in collision with each other has never been reported
in other literature. Since the wide applications of the soliton theory, to
learn more about the localized excitations and their applications in
reality is worthy of study further.
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