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Abstract

We give the defining relations of the simply-laced 3-extended affine Lie
algebras in terms of the generators associated to 3-extended affine
diagrams.

1. Introduction

A toroidal Lie algebra u is the universal central extension of a Lie

algebra g ® (C[tlﬂ, t%l, . t,i;ll], where g is one of the finite dimensional
simple Lie algebras over C and (C[tlﬂ, téﬂ, ces t,J—;Ll] is the ring of Laurent
polynomials in m variables ¢, ..., t,, over C. Let A = ((0o;, o))<, j<, be

any simply-laced finite Cartan matrix of rank n > 2, and Alml —

(o, aj>)1§i,j£n+m be any m-fold affinization of A. Then Slodowy [7]

introduced intersection matrix algebra im(A[m]), and after that the

following isomorphic has been established; u = im(A[m]) [1]. In vertex
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operator’s method, Saito and Yoshii [6] constructed a Lie algebra g(®)
attached to any m-extended homogeneous root system ® as a certain

subalgebra of VQ(@)/DVQ((D), here Vg 1s the lattice vertex algebra

attached to a lattice @ and D is the derivation, (studied by Borcherds [2]).
Especially, in the case of 2-extended root system (also called elliptic root
system), g(®) is isomorphic to the 2-toroidal algebra. The m-toroidal

algebra is presented in terms of infinite generators and infinite relations
by Moody et al. [3, 4]. In particular, for the simply-laced elliptic root
system @, Saito and Yoshii [6] also defined the elliptic algebra €([(®, G))

which is isomorphic to g(®), by Chevalley generators and generalized

Serre relations. After that, Takebayashi [8] described the elliptic Lie
algebra €(I'(®, G)) by the extended elliptic Cartan matrix. Further,

Yamane [11] described all elliptic Lie algebra with rank > 2 by the Serre
type relations. After that, Takebayashi [10] described them more simply

by the completed elliptic diagrams. In the case of type Al(l’l), Takebayashi

[9] described the defining relations of its elliptic Lie algebra in terms
of the elliptic diagram. In this paper, in the similar method as [9],

we describe the 3-toroidal algebra g, associated to the simply-laced
Lie algebra g in terms of the 3-extended affine diagram and call it the

3-extended affine Lie algebra.

2. Definition of the 3-toroidal Algebra g;,,

Let g be a simple finite dimensional Lie algebra over C of rank n

with a nondegenerate symmetric invariant bilinear form (-, -). Let R :=
(C[sﬂ, tﬂ, uﬂ] be the ring of Laurent polynomials in 3 variables s, ¢ and
u over C. Let Q) := Rds ® Rdt ® Rdu be an R-module with generators
df ¥V f € R, and the relation d(fg) = fd(g) + gd(f). Let = : Qp — QL% /dR
be the canonical projection, in which there holds the relation, m =
fd(g) + gd(f) = 0. Then the Lie algebra g;,, = g ® R ® (Q%/dR), with
Lie bracket [X®f, Y ® g]=[X,Y]® fg+(X,Y)df)g, [c gpr] =0,
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V ¢ € Qk/dR, is the universal central extension of g ® R, and called the
3-toroidal algebra. Let us recall the result by Moody et al. [4]. Let

A= (aij)Zj=O be a Cartan matrix of affine type X,(ll), A be the root

system associated to A and @ be the free Z -module on generators

0, - 0, Of A.

Definition 2.1 (Moody et al. [4]). A Lie algebra t(A) over C is

defined by the following presentation.

Generators: H; p y, Ei p > Fi o (0<i<n, k,meZ)and ¢, cy.
Relations: (0) ¢; and cq are central,

@

(Hi p.om» Hj 1 pl= (0 [a})(key + meg)dpi 00mep.0-

D

@ [Hi pms Ej1,p] = (i 10)E} ki1, msps

() [H; g,ms Fj1,p] =~ 10))Fj kst meps
(I11)

O [Ei k.m> Ei1 p) = [Fi kom> Fi1 p] = 0,

.. 2
() [Ej gom» Fjipl= 8ij{Hi,k+l,m+p e |a_)(kc1 +m02)6k+l,08m+p,0}’
l l

(i) (@dE; ,0) Y E; o =0 (i # J),

(iv) (adF; ,0) %" Fj pm =0 (i # j),

where 0 <i,j<n, k I,m, peZ, (-|)is a Z -valued symmetric bilinear

: 20, 2(a; |o;)
form on @ normalized by (ag|0g) =2 and o) = L a; = —0—
(0l0) P o(oley) Y (g fag)
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Then the following has been established.

Proposition 2.2 [3, 4]. ©(A) = g,,,-

Definition 2.3. In the case of simply-laced affine Lie algebra of type
X (1), its 3-toroidal algebra g;,, is presented as follows.

Generators: H; i 1, E; p s Fipom» (0<i<n,k,melZ)and ¢, cy.

Relations: (0) ¢; and ¢y are central,

@

(H; joms Hj 1 pl = ajilke; + meg)dp.108m4p,0s

1)

O [Hi kym» Ej1,p] = @GiEj kit pim

() [H; g.m> Fj1,pl = =@iFj kit prm>
(I1II)

O [Ei b, m> Eit, pl = [Fi pyms Fi1,p] = 0,

() (B kms Fj1,pl = 8iiH it mep + (kep + mC2)8p4108m4p,01
(iii) (adE; 0,0) W Ej pm =0 (i = J),

(v) (adF; ,0) % Fj j.m = 0 (i # J).
Our main result is the following.

Theorem 2.4. The simply-laced 3-extended affine Lie algebra is
described as follows.

Generators: e;, e, &, f., [, i, b (0<i<n)and ¢, cy.

Relations: (0) ¢; and cy are central,

M
@) [, hj] =0,

(i1) [hi’ej] [hz’e]] jie]’[hl’e]]_ajl e

(i, £i] = =ajifj, i, 171 = —ajif;, [, }?j] = _ajifj,
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dD
() [ei, ef1=les @1 =[ef, 1= 0, [fis 71 =[fi f1=1f, il =0,
i) ey, £;] = 8;hu, [ef, 1= 8;(h; + 1), [, fi] = 8;(; + cg),
(i) [e7, e;] = [e;, €f], [, ej] = [e, &, [ei, €] = [€;, €],
5 6= 16 16 1= BLIES 1= £
(I1T)
@) (adX;)'"%iX; =0, if a;; <0,
where X;, X; € {e;, e}, &}, or e {fy, £, fi.
@) e, [ef, 811 = 0, [, [£7, Fi1] = 0, if aj; = 1.

In what follows, we prove Theorem 2.4. At first, we have the

following.

Proposition 2.5. The 3-toroidal algebra g, can be described by

finite generators as follows.

Generators: E; o o, F; 00, H; , 4 (0<i<n,p,q=0,%l),and ¢, cq.
Relations: (0) ¢; and cq9 are central,
A)
[H; . w» Hj 5] = aji(re; +1cg)8,s 08u44,05
(B)
() [H;0,0- Ej 0,0l = @jiEj 0,0
(D) [H; 0,0, Fj0,0] = —ajiF} 0,0,
(i) [H;, p, g Xi,0,0]1 = —2lH}j, p,q» Xij0,0] (@ji = 1),

(v) adH; p qadH; _,, X 00 =2a;;X; 0,0, (p, q) = (0, 0)),
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(©)
(@) adX; o.0(adH; .0) (adH; 0. 4) Xi00=0(k=20,120,k+121),
(i) [E; 0,0, Fj0,01 = 8;iH; 0,0

(ili) adF; o 0adH; p oE; o0 = —2H

L,Dp,q
: k l
(lV) adXi’O,O(ade,p,O) (ade,O,q) Yj,O,O =0

(#j,k>20,120,k+121),

) (adX; 0,0)*(adH; , o)*(adH o o) X o0 =0
(aji =-1,k>0,12>0),
D)
() adH; , 4adE; o o(adH; o) (adH; o) Fj 0 = 0

(k>20,120,k+12>2),
. k !
(i) adE; ¢ o(adH; , ) (adH; o 4) F; 0,0

Ralel k !
= (1" adF; o 0(adH; , o) (adH; o ;) E; .0

(k>0,120,k+1>2),
(i)  adX; o 0adX; o o(@dH; , o) (adH; o 4 )'Y; 0.0

k !
= 28 (adH; , o) (adH; o o) X} 0.0

(aji =-1,k>0,120,k+12>1),

where
i,j:O,..., n, r,S,u,t:(),il’ p,q:il,
and

X;0,0 # Y00 €{Ei 0,0 Fi0,0}-
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Proof. The proof that the relations in Proposition 2.5 can be obtained
from the relations in Definition 2.3 is easy. Conversely, for a positive
integer k, m and p, q = £1, we set

1 ke m
Hi p,gm =adEi,0(—§adHi,p,0) (—gHi,o,qj Fi0,0

1 ki1 m
:—adFi’O,O(gadHi,p’O) (gadHi,O’qj Ei,O,O
(by (D) (ii)),
1 ke m
Ei pk,gm = (5 adHi,p,O) (EadHi,Oqj Ei 0,0

and

m

k
1 1
Fi, pk,qm =(—§adHi,p,0) (—gadHi,o,q) Fi0,0,

then, similarly to [9], we can show that the relations in Definition 2.3 can
be obtained from the relations in Proposition 2.5.

We can describe g,;,. by choosing another generators as follows.

Proposition 2.6. The simply-laced 3-toroidal algebra g,,. can be
presented as follows.

Generators: H; o0, Ejo0, Ei10. Eio1 Fioo Fi-10 Fio-
(0 <i<n),and ¢, cy.

Relations: (0) ¢; and cqg are central,

4))
[Hi,0,07 Hj,o,o] =0,
1)
@) [Hi 0,00 Ej p.gl = @iEj pg
(D) [H; 0,0, Fj p.gl = =0jiF} p.q>

(i) adE; o,0adF; , oFi0.0 = Fj p.q (aji = -1, (p, @) = (-1, 0), (0, -1)),

(lV) adEi,p,qadFLO,ony_p,_q = Fj,O,O (ajl- = —]_, (p, q) = (1, O), (O, ]_)),
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V) adE; o 0adEj , oFj o0 = Ei pq (@i = -1 (p, q) = (1, 0), (0, 1)),

(Vl) adEi,p’qadEj,Oyon’_p,_q = Ei,O,O (aji = —1, (p, q) = (]_, 0), (O, 1)),

(Vll) adEi,O,OadEi,O,OFi = —ZadEi,O,OadEjyoyon

» D, q » P, q

(aji =1 (p’ Q) = (05 _1)’ (_1’ 0))7

(vii)) adE; , 4adE; , . F; 00 = —2adE;

i,p.q i,p.q i,p.qadE;

J,p,qFj,O,O
(aji = -1, (p, q) = (0,1), (1, 0)),

(IX) adFi’O,OadEi,p,qu,O,O = —2adFi,0,0adEj’p’qFj,0,0

(aji =1 (p’ Q) = (0’ 1)’ (1’ 0))7

(x) adF; p, ,adE; o oF; = —2adF;

i, p.q@0E; 0 0F;

» P, q » P, q

(aji = -1, (p’ q) = (_1’ 0)’ (0’ _1))7
10
@) [Ei,O,O’ Ei,p,q] = [Fi,O,O’ Fi,r,s] =0,
((p7 q) = (17 0)7 (07 1)7 (l", 3) = (_17 0)7 (O’ _1))7
() [E;q1,0, Eijo0,1] = [F;, 1,00 Fi0,]1=0,
(i) adX; o, o(adA; o) (adA; o,q)' X; 0,0 = 0,
(k>0,1>0,k+12>1),
(iV) [Ei,p,q’ Fj,r,s] =0 (i # ])’
(V) [Ei,p,q7 Fi,—p,—q] = Hi,O,O + 6r,lsq,l(cl + C2)>
(vi) adX; g o(adA; , )" (adA; ,¢)'Yj 0,0 =0,
@C#Jj,k>0,120,k+12>1),
(vid) (adX; 0,0)" " %i (adA; p.0) (adA; 0.4V Xj.0.0 = 0

G#j,k>0,120),
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(Iv)
. k !
() adA; , qadE;j o o(adA;j , o) (adA;j o s) Fjoo =0
(k>0,1>20,k+12>2),
@ii) adEi,O,O(adAi,p,O)k(adAi,O,q)lFi,O,O
= (-1 adF; o o(adA; , 0)*(adA; o) Eio.0
(k>0,120,k+12>2),
k !
(i)  adX; o 0adX; o o(adA; , o) (adA; o q) Y00
= 28 (adA; 0 ) (adA o q )ZX;‘, 0,0

(aji=-1,k>20,120,k+121),

where
i, j,r=01 s=0,-1, p,q==1,
adAi,l,o = adEi’l,OadFi,o,O - adFiyoyoadEiyl,O,
adAiy_l,O = adEiyo,oadFiy_l,O - adFi, —1,oadEi,o,o,
adA; o1 = adE; o 1adF; o o — adF; o 0adE; o 1,
adAi,O,_l = adEi,O’OadFi,O,_l - adFi,O,_ladEi,o,o
and

Xi 0,0 # Y 0,0 € {Ei 0,0, F0,0}-
Proof. We set
H;iq0 =adE;0F; 0,0
H; o1 =adE; 01F; 0,0,
H; 10 =adE;oF; 10,

H; o 1 =adE; o oF; 0,1,

53
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then we have

1
Eiio0= 5 adH; 1 0E; 0,0,

1
E;o1 = EadHi,O,lEi,O,m
1
Fi, 1,0 = —gadH; 1,0F,0,0,

1
F, 0,1 = ) adH; o 1 F; 0,0

and

adHi,l,O = adEi,l,OadFi, 0,0 ~ adFi,o,oadEi,l,Oa
adH; o1 = adE; o 10dF; o o — adF; o 0adE; o 1,
adH,-,_l,O = adEiyo,oadFiy_l,O - adFi’_l,OadEi,o,o,
adHi,O,,l = adEiyoyoadFiyoy 1 - adFi,o,fladEi,o,o-

From these, it is easy to see that the relations in Proposition 2.6 can be
obtained from Proposition 2.5, since Proposition 2.5 gives a presentation

of g4, in Definition 2.3. Conversely similarly to [9], we can show that the

relations in Proposition 2.5 can be obtained from Proposition 2.6.

From the point of view of the 3-extended affine Lie algebra, we

describe the 3-toroidal algebra g;,.. The 3-extended affine diagram is

defined to be composed of all vertices a;, a;, &; (0 < i < n). Associated to

this diagram, we choose Chevalley generators of g, such as ¢; = E; ¢ o,

ei =E;10, & =Eio1, f; =Fioo. fi =F; 0. fi =Fpo-1. i =Hi o,
(0 <i<n)and ¢, cg, then we call g,,, the 3-extended affine Lie algebra

and from Proposition 2.6, we have the following.

Proposition 2.7. The simply-laced 3-extended affine Lie algebra is

described as follows.
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Generators: e;, e, &, f., ) f:, b (0<i<n)and ¢, cs.
Relations: (0) ¢, and ¢y are central,

A
[, kil =0,
B)
@ [his ej] = ajiej, [y, €j] = ajiej, [y, €] = a;€;,
@) [hy, f;] = —ajifj, [, 171 = —ajif; . [, 17]'] = —Gﬁfj,
(iti) [e], e;] = [e;, €j], [, ej] = [es, €], [ef, €] = [&, €],
@) [, ;1= 5V 1= U BVIE Fi1= TR £7)
W [X;, [X;, Y]] = -2[X;, [X;, Y71,
(X7, (X7, Y]] = 20X}, [X], Y]] (a; = 1),
i) [X;, [X;, V1] = -2[X;, [X;, V311,
(X, [X;, v;]] = —2[X,, [}?j’ Yill (aj; = -1),
©
0 [X;, X;1=[X;, X1 = [X7, X;]=0,
(i) adX;(adA; o) (adA; o o) X; =0 (k2 0,120, k+12>1),
i) [e;, £;] = lei, £7] = les, Fi] = [ef, £;1=[ef, £7] = [ef, F5]
=[a. f;l=(@. 1= fi1=0 =),
@v) [ei, £:] = Ry [efs 7] = hy + e, [6, Fi] = by + o,

v) adX;(adA; o) (adA; o 4)Y; =0 (i #j, k20,120 k+121),

i) (adX;)"%i (adA; p.0)*(adA; 0 o) X; =0 (G # j, k20,12 0),
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D)
@) adA; , adej(adA;j . o) (adA; o) fj =0 (20,120, k+122),
(i)  ade;(adA; , ) (adA; 0,4 ) f,
= ()" adf;(adA; o) (adA; o o) e;
(k>0,120,k+1=>2),
(iii) adX jadX;(adA; o) (adA; o) Y; =25 (adA; o) (adA; o 4) X

@G=j,k>20,120,k+12>1),

where
i,j=0,1, p,q, 1, 8=+l
adA; 1o = ade;adf; — adf;ade;,
adA; o1 = ade;adf; — adf;ade;,
adA; 1.0 = ade;adf; — adf; ade;,
adA; g1 = adeiadfi - adfiadei
and

X; = Y; ele, fi)-
Proof. We set e, = ¢;, eg = ¢; and show that (B) (iii) [e, eE] =
e, eg] and [€,, eg] = [e;, €], can be obtained from Proposition 2.6.

adeueg = adeqadeﬁade; fo, by dI) (v)

—adeaadfaadeﬁe;

—(adf,ade, + adh, )adege,

= —adhaadeﬁe:;

—(adegadh, — adeg)e,,
= —2adepe, + adege,

= adegeg = [eg, eg].
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ad?aeg = ad?aadeﬁade(ifa
= adeyadégadey f,
= —adeyadf,adese;,
= ~(adf,ade, + adh,)adeye;,
= —adhyadege,
= ~(adéyadhy, — adéy)e;,
= —2adege, + adégey,
= adey ey = [eq, &p].

Conversely, all relations in Proposition 2.6 can be obtained from
Proposition 2.7.

Lastly, we show that all relations in Proposition 2.7 can be obtained

from Theorem 2.4.

(B)
™) leq [eq foull = —2eq, lep, f]]
(ade, )*f = (ade, ) adfyadfiey  (by fy = [fu. [ el])
— ade,(adf,ade, + adh, )adfjes
= adegadfyadeyadfgey  (by adhyadfges = 0)
= (adf,ade, + adh,)ade,adfgeg
= (adeyadh, + 2ade,)adfyes  (by (ade, )Zadfﬁ* eg = 0)

= 2adeaadfgeﬁ = —2[e, [eg, f[;]]
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(©) ¥), (v1)

(2) (1) adey (adeyadf; — adfyade, )" fy = 0,
@) (adf, )’ (adegadfy - adfyade, ) fi = 0.
(b) (1) ade, (ade},adf, - adf,adey)* f = 0,

@) (adf, ) (adeyadf,, - adf,ade;,)* fz = 0.

Proof. (a) We prove (1), (2) and the following simultaneously by the
induction on k.

(3) ade’ (adeyadf; — adf ade, )" fp =0,
(4) (adfy)?(adegadf; — adfyade, )" fy = 0,
(5) adf, adf. (ade,adf; — adf; ade, )" fp = 0.
At first, we show that (ade, )’ f; = 0.
Lh.s. = (ade, )3 adfaadfgeﬁ (by fy = adfaadfgeﬁ)

= (ade, )*(adf ade, + adh, )adfgeg

(ade, adfyadeyadfges  (by adhgadfges = 0)

ade, (adfyade, + adh, )ade,adfgeg

adeyadhyadeyadfges  (by (ade, )Qeﬁ =0)

(adhyade, - 2ade, )adeyadfges = 0.

From this, we obtain the following.
(*)
(adey V2 adf! - 3(ade, )? adf:ade,

+ 3adeyadf, (ade, )2 - adf, (ade, )3 =0.
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ey

ade,, (adeyadf, — adf.ade, )**? fp
= (ade,, )* adf; adeadf; (adeyadfy — adf;ade, )" f
-1 ((ade )3 adf,, + 3ade, adf, (ade )2
- 3 o o o o o
— adf; (ade, )*)adf; (adeqadf; — adfjade,)* " f;  (by (¥))
- 3 (ade,)*(adf; ) (adeqadf; - adfade, ) fy = 0

(by the induction hypothesis).
2)

(adf, )* (adeyadf; — adfyade, )" fy

adf, adf . (adeyadf. — adf;ade, )* adh,, fp

adf, adf; (adey adf, — adf;ade, * fp = 0.

3
ade’ (ade,adf, — adfade, )**! fp

= ade, (adeyadf, — adf;ade, )" adh, fo  (hg = hy +cp)

ade,, (adeyadf, — adf ade, )" fp = 0.

(4) and (5) are similarly proved.

(b) We prove (1), (2) and the following simultaneously.

(3) ade;, (ade},adf, — adf,ade},)* fy = 0,
(4) (adfy)?(adeyadf, — adfyadel )" fz = 0,

(5) adf,adf; (ade}adf, - adf,ade})* fz = 0.

59
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1)
* *\kR+1
ade,, (adeyadf, — adfyade, )" " fg
= ade’ (ade’.adf, — adf,ade’)" adh, fp
= ade’ (ade!.adf, — adf,ade’)" fp = 0.
2
(adf, )* (adegadf, — adfyadey )" fy
= (adf, ) ade}adf, (ade}adf, — adfjade], )" fy

= % ((adf, )3 ade;, + 3adf,ade (adf, )2

— ade, (adf, )* ) (adeyadf, — adf,adey )" f3 = 0.
3)
ade’ (ade,adf, — adf,ade’, )"+ fs
= (ade’)? adf,ade,adf, (ade’adf, — adf,ade’ )" fs

= % ((ade’)?adf, + 3ade’,adf, (ade’ )

~ adf, (ade},)* )adf, (adeadf, — adfyade})* ™ f3 = 0

(by the induction hypothesis and (2)).

(4) and (5) are similarly proved.
(©)

(i) (a) (1) ade, (adeyadf, — adf,ade, )k e, = 0.

) (1) ade,, (ade’,adf, — adf,ade’, ) e, =0
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Proof. (a) We prove (1) and the following simultaneously by the

induction on k.
(2) ade,adeg(adeyadf, — adfyade, Yee, = 0.
At first, from the relation
leo [eq foll = —2eq. [ep, lep, f3lll,

we obtain the following.

()
(adey )*adfs = 2ade,adf ade, — adf.(ade, )?
- 2(ade, adegadf — adeyadfg ade
+ adfg adegade, — adegadfyade,).
@
ade,, (ade,adf. — adf’ade, )* e,
= (adey )? adf; (adeyadf, — adfiade, e,
= 2ade,adfy adep(ade, adfy, — adfyade, Ve, =0,
(by (+*) and (C) (v)).
@

adeyadeg (adeyadf, — adfyade, )kJrl €q

ade, adegade, adfy (ade,adfy — adfyade, e,

% (ade,, ) adegadfy (adeyadfy — adfyade, e,

(by (ade, ) ep — 2adeyadegade,, + adeg(ade,, )2 =0)
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]. * * - *
=3 (ade,, * adegadf, (adeyadf, Yl (adey 1
1 % 5 —1 %
=5 (ade,, ) adegadf (ade,, Y (adf;ade, L f2
(by iterating, ade,adf. (ade, )*
* 1 * *
= (adey)* adfgade, + 5 (adf; (ade,)” - (ade, )’ adf;)
= —(ade, )* adf, adeyadegade,, (adfyade, Yol
(by adeg(ade, 2 = 2adeyadegade, — (ade, )2 adeg)
1 3 * % k-1 p*
=3 (ade,, )’ adfyadegade, (adf, ade, )" f,
]. * *
=3 (ade,, ) adeg(adfyade, Y
1 * * %
=3 (ade,, )3 adeg(adfyade, — ade,adfy )k fo =0 (by (C) (v)).
(b) We prove (1) and the following simultaneously.
©2) ade’ (ade’.adf, — adf,ade’) e, =0,

(3) ade;adeg (adeyadf, — adf, ade, )k ey

[
=

4) ade;adeg (adegyadf, — adf,ade, )k e,

[
e

1)

ade,, (ade,adf, — adf,ade’,)**!

ade’. (ade’ adf, — adf,ade’ )’ adh e,

2ade’ (ade’adf, — adf,ade’)’e, = 0.
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@)

ade’ (ade’adf, — adf,ade’)* e,
= (ade’)? adf, (ade’:adf, — adf,ade’; ) ey
= 2adfgadeg adeg(adeyadf, — adf,adeg Ye, =0
(by the relation replacing e, , eg, fas fﬁ* with e, eg, fos fp 1n (¥%)).
3

adeg adeg(adeyadf, — adf,ade ) e,

ade adep (adeyadfy, — adfyadey, Y adhge,

2adeg adeg(adey adf, — adf,ade; Yeer =0

(4) 1s similarly proved as (a) (2) by replacing e, eg, fo, with e},

eg, fo» respectively.
D) @)

(1) (adepadfy — adfyadey)ade, (adey adf, — adfyade; Yef, =0,
2) (adepadfy — adfyadeg)ade, (adey adf, — adf,ade,, £, =o,

(3) (adepadfy — adfg adeg)ade, (adeg adf, — adf,ade, Y £,

0,

(4) (adepadfy — adfg adeg)ade, (ade, adfy — adf,ade, e £,

I
e

Proof. Noting that
adegadfy — adfyades )ade, = adhgade,, = adeadhy — ade,,,
petip pUtep o pUUEy adang a

(1) and (2) are trivial.
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@)

(adegadfy — adfy adeg)ade, (adey adf, — adf,ade, e £,
= (adepadfy — adfg adep)ade, (adeg adf, — adf,ade, Y Ladh, f,
= ~2adhjade, (ade}adf, — adfyadel Y f, (b = hg + ¢;)
= —2(ade, adhy — ade, ) (adeg adf, — adf,adeg Yelr, = o.

(4)

(adegadfy — adfy adeg)ade, (ade, adf, — adf,ade, Y r,

(adegadfy — adfgadeg)ade,, (adeyadf, — adfyade, e f

adhgade,, (ade adf, — adf;ade, )k fa

= (ade,adhg — ade, ) (ade, adfy — adf,ade,, Yerr =o.

D) (i)
(@) ade,(adejadf, — adf;iade, )" f,

= (1)L adf, (ade,adf; — adf:ade, ) e,,
) ade,(adeladf, — adf,ade’ ) f,

= (-1)**Yadf, (ade}adf, — adf,ade’.)*e, .
Proof. We prove by the induction on k.
(a)

ade,, (ade,adf. — adf ade, )"+ f,
= —adeyadf; ade, (adeyadf; — adf ade, )" f,

(by adf.(adeyadf) — adf ade, ¥ f, = 0)
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= (-1)**2ade adf; adf, (ade adf; - adf ade,)*e,
(by the induction hypothesis)
= (-1)**%(adf ,ade, + adh,, )adf;(adejadf; - adfiade, ) e,
= (1Y% (adf, adeyadf; + adf. adh, - 2adf’)(ade,adf, — adf ade,)*e,
= (1Y% adf, ade, adf (adeyadf; — adf. ade, ) e,
= (-1)**2adf, (ade,adf; — adf ade, e, .
(b)

ade,, (ade’,adf, — adf,ade’,)**1f,
= —ade,adf,ade, (ade adf, — adf, ade, )}’ fa
= —(adfyade, + adh, )ade;, (adeyadf, — adf,ade, )k fa
= —adf,ade’ ade, (ade’ adf, — adf,ade’)*f,
= (-1Y**2adf, ade’ adf, (ade’.adf, — adf,ade’)’e,
= (-1Y**2adf, (ade’adf, — adf,ade’, ) e, .
(D) (i11)
(a) adegade, (adeyadf, — adfyade, ) fy
= 2" (adeyadf. - adfade, )* eps
(b) adegade, (adeyadf, — adfyade;, A

= 2% (ade’adf, - adf,ade’)" ep-
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Proof. (a)

adegade,, (adeyadf, — adfyade, ErLf
= —adegade adf, ade, (ade,adf, — adf,ade, ) fo (by (C) (i)
= (-1)**%adegade adf, adf, (ade,adf; — adfjade,)*e, (by (D) (iD)
= (—1)k+2adeB (adf,ade, + adh, )adf (ade,adf, — adf:ade, ) e,
= (—1)k+2adeﬁadfaadeaadf; (ade,adf,; — adf,ade, ) ey

= (-1)**2adf; adegade, (-1)**Lade, (ade,adf; - adf;ade, )’ f,

—adfy (2adeyadegade,, — (ade, )2 adeg ) (ade, adfy — adf,ade, Y r,

—2adfade, 2" (ade,adf; — adf ade, )" ep
= gk+1 (adeyadf; — adfyade, )k+1 ep-

(b)

adegade, (adeyadf, — adf,adey, e g,

~adegade, adf, ade, (ade adf, - adfyade, " f,

~adegade, adf, ade, (adey adf, - adfyade, £,

~adepade, adf, ade, (adey adf, - adfyade, e £,
_( 1)k+2 detad d 2 * *\k
=(- adegade, (adf, )" (adeyadf, — adf,ade )" e,

= (-1)k+2 adeg(adf,ade, + adhy,)adf, (ade;adf, — adfyade e,
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(-1)k*2 adfyadegade adf, (adeyadf, — adf,ade, e,
—adf,adeg(ade,, )2 (ade’ adf, — adf,ade’,)*f,
—adf, (2ade adegade, — (ade,, )2 adep, ) (adeg adf, — adf,adeg, e £,

—2adf, adeg adegade, (adey adf, — adf,ade, Yef., Gy (C) (v)

= 2"+l adf adel (ade’adf, — adf,ade’ )" ep

(by the induction hypothesis)

= 2k (ade? adf, - adf,ade, )k+1eﬁ.

In the above, the cases of exchanging e, with f, are similar, and the

more general cases such as replacing (ade,adf, —adfaade:;)k with

(ade,adf, - adf,ade’,)* (ad?,adf, — adf,ade, )" are similarly shown, so

the proof is completed.

(1]

(2]

(3]

(4]

(5]

(6]

(7
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