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Abstract

We give the defining relations of the simply-laced 3-extended affine Lie
algebras in terms of the generators associated to 3-extended affine
diagrams.

1. Introduction

A toroidal Lie algebra u  is the universal central extension of a Lie

algebra [ ],...,,, 11
2

1
1

±±±⊗ mtttCg  where g  is one of the finite dimensional

simple Lie algebras over C  and [ ]11
2

1
1 ...,,, ±±±

mtttC  is the ring of Laurent

polynomials in m variables mtt ...,,1  over .C  Let ( ) njijiA ≤≤αα= ,1,  be

any simply-laced finite Cartan matrix of rank ,2≥n  and [ ] =mA

( ) mnjiji +≤≤αα ,1,  be any m-fold affinization of A. Then Slodowy [7]

introduced intersection matrix algebra ( [ ]),mAim  and after that the

following isomorphic has been established; ( [ ] )mAimu  [1]. In vertex
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operator’s method, Saito and Yoshii [6] constructed a Lie algebra ( )Φg

attached to any m-extended homogeneous root system Φ as a certain

subalgebra of ( ) ( ),ΦΦ QQ DVV  here QV  is the lattice vertex algebra

attached to a lattice Q and D is the derivation, (studied by Borcherds [2]).

Especially, in the case of 2-extended root system (also called elliptic root

system), ( )Φg  is isomorphic to the 2-toroidal algebra. The m-toroidal

algebra is presented in terms of infinite generators and infinite relations

by Moody et al. [3, 4]. In particular, for the simply-laced elliptic root

system Φ, Saito and Yoshii [6] also defined the elliptic algebra ( )( )Ge ,~ ΦΓ

which is isomorphic to ( ),~ Φg  by Chevalley generators and generalized

Serre relations. After that, Takebayashi [8] described the elliptic Lie

algebra ( )( )Ge ,~ ΦΓ  by the extended elliptic Cartan matrix. Further,

Yamane [11] described all elliptic Lie algebra with 2rank ≥  by the Serre

type relations. After that, Takebayashi [10] described them more simply

by the completed elliptic diagrams. In the case of type 
( ),1,1
1A  Takebayashi

[9] described the defining relations of its elliptic Lie algebra in terms

of the elliptic diagram. In this paper, in the similar method as [9],

we describe the 3-toroidal algebra torg  associated to the simply-laced

Lie algebra g  in terms of the 3-extended affine diagram and call it the

3-extended affine Lie algebra.

2. Definition of the 3-toroidal Algebra torg

Let g  be a simple finite dimensional Lie algebra over C  of rank n

with a nondegenerate symmetric invariant bilinear form ( )., ⋅⋅  Let =:R

[ ]111 ,, ±±± utsC  be the ring of Laurent polynomials in 3 variables s, t and

u over .C  Let RduRdtRdsR ⊕⊕=Ω :1  be an R-module with generators

df ,Rf ∈∀  and the relation ( ) ( ) ( ).fgdgfdfgd +=  Let →Ω⋅ R: dRR
1Ω

be the canonical projection, in which there holds the relation, ( ) =fgd

( ) ( ) .0=+ fgdgfd  Then the Lie algebra ( ),1 dRR Rtor Ω⊕⊗= gg  with

Lie bracket [ ] [ ] ( ) ( ) ,,,, gdfYXfgYXgYfX +⊗=⊗⊗  [ ] ,0, =torc g
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,1 dRc RΩ∈∀  is the universal central extension of ,R⊗g  and called the

3-toroidal algebra. Let us recall the result by Moody et al. [4]. Let

( )n jiijaA 0, ==  be a Cartan matrix of affine type ( ),1
nX  ∆ be the root

system associated to A and Q be the free Z -module on generators

nαα ...,,0  of ∆.

Definition 2.1 (Moody et al. [4]). A Lie algebra ( )Aτ  over C  is

defined by the following presentation.

Generators: ( )Z∈≤≤ mkniFEH mkimkimki ,,0,, ,,,,,,  and ,1c  .2c

Relations: (0) 1c  and 2c  are central,

(I)

[ ] ( ) ( ) ., 0,0,21,,,, pmlkjipljmki mckcHH ++
∨∨ δδ+α|α=

(II)

(i) [ ] ( ) ,, ,,,,,, pmlkjjipljmki EEH ++
∨ α|α=

(ii) [ ] ( ) ,, ,,,,,, pmlkjjipljmki FFH ++
∨ α|α−=

(III)

(i) [ ] [ ] ,0,, ,,,,,,,, == plimkiplimki FFEE

(ii) [ ] ( ) ( ) ,2, 0,0,21,,,,,, 





 δδ+

α|α
+δ= ++++ pmlk

ii
pmlkiijpljmki mckcHFE

(iii) ( ) ( ),0,,
1

0,0, jiEadE mkj
a

i
ji ≠=+−

(iv) ( ) ( ),0,,
1

0,0, jiFadF mkj
a

i
ji ≠=+−

where ,0 i≤ ,nj ≤  k, l, m, ,Z∈p  ( )⋅|⋅  is a Z -valued symmetric bilinear

form on Q normalized by ( ) 200 =α|α  and 
( )

,
2

:
ii

i
i α|α

α
=α∨  

( )
( ) .
2

jj

ji
ija

α|α
α|α

=
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Then the following has been established.

Proposition 2.2 [3, 4]. ( ) .torA gτ

Definition 2.3. In the case of simply-laced affine Lie algebra of type
( ),1
nX  its 3-toroidal algebra torg  is presented as follows.

Generators: ,,, mkiH  ,,, mkiE  ,,, mkiF  ( )Z∈≤≤ mkni ,,0  and ,1c .2c

Relations: (0) 1c  and 2c  are central,

(I)

[ ] ( ) ,, 0,0,21,,,, pmlkjipljmki mckcaHH ++ δδ+=

(II)

(i) [ ] ,, ,,,,,, mplkjjipljmki EaEH ++=

(ii) [ ] ,, ,,,,,, mplkjjipljmki FaFH ++−=

(III)

(i) [ ] [ ] ,0,, ,,,,,,,, == plimkiplimki FFEE

(ii) [ ] { ( ) },, 0,0,21,,,,,, pmlkpmlkiijpljmki mckcHFE ++++ δδ++δ=

(iii) ( ) ( ),0,,
1

0,0, jiEadE mkj
a

i
ji ≠=−

(iv) ( ) ( ).0,,
1

0,0, jiFadF mkj
a

i
ji ≠=−

Our main result is the following.

Theorem 2.4. The simply-laced 3-extended affine Lie algebra is

described as follows.

Generators: ,ie  ,∗ie  ,~
ie  ,if  ,∗if  ,

~
if  ( )nihi ≤≤0  and ,1c .2c

Relations: (0) 1c  and 2c  are central,

(I)

(i) [ ] ,0, =ji hh

(ii) [ ] [ ] [ ] ,~~,,,,, jjijijjijijjiji eaeheaeheaeh === ∗∗

[ ] [ ] [ ] ,
~~

,,,,, jjijijjijijjiji fafhfafhfafh −=−=−= ∗∗
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(II)

(i) [ ] [ ] [ ] [ ] [ ] [ ] ,0
~

,
~

,,,0~,~,, ====== ∗∗∗∗
iiiiiiiiiiii ffffffeeeeee

(ii) [ ] [ ] ( ) [ ] ( ),~
,~,,,, 21 chfechfehfe iijjiiijjiiijji +δ=+δ=δ= ∗∗

(iii) [ ] [ ] [ ] [ ] [ ] [ ],,~~,,~,,~,,, ∗∗∗∗ === jijijijijiji eeeeeeeeeeee

[ ] [ ] [ ] [ ] [ ] [ ],,
~~

,,
~

,,
~

,,, ∗∗∗∗ === jijijijijiji ffffffffffff

(III)

(i) ( ) ,01 =−
j

a
i XadX ji  if ,0≤jia

where ,iX  { },~,, iiij eeeX ∗∈  or { }.~
,, iii fff ∗∈

(ii) [ [ ]] [ [ ]] ,0
~

,,,0~,, == ∗∗
jiijii fffeee  if .1−=jia

In what follows, we prove Theorem 2.4. At first, we have the

following.

Proposition 2.5. The 3-toroidal algebra torg  can be described by

finite generators as follows.

Generators: ,0,0,iE ,0,0,iF ( ),1,0,,0,, ±=≤≤ qpniH qpi  and ,1c .2c

Relations: (0) 1c  and 2c  are central,

(A)

[ ] ( ) ,, 0,0,21,,,, tsrjitsjri crcaHH +µ+µ δδµ+=

(B)

(i) [ ] ,, 0,0,0,0,0,0, jjiji EaEH =

(ii) [ ] ,, 0,0,0,0,0,0, jjiji FaFH −=

(iii) [ ] [ ] ( ),1,2, 0,0,,,0,0,,, −=−= jiiqpjiqpi aXHXH

(iv) ( ) ( )( ),0,0,,2 0,0,0,0,,,,, ≠=−− qpXaXadHadH jjijqpjqpi
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(C)

(i) ( ) ( ) ( ),1,0,000,0,,0,0,,0,0, ≥+≥≥= lklkXadHadHadX i
l

qi
k

pii

(ii) [ ] ,, 0,0,0,0,0,0, iijji HFE δ=

(iii) ,2 ,,0,0,,,0,0, qpiiqpii HEadHadF −=

(iv) ( ) ( ) 00,0,,0,0,,0,0, =j
l

qj
k

pji YadHadHadX

( ),1,0,0, ≥+≥≥≠ lklkji

(v) ( ) ( ) ( ) 00,0,,0,0,,
2

0,0, =j
l

qj
k

pji XadHadHadX

( ),0,0,1 ≥≥−= lka ji

(D)

(i) ( ) ( ) 00,0,,0,0,,0,0,,, =j
l

tj
k

sjjqpi FadHadHadEadH

( ),2,0,0 ≥+≥≥ lklk

(ii) ( ) ( ) 0,0,,0,0,,0,0, i
l

qi
k

pii FadHadHadE

( ) ( ) ( ) 0,0,,0,0,,0,0,
11 i

l
qi

k
pii

lk EadHadHadF++−=

( ),2,0,0 ≥+≥≥ lklk

(iii) ( ) ( ) 0,0,,0,0,,0,0,0,0, i
l

qi
k

piij YadHadHadXadX

( ) ( ) 0,0,,0,0,,2 j
l

qi
k

pi
lk XadHadH+=

( ),1,0,0,1 ≥+≥≥−= lklka ji

where

,1,,1,0,,,,...,,0, ±=±=µ= qptsrnji

and

{ }., 0,0,0,0,0,0,0,0, iiii FEYX ∈≠



w
w

w
.p

ph
m

j.c
om

DEFINING RELATIONS OF THE SIMPLY-LACED … 51

Proof. The proof that the relations in Proposition 2.5 can be obtained
from the relations in Definition 2.3 is easy. Conversely, for a positive
integer k, m and p, ,1±=q  we set

0,0,,0,0,,0,,, 2
1

2
1

i

m

qi

k

piiqmpki FHadHadEH 




−





−=




















−= 0,0,,0,0,,0,0, 2

1
2
1

i

m

qi

k

pii EadHadHadF

(by (D) (ii)),

0,0,0,0,,,, 2
1

2
1

i

m

qi

k

piqmpki EadHadHE 










=

and

,
2
1

2
1

0,0,,0,0,,,, i

m

qi

k

piqmpki FadHadHF 




−





−=

then, similarly to [9], we can show that the relations in Definition 2.3 can
be obtained from the relations in Proposition 2.5.

We can describe torg  by choosing another generators as follows.

Proposition 2.6. The simply-laced 3-toroidal algebra torg  can be

presented as follows.

Generators: ,0,0,iH  ,0,0,iE  ,0,1,iE  ,1,0,iE  ,0,0,iF  ,0,1, −iF  1,0, −iF

( ),0 ni ≤≤  and ,1c  .2c

Relations: (0) 1c  and 2c  are central,

(I)
[ ] ,0, 0,0,0,0, =ji HH

(II)

(i) [ ] ,, ,,,,0,0, qpjjiqpji EaEH =

(ii) [ ] ,, ,,,,0,0, qpjjiqpji FaFH −=

(iii) ( ( ) ( ) ( )),1,0,0,1,,1,,0,0,,,0,0, −−=−== qpaFFadFadE jiqpjjqpii

(iv) ( ( ) ( ) ( )),1,0,0,1,,10,0,,,0,0,,, =−==−− qpaFFadFadE jijqpjiqpi
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(v) ( ( ) ( ) ( )),1,0,0,1,,1,,0,0,,,0,0, =−== qpaEFadEadE jiqpijqpji

(vi) ( ( ) ( ) ( )),1,0,0,1,,10,0,,,0,0,,, =−==−− qpaEFadEadE jiiqpjjqpi

(vii) qpjjiqpiii FadEadEFadEadE ,,0,0,0,0,,,0,0,0,0, 2−=

( ( ) ( ) ( )),0,1,1,0,,1 −−=−= qpa ji

(viii) 0,0,,,,,0,0,,,,, 2 jqpjqpiiqpiqpi FadEadEFadEadE −=

( ( ) ( ) ( )),0,1,1,0,,1 =−= qpa ji

(ix) 0,0,,,0,0,0,0,,,0,0, 2 jqpjiiqpii FadEadFFadEadF −=

( ( ) ( ) ( )),0,1,1,0,,1 =−= qpa ji

(x) qpjjqpiqpiiqpi FadEadFFadEadF ,,0,0,,,,,0,0,,, 2−=

( ( ) ( ) ( )),1,0,0,1,,1 −−=−= qpa ji

(III)

(i) [ ] [ ] ,0,, ,,0,0,,,0,0, == sriiqpii FFEE

( ) ( ) ( ) ( ) ( ) ( )( ),1,0,0,1,,1,0,0,1, −−== srqp

(ii) [ ] [ ] ,0,, 1,0,0,1,1,0,0,1, == −− iiii FFEE

(iii) ( ) ( ) ,00,0,,0,0,,0,0, =i
l

qi
k

pii XadAadAadX

( ),1,0,0 ≥+≥≥ lklk

(iv) [ ] ( ),0, ,,,, jiFE srjqpi ≠=

(v) [ ] ( ),, 211,1,0,0,,,,, ccHFE qriqpiqpi +δδ+=−−

(vi) ( ) ( ) ,00,0,,0,0,,0,0, =j
l

qi
k

pii YadAadAadX

( ),1,0,0, ≥+≥≥≠ lklkji

(vii) ( ) ( ) ( ) 00,0,,0,0,,
1

0,0, =−
j

l
qi

k
pi

a
i XadAadAadX ji

( ),0,0, ≥≥≠ lkji
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(IV)

(i) ( ) ( ) 00,0,,0,0,,0,0,,, =j
l

sj
k

rjjqpi FadAadAadEadA

( ),2,0,0 ≥+≥≥ lklk

(ii)      ( ) ( ) 0,0,,0,0,,0,0, i
l

qi
k

pii FadAadAadE

( ) ( ) ( ) 0,0,,0,0,,0,0,
11 i

l
qi

k
pii

lk EadAadAadF++−=

( ),2,0,0 ≥+≥≥ lklk

(iii) ( ) ( ) 0,0,,0,0,,0,0,0,0, i
l

qi
k

piij YadAadAadXadX

( ) ( ) 0,0,,0,0,,2 j
l

qi
k

pi
lk XadAadA+=

( ),1,0,0,1 ≥+≥≥−= lklka ji

where

,1,,1,0,1,0,, ±=−== qpsrji

,: 0,1,0,0,0,0,0,1,0,1, iiiii adEadFadFadEadA −=

,: 0,0,0,1,0,1,0,0,0,1, iiiii adEadFadFadEadA −−− −=

,: 1,0,0,0,0,0,1,0,1,0, iiiii adEadFadFadEadA −=

0,0,1,0,1,0,0,0,1,0, : iiiii adEadFadFadEadA −−− −=

and

{ }., 0,0,0,0,0,0,0,0, iiii FEYX ∈≠

Proof. We set

,0,0,0,1,0,1, iii FadEH =

,0,0,1,0,1,0, iii FadEH =

,0,1,0,0,0,1, −− = iii FadEH

,1,0,0,0,1,0, −− = iii FadEH
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then we have

,
2
1

0,0,0,1,0,1, iii EadHE =

,
2
1

0,0,1,0,1,0, iii EadHE =

,
2
1

0,0,0,1,0,1, iii FadHF −− −=

0,0,1,0,1,0, 2
1

iii FadHF −− −=

and

,0,1,0,0,0,0,0,1,0,1, iiiii adEadFadFadEadH −=

,1,0,0,0,0,0,1,0,1,0, iiiii adEadFadFadEadH −=

,0,0,0,1,0,1,0,0,0,1, iiiii adEadFadFadEadH −−− −=

.0,0,1,0,1,0,0,0,1,0, iiiii adEadFadFadEadH −−− −=

From these, it is easy to see that the relations in Proposition 2.6 can be

obtained from Proposition 2.5, since Proposition 2.5 gives a presentation

of torg  in Definition 2.3. Conversely similarly to [9], we can show that the

relations in Proposition 2.5 can be obtained from Proposition 2.6.

From the point of view of the 3-extended affine Lie algebra, we

describe the 3-toroidal algebra .torg  The 3-extended affine diagram is

defined to be composed of all vertices ,iα  ,∗αi  ( ).0~ nii ≤≤α  Associated to

this diagram, we choose Chevalley generators of torg  such as ,0,0,ii Ee =

,0,1,ii Ee =∗  ,~
1,0,ii Ee =  ,0,0,ii Ff =  ,0,1,−

∗ = ii Ff  ,
~

1,0, −= ii Ff  ,0,0,ii Hh =

( )ni ≤≤0  and ,1c  ,2c  then we call torg  the 3-extended affine Lie algebra

and from Proposition 2.6, we have the following.

Proposition 2.7. The simply-laced 3-extended affine Lie algebra is

described as follows.
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Generators: ,ie  ,∗ie  ,~
ie  ,if  ,∗if  ,

~
if  ( )nihi ≤≤0  and ,1c  .2c

Relations: (0) 1c  and 2c  are central,

(A)

[ ] ,0, =ji hh

(B)

(i) [ ] [ ] [ ] ,~~,,,,, jjijijjijijjiji eaeheaeheaeh === ∗∗

(ii) [ ] [ ] [ ] ,
~~

,,,,, jjijijjijijjiji fafhfafhfafh −=−=−= ∗∗

(iii) [ ] [ ] [ ] [ ] [ ] [ ],,~~,,~,,~,,, ∗∗∗∗ === jijijijijiji eeeeeeeeeeee

(iv) [ ] [ ] [ ] [ ] [ ] [ ],,
~~

,,
~

,,
~

,,, ∗∗∗∗ === jijijijijiji ffffffffffff

(v) [ [ ]] [ [ ]],,,2,, ∗∗ −= jjiiii YXXYXX

[ [ ]] [ [ ]] ( ),1,,2,, −=−= ∗∗∗∗
jijjiiii aYXXYXX

(vi) [ [ ]] [ [ ]],~,,2~,, jjiiii YXXYXX −=

[ [ ]] [ [ ]] ( ),1,
~

,
~

2,
~

,
~ −=−= jijjiiii aYXXYXX

(C)

(i) [ ] [ ] [ ] ,0~,~,, === ∗∗
iiiiii XXXXXX

(ii) ( ) ( ) ( ),1,0,00,0,0,, ≥+≥≥= lklkXadAadAadX i
l

qi
k

pii

(iii) [ ] [ ] [ ] [ ] [ ] [ ]jijijijijiji fefefefefefe
~

,,,
~

,,, ∗∗∗∗∗ =====

[ ] [ ] [ ] ( ),0
~

,~,~,~ jifefefe jijiji ≠==== ∗

(iv) [ ] [ ] [ ] ,
~

,~,,,, 21 chfechfehfe iiiiiiiii +=+== ∗∗

(v) ( ) ( ) ( ),1,0,0,0,0,0,, ≥+≥≥≠= lklkjiYadAadAadX j
l

qi
k

pii

(vi) ( ) ( ) ( ) ( ),0,0,0,0,0,,
1 ≥≥≠=− lkjiXadAadAadX j

l
qi

k
pi

a
i

ji
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(D)

(i) ( ) ( ) ( ),2,0,00,0,0,,,, ≥+≥≥= lklkfadAadAadeadA j
l

sj
k

rjjqpi

(ii) ( ) ( ) i
l

qi
k

pii fadAadAade ,0,0,,

( ) ( ) ( ) i
l

qi
k

pii
lk eadAadAadf ,0,0,,

11 ++−=

( ),2,0,0 ≥+≥≥ lklk

(iii) ( ) ( ) ( ) ( ) j
l

qi
k

pi
lk

i
l

qi
k

piij XadAadAYadAadAadXadX ,0,0,,,0,0,, 2 +=

( ),1,0,0, ≥+≥≥≠ lklkji

where

,1,,,,1,0, ±== srqpji

,0,1,
∗∗ −= iiiii adeadfadfadeadA

,~~
1,0, iiiii eadadfadfeadadA −=

,0,1, iiiii adeadfadfadeadA ∗∗
− −=

iiiii adefadfadadeadA
~~

1,0, −=−

and

{ }., iiii feYX ∈≠

Proof. We set ,: iee =α  jee =β :  and show that (B) (iii) [ ] =∗
βα ee ,

[ ]β∗
α ee ,  and [ ] [ ],~,,~

β
∗
α

∗
βα = eeee  can be obtained from Proposition 2.6.

α
∗
αβα

∗
βα = fadeadeadeeade    (by (II) (v))

∗
αβαα−= eadeadfade

( ) ∗
αβααα +−= eadeadhadeadf

∗
αβα−= eadeadh

( ) ∗
αβαβ −−= eadeadhade

∗
αβ

∗
αβ +−= eadeeade2

[ ]., β
∗
αβ

∗
α == eeeade
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α
∗
αβα

∗
βα = fadeadeeadeead ~~

α
∗
αβα= fadeeadade ~

∗
αβαα−= eeadadfade ~

( ) ∗
αβααα +−= eeadadhadeadf ~

∗
αβα−= eeadadh ~

( ) ∗
αβαβ −−= eeadadhead ~~

∗
αβ

∗
αβ +−= eeadeead ~~2

[ ].~,~
β

∗
αβ

∗
α == eeeade

Conversely, all relations in Proposition 2.6 can be obtained from

Proposition 2.7.

Lastly, we show that all relations in Proposition 2.7 can be obtained

from Theorem 2.4.

(B)

(v) [ [ ]] [ [ ]]∗
ββα

∗
ααα −= feefee ,,2,,

( ) ( ) ( [ [ ]])β
∗
βα

∗
αβ

∗
βαα

∗
αα == efffeadfadfadefade ,,by22

( ) β
∗
βαααα += eadfadhadeadfade

( )0by == β
∗
βαβ

∗
βααα eadfadheadfadeadfade

( ) β
∗
βαααα += eadfadeadhadeadf

( ) ( ( ) )0by2 2 =+= β
∗
βαβ

∗
βααα eadfadeeadfadeadhade

[ [ ]].,,22 ∗
ββαβ

∗
βα −== feeeadfade
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(C) (v), (vi)

(a) (1) ( ) ,0=− βα
∗
α

∗
ααα fadeadfadfadeade k

(2) ( ) ( ) .02 =− βα
∗
α

∗
ααα fadeadfadfadeadf k

(b) (1) ( ) ,0=− β
∗
ααα

∗
αα fadeadfadfadeade k

(2) ( ) ( ) .02 =− β
∗
ααα

∗
αα fadeadfadfadeadf k

Proof. (a) We prove (1), (2) and the following simultaneously by the
induction on k.

(3) ( ) ,0=− βα
∗
α

∗
αα

∗
α fadeadfadfadeade k

(4) ( ) ( ) ,02 =− βα
∗
α

∗
αα

∗
α fadeadfadfadeadf k

(5) ( ) .0=− βα
∗
α

∗
αα

∗
αα fadeadfadfadeadfadf k

At first, we show that ( ) .03 =∗
αα fade

( ) ( )β∗
βα

∗
αβ

∗
βαα == eadfadffeadfadfade byl.h.s. 3

( ) ( ) β
∗
βαααα += eadfadhadeadfade 2

( ) ( )0by2 == β
∗
βαβ

∗
βααα eadfadheadfadeadfade

( ) β
∗
βααααα += eadfadeadhadeadfade

( ( ) )0by 2 == βαβ
∗
βααα eadeeadfadeadhade

( ) .02 =−= β
∗
βαααα eadfadeadeadeadh

From this, we obtain the following.

(∗)

( ) ( ) α
∗
αα

∗
αα − adeadfadeadfade 23 3

( ) ( ) .03 32 =−+ α
∗
αα

∗
αα adeadfadeadfade
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(1)

( ) β
+

α
∗
α

∗
ααα − fadeadfadfadeade k 1

( ) ( ) β
−

α
∗
α

∗
αα

∗
αα

∗
αα −= fadeadfadfadeadfadeadfade k 12

(( ) ( )23 3
3
1

α
∗
αα

∗
αα += adeadfadeadfade

( ) ) ( ) ( )( )∗−− β
−

α
∗
α

∗
αα

∗
αα

∗
α by13 fadeadfadfadeadfadeadf k

( ) ( ) ( ) 0
3
1 123 =−= β

−
α

∗
α

∗
αα

∗
αα fadeadfadfadeadfade k

(by the induction hypothesis).

(2)

( ) ( ) β
+

α
∗
α

∗
ααα − fadeadfadfadeadf k 12

( ) βαα
∗
α

∗
αα

∗
αα −= fadhadeadfadfadeadfadf k

( ) .0=−= βα
∗
α

∗
αα

∗
αα fadeadfadfadeadfadf k

(3)

( ) β
+

α
∗
α

∗
αα

∗
α − fadeadfadfadeade k 1

( ) ( )1: chhfadhadeadfadfadeade k +=−= α
∗
αβ

∗
αα

∗
α

∗
ααα

( ) .0=−= βα
∗
α

∗
ααα fadeadfadfadeade k

(4) and (5) are similarly proved.

(b) We prove (1), (2) and the following simultaneously.

(3) ( ) ,0=− β
∗
ααα

∗
α

∗
α fadeadfadfadeade k

(4) ( ) ( ) ,02 =− β
∗
ααα

∗
α

∗
α fadeadfadfadeadf k

(5) ( ) .0=− β
∗
ααα

∗
α

∗
αα fadeadfadfadeadfadf k
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(1)

( ) β
+∗

ααα
∗
αα − fadeadfadfadeade k 1

( ) βα
∗
ααα

∗
α

∗
α −= fadhadeadfadfadeade k

( ) .0=−= β
∗
ααα

∗
α

∗
α fadeadfadfadeade k

(2)

( ) ( ) β
+∗

ααα
∗
αα − fadeadfadfadeadf k 12

( ) ( ) β
∗
ααα

∗
αα

∗
αα −= fadeadfadfadeadfadeadf k2

(( ) ( )23 3
3
1

α
∗
αα

∗
αα += adfadeadfadeadf

( ) ) ( ) .03 =−− β
∗
ααα

∗
αα

∗
α fadeadfadfadeadfade k

(3)

( ) β
+∗

ααα
∗
α

∗
α − fadeadfadfadeade k 1

( ) ( ) β
−∗

ααα
∗
αα

∗
αα

∗
α −= fadeadfadfadeadfadeadfade k 12

(( ) ( )23 3
3
1 ∗

αα
∗
αα

∗
α += adeadfadeadfade

( ) ) ( ) 013 =−− β
−∗

ααα
∗
αα

∗
αα fadeadfadfadeadfadeadf k

(by the induction hypothesis and (2)).

(4) and (5) are similarly proved.

(C)

(ii) (a) (1) ( ) .0=− αα
∗
α

∗
ααα eadeadfadfadeade k

(b) (1) ( ) .0=− α
∗
ααα

∗
αα eadeadfadfadeade k
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Proof. (a) We prove (1) and the following simultaneously by the

induction on k.

(2) ( ) .0=− αα
∗
α

∗
ααβα eadeadfadfadeadeade k

At first, from the relation

[ [ ]] [ [ [ ]]],,,,2,, βββα
∗
ααα −= feeefee

we obtain the following.

(∗∗)

( ) ( )22 2 α
∗
αα

∗
αα

∗
αα −= adeadfadeadfadeadfade

( β
∗
βα

∗
ββα −− adeadfadeadfadeade2

).α
∗
ββαβ

∗
β −+ adeadfadeadeadeadf

(1)

( ) α
+

α
∗
α

∗
ααα − eadeadfadfadeade k 1

( ) ( ) αα
∗
α

∗
αα

∗
αα −= eadeadfadfadeadfade k2

( ) ,02 =−= αα
∗
α

∗
ααβ

∗
βα eadeadfadfadeadeadfade k

(by (∗∗) and (C) (v)).

(2)

( ) α
+

α
∗
α

∗
ααβα − eadeadfadfadeadeade k 1

( ) αα
∗
α

∗
αα

∗
ααβα −= eadeadfadfadeadfadeadeade k

( ) ( ) αα
∗
α

∗
αα

∗
αβα −= eadeadfadfadeadfadeade k2

2
1

( ( ) ( ) )02by 22 =+− αβαβαβα adeadeadeadeadeeade
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( ) ( ) ( ) ∗
αα

−∗
αα

∗
αβα−= fadeadfadeadfadeade k 212

2
1

( ) ( ) ( ) ∗
α

−
α

∗
αα

∗
αβα−= fadeadfadeadfadeade k 122

2
1

( ( )2,iteratingby α
∗
αα adeadfade

( ) ( ( ) ( ) ))∗
ααα

∗
αα

∗
αα −+= adfadeadeadfadeadfade 332

3
1

( ) ( ) ∗
α

−
α

∗
ααβα

∗
αα−= fadeadfadeadeadeadfade k 12

( ( ) ( ) )βααβααβ −= adeadeadeadeadeadeade 22 2by

( ) ( ) ∗
α

−
α

∗
ααβ

∗
αα−= fadeadfadeadeadfade k 13

3
1

( ) ( ) ∗
αα

∗
αβα−= fadeadfadeade k3

3
1

( ) ( ) 0
3
1 3 =−−= ∗

α
∗
ααα

∗
αβα fadfadeadeadfadeade k    (by (C) (v)).

(b) We prove (1) and the following simultaneously.

(2) ( ) ,0=− α
∗
ααα

∗
α

∗
α eadeadfadfadeade k

(3) ( ) ,0=− α
∗
ααα

∗
α

∗
β

∗
α eadeadfadfadeadeade k

(4) ( ) .0=− ∗
α

∗
ααα

∗
α

∗
β

∗
α eadeadfadfadeadeade k

(1)

( ) 1+∗
ααα

∗
αα − kadeadfadfadeade

( ) αα
∗
ααα

∗
α

∗
α −= eadhadeadfadfadeade k

( ) .02 =−= α
∗
ααα

∗
α

∗
α eadeadfadfadeade k
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(2)

 ( ) α
+∗

ααα
∗
α

∗
α − eadeadfadfadeade k 1

( ) ( ) α
∗
ααα

∗
αα

∗
α −= eadeadfadfadeadfade k2

( ) 02 =−= α
∗
ααα

∗
α

∗
β

∗
αβ eadeadfadfadeadeadeadf k

(by the relation replacing ,αe  ,βe  ,∗αf  ∗
βf  with ,∗

αe  ,∗βe  ,αf  βf  in (∗∗)).

(3)

( ) α
+∗

ααα
∗
α

∗
β

∗
α − eadeadfadfadeadeade k 1

( ) ∗
αα

∗
ααα

∗
α

∗
β

∗
α −= eadhadeadfadfadeadeade k

( ) .02 =−= ∗
α

∗
ααα

∗
α

∗
β

∗
α eadeadfadfadeadeade k

(4) is similarly proved as (a) (2) by replacing ,αe  ,βe  ,∗αf  with ,∗
αe

,∗βe  ,αf  respectively.

(D) (i)

(1) ( ) ( ) ,0=−− α
∗
ααα

∗
αα

∗
βββ

∗
β fadeadfadfadeadeadeadfadfade k

(2) ( ) ( ) ,0=−− αα
∗
α

∗
ααα

∗
βββ

∗
β fadeadfadfadeadeadeadfadfade k

(3) ( ) ( ) ,0=−− α
∗
ααα

∗
ααβ

∗
β

∗
ββ fadeadfadfadeadeadeadfadfade k

(4) ( ) ( ) .0=−− αα
∗
α

∗
αααβ

∗
β

∗
ββ fadeadfadfadeadeadeadfadfade k

Proof. Noting that

( ) ,∗αβ
∗
α

∗
αβα

∗
βββ

∗
β −==− adeadhadeadeadhadeadeadfadfade

(1) and (2) are trivial.
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(3)

( ) ( ) α
∗
ααα

∗
ααβ

∗
β

∗
ββ −− fadeadfadfadeadeadeadfadfade k

( ) ( ) αα
−∗

ααα
∗
αα

∗
β

∗
β

∗
β

∗
β −−= fadhadeadfadfadeadeadeadfadfade k 1

( ) ( )1
1 :2 chhfadeadfadfadeadeadh k +=−−= β

∗
βα

−∗
ααα

∗
αα

∗
β

( ) ( ) .02 1 =−−−= α
−∗

ααα
∗
αα

∗
βα fadeadfadfadeadeadhade k

(4)

( ) ( ) αα
∗
α

∗
αααβ

∗
β

∗
ββ −− fadeadfadfadeadeadeadfadfade k

( ) ( ) ∗
αα

∗
α

∗
αααββββ −−= fadeadfadfadeadeadeadfadfade k

( ) ∗
αα

∗
α

∗
αααβ −= fadeadfadfadeadeadh k

( ) ( ) .0=−−= ∗
αα

∗
α

∗
αααβα fadeadfadfadeadeadhade k

(D) (ii)

(a) ( ) αα
∗
α

∗
ααα − fadeadfadfadeade k

( ) ( ) ,1 1
αα

∗
α

∗
ααα

+ −−= eadeadfadfadeadf kk

(b) ( ) α
∗
ααα

∗
αα − fadeadfadfadeade k

( ) ( ) .1 1
α

∗
ααα

∗
αα

+ −−= eadeadfadfadeadf kk

Proof. We prove by the induction on k.

(a)

( ) α
+

α
∗
α

∗
ααα − fadeadfadfadeade k 1

( ) αα
∗
α

∗
ααα

∗
αα −−= fadeadfadfadeadeadfade k

( ( ) )0by =− αα
∗
α

∗
αα

∗
α fadeadfadfadeadf k
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( ) ( ) αα
∗
α

∗
ααα

∗
αα

+ −−= eadeadfadfadeadfadfade kk 21

(by the induction hypothesis)

( ) ( ) ( ) αα
∗
α

∗
αα

∗
αααα

+ −+−= eadeadfadfadeadfadhadeadf kk 21

( ) ( ) ( ) αα
∗
α

∗
αα

∗
αα

∗
α

∗
ααα

+ −−+−= eadeadfadfadeadfadhadfadfadeadf kk 21 2

( ) ( ) αα
∗
α

∗
αα

∗
ααα

+ −−= eadeadfadfadeadfadeadf kk 21

( ) ( ) .1 12
α

+
α

∗
α

∗
ααα

+ −−= eadeadfadfadeadf kk

(b)

( ) α
+∗

ααα
∗
αα − fadeadfadfadeade k 1

( ) α
∗
ααα

∗
α

∗
ααα −−= fadeadfadfadeadeadfade k

( ) ( ) α
∗
ααα

∗
α

∗
αααα −+−= fadeadfadfadeadeadhadeadf k

( ) α
∗
ααα

∗
αα

∗
αα −−= fadeadfadfadeadeadeadf k

( ) ( ) α
∗
ααα

∗
αα

∗
αα

+ −−= eadeadfadfadeadfadeadf kk 21

( ) ( ) .1 12
α

+∗
ααα

∗
αα

+ −−= eadeadfadfadeadf kk

(D) (iii)

(a) ( ) αα
∗
α

∗
αααβ − fadeadfadfadeadeade k

( ) ,2 βα
∗
α

∗
αα −= eadeadfadfade kk

(b) ( ) α
∗
ααα

∗
ααβ − fadeadfadfadeadeade k

( ) .2 β
∗
ααα

∗
α −= eadeadfadfade kk
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Proof. (a)

( ) α
+

α
∗
α

∗
αααβ − fadeadfadfadeadeade k 1

( ) αα
∗
α

∗
ααα

∗
ααβ −−= fadeadfadfadeadeadfadeade k    (by (C) (ii))

( ) ( ) αα
∗
α

∗
ααα

∗
ααβ

+ −−= eadeadfadfadeadfadfadeade kk 21    (by (D) (ii))

( ) ( ) ( ) αα
∗
α

∗
αα

∗
ααααβ

+ −+−= eadeadfadfadeadfadhadeadfade kk 21

( ) ( ) αα
∗
α

∗
αα

∗
αααβ

+ −−= eadeadfadfadeadfadeadfade kk 21

( ) ( ) ( ) αα
∗
α

∗
ααα

+
αβ

∗
α

+ −−−= fadeadfadfadeadeadeadeadf kkk 12 11

( ( ) ) ( ) αα
∗
α

∗
ααβααβα

∗
α −−−= fadeadfadfadeadeadeadeadeadeadf k22

( ) βα
∗
α

∗
ααα

∗
α −−= eadeadfadfadeadeadf kk22

( ) .2 11
β

+
α

∗
α

∗
αα

+ −= eadeadfadfade kk

(b)

( ) α
+∗

ααα
∗
ααβ − fadeadfadfadeadeade k 1

( ) α
∗
ααα

∗
α

∗
αααβ −−= fadeadfadfadeadeadfadeade k

( ) α
∗
ααα

∗
α

∗
αααβ −−= fadeadfadfadeadeadfadeade k

( ) α
∗
ααα

∗
αααα

∗
β −−= fadeadfadfadeadeadfadeade k

( ) ( ) ( ) α
∗
ααα

∗
ααα

∗
β

+ −−= eadeadfadfadeadfadeade kk 221

( ) ( ) ( ) α
∗
ααα

∗
ααααα

∗
β

+ −+−= eadeadfadfadeadfadhadeadfade kk 21
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( ) ( ) α
∗
ααα

∗
ααα

∗
βα

+ −−= eadeadfadfadeadfadeadeadf kk 21

( ) ( ) α
∗
ααα

∗
αα

∗
βα −−= fadeadfadfadeadeadeadf k2

( ( ) ) ( ) α
∗
ααα

∗
α

∗
βαα

∗
βαα −−−= fadeadfadfadeadeadeadeadeadeadf k22

( ) α
∗
ααα

∗
ααβ

∗
αα −−= fadeadfadfadeadeadeadeadf k2    (by (C) (v))

( ) β
∗
ααα

∗
α

∗
αα

+ −−= eadeadfadfadeadeadf kk 12

(by the induction hypothesis)

( ) .2 11
β

+
ααα

∗
α

+ −= eadeadfadfade kk

In the above, the cases of exchanging αe  with αf  are similar, and the

more general cases such as replacing ( )kadeadfadfade ∗
ααα

∗
α −  with

( ) ( )lk eadadfadfeadadeadfadfade αααα
∗
ααα

∗
α −− ~~  are similarly shown, so

the proof is completed.
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