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Abstract

In this article a method for determining the structure of the 2-Sylow
subgroup of the class group of an imaginary bicyclic biquadratic number
field is described. As an application of our method, the structure of the
2-class group of all known imaginary bicyclic biquadratic extensions of
@ with class numbers 8 and 16 is determined.

1. Introduction

Given a bicyclic biquadratic field K, we wish to be able to determine
the structure of the class group of K whenever the structure of the class
groups of the three quadratic subfields is known. It is easy to show that
the odd part of the class group of K is the direct product of the odd parts
of the class groups of the quadratic subfields. However, the structure of
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the 2-Sylow subgroup, H, of the class group of K is much more difficult to
determine. All notations are defined in Section 2. Section 3 details a
method for determining H when the structure of the 2-class groups of the
quadratic subfields is known. Various examples are presented in Section
4 where specific difficulties such as the need to normalize the characters
of the real field, strong ambiguous and weak ambiguous classes are
addressed. We conclude the section with a description of the algorithm.
The final section contains a summary of tables of all known imaginary
bicyclic extensions of @ with class numbers 8 and 16, as well as the
specific structures of each. With one exception these tables are too long to
be included here. All results in this section were obtained by applying the

method given in Sections 3 and 4.
2. Notation

The following notations will be used throughout the remainder of this
article.

K: An imaginary bicyclic biquadratic extension of Q.

k1, ko, kg: The quadratic subfields of K with kg real.

dy, dg, d3: Square free integers with %; = Q(\/d_L) fori=1,2, 3.
f: The conductor of K.

H, H,, Hy, H3: The 2-Sylow subgroups of the ideal class groups of
K, ki, kg and ks, respectively.

h, hi, hy, hg: The 2-class numbers of K, k;, ky and ks, respectively.

H ;: The group of quadratic characters on the group H;. Each element

of ﬁi corresponds to a genus in H; for i =1, 2, 3.
A: The ideal class determined by the ideal A.

S: The subgroup of H 1 X H 9 X H 3 consisting of all of those characters

that are consistent on each pair of Hy, Hy and Hj.

S: The subgroup of H; x Hy x Hy with character group S.
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0: The homomorphism of H; x Hy x Hy — H defined by 6(C;, Cs, Cs)
= C,CyCs.

ker: The kernel of 0.

Hj: The image of 6.

t: The positive integer determined such that 2¢ is the product of all
the ramification indices of all the rational primes for the extension K/Q.

t;: The number of rational primes ramified in the extension k;/@ for

i=1,2 3.
1, The rank of H; x Hy x Hg.
rg: The rank of H.
l, g, r, s: Distinct prime numbers.

(I, g, r): An element of H; x Hy x Hy determined by the ideal classes

of prime divisors of /, ¢ and rin &, k5 and k3, respectively.

v : The isomorphism from the multiplicative group {1} to the additive

group Zs.
a . . b 2
(3) The Kronecker symbol using the convention (5) = (3) for all

odd positive integers b.

u, v, w, x z: (g) (Lj (gj (Lj (l) (i) respectivel
, U, W, X, Y, .Ws’ws’wr’wq’wr’ws p y.
M: A Z,-matrix determined by S - ker .

3. Class Group Structure of Imaginary
Bicyclic Biquadratic Extensions

In this section we discuss a general method for determining the

structure of the 2-class group, H, of any imaginary bicyclic biquadratic
field.
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Lemma 1. Let (C;, Cy, C3) € S. Then there is a prime p of @ which
has a prime divisor Py in K such that p; = Py N k; = PyP; with p; and C;
in the same genus of k; where (p) = PyP,PyP; in K.

Proof. Since the characters on C; in I{Ii are consistent with one
another for i =1, 2, 3, there is a prime p of @ which satisfies these
character values. Now p splits completely in K and so (p) = PyP,P,Ps in
K. Since the Galois group of K/@ is transitive on the primes Py, P, Py
and Pj there is a o; in G(K/Q) such that o;(P,) = P;. Number the primes
P, P, and P; so that o; fixes the subfield %; of K. Let p; = Py N k; for
i =1,2 3. Then p; = PyP; N k; for some j. Since the Galois group of
K/k; is transitive on the factors of p; and G(K/k;) = {1, 5;} we have
c;(Py) = P; and so, by the definition of &;, p; = Py N k; = PyP; N k;. Since

p; and C; have the same character values they are in the same genus.
Theorem 2. The homomorphism 0 induces an isomorphism

s?

N H2i+1 f 3 >0
— = or any integer 1 = 0.
S? N ker

Proof. Let (C2, CZ, CZ) in S% with (Cy, Cy, C3) € S. By Lemma
1 we have a prime p in @ which splits completely in K and has a prime
divisor P, such that p; = Py N k; = PyP, N k;, where (p) = PyP,PyP; in

K with p; and C; in the same genus. Note that (p%l, p%l, p%L) in % with

p; and C; being in the same genus of k;. Now

3 1 1 1 ol i i i 1+1 1+1
07 , b3, p3 ) = pl p3 3 = (pipops)® = (PEp)? ~P? e H?

Here ~ denotes equivalent ideal classes. Since p;C; 1 is in the principal

genus of k;, p;C;t ~ Bi2 for some class B; of k;. Hence

(mCi', poCst, p3C3h) ~ (BE, B, B3),
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SO
BEB3BE ~ (ppaps) (C1CC3) " ~ PF(C1CoC3) "

Therefore

2i+1

i+1 i i i
(BiByB3)> ~P3 (CEc3ci)!

i ol o i+1
and CZ C3 C3 < H?

i+1 j+1
Conversely, let Czl+ € HQL+ and P, € C be a prime ideal of degree

1 and index 1 over Q. Let p; = Py N k; for i =1, 2, 3. Then p; = ByA,
py = PyPy and p3 = PyPs, where Py N Q = (p) = PyP,P,P5. Now (py, pg, p3)

i oi o i+1 i+1
e S and pipops ~ P¢ ~ C%. Thus p? p3 p ~PF  ~C? . Therefore
iS—Zi ~ H2i+1_
S% N ker
2i+1 Szi ﬂ amb i
Theorem 3. —— = — (8% N ker).
2 S% N ker

Proof. Let S = (Cy, Cy, Cs, ..., Cy), and 0o(Cp,;) = 1. Arrange the

C; so that o(Cj) > 0o(Cg) > 0(Cg) > --- > 0o(Cy). Then, for any i where

2! < o(Cy), there exists an m; such that o(Cp,;) > 2 and o(Cpy11) < 2L,
i 2!

Thus % = (C¥, 3, ', .., C2). Then we sce that S =z 2
s

2l+

x .-+ x Zy, where the rank of the right-hand side is m; and S N amb
=79 X Zg % .-+ x Zg with the rank of the right side again being m;. Now,
by Theorem 1,

i
SQ
2i+1 i
- S% Nker
2i+2 2i+1 :
H
2i+1

S N ker
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Using a simple order argument we now see that

s?
ol g+l F ;
|iS | . |S i(jlker| _ ,LS’ '|Sz +1 A ke
|S% Nker| |S? | |S% N ker|
9 ;
= M .|S2+1 N ker|.
S% N ker

The isomorphism follows since both groups are elementary.

The rank of H can easily be computed using the following theorem

which is proved in our earlier article [9].
Theorem 4. Let m denote the rank of S - kér. Then
3d-7-m if r, =2t-5.
Tg =Tg+t—-2-m=43t-6-m if r, =2t-4.
3-5-m ifr,=2t-3.

Below we give an example of how this theorem is applied. Lemma 1 of
[9] shows the rank of S is ¢t — 2 and Kubota [8] shows the rank of ker is
t -1 or t — 2 according as the unit index of Kis 1 or 2. Let n = rank S

+rank kéer and M be an nxr, Zy-matrix whose rows correspond to

generators of S - kér by means of the isomorphism y. Then m is the rank
of M.

Note that the characters of the real field will often have to be
normalized in order to ensure that —1 lies in the principal genus. This is
done by multiplying one column where -1 has a negative character by
each of the other columns where -1 also has a negative character. The

initial choice of column does not matter. The following example illustrates

this as well as the technique for finding ry.

Example. Let & = Q(/-lgrs), ks = Q(WIg) and kg = Q(\-rs) with
l=qg=r=3(mod4) and s =1 (mod 4). Here the unit index is 1, t = 4
and r, = 4. Normalizing the character of the real field, the table of
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consistent characters is

qrs|lq|rs
+ o+ o+ o+ o+ |+ o+
- - o+ o+ |+ |+ o+
+ + - |+ |- -
S R

A

Here S is generated by (1,1,0,0,0,0,0) and by (0,0,1,1,0,1,1)
representing a + by a 0 and a — by a 1. Moreover, ker is generated by
{(7,1,1), (g, 1,1), (r, 1, r)}. Since in kg the character lg is always + it will

just generate a column of zeroes in our matrix and so can be deleted.

Thus our columns will correspond to /, ¢ and rin %; and rin k5. So our

matrix is
1 1 0 0
0 0 1 1
EEE) {3) D
M= \g)\7)s g U
) AHEE) o
1 — =121 = = 0
+w(q) W((l (r s Y
l q L(r QD (L)
tofy) e MEEIE) G
1 1 0 0
0 0 1 1
=|lx+y+z X y 0
1+x l+x+u+w w 0
1+y 1+w y+v+w v
1 1 0 0 1 0 0 0
0 0 1 1 0O 1 0 0
~10 y+z y 0j~]0 0 =z Yy o
0 u+w w 0 0 0 uw w
0 w+y w+y 0 0 0 0 w+y

where the first two rows correspond to the generators of S and the last
three rows correspond to generators of ker. We have deleted one character
from each subfield since the product of the characters for a quadratic field
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is +1. The first three columns correspond to characters for %;, determined
by [, ¢ and r, and the last column to a character for k3, determined by r.

Elementary row and column operations lead us to the final two matrices

from which we can conclude that
2 fu=w=y=2z=0.

3 ifeitheru#zandw=y=0orw=yandu=2z=0
oru =z, w =y, not all zero.

4 ifeitheruzz,w=1lory=1lorw=y,u=1orz=1.

Now r, =4 and t =4 so rg = 6 —m. Let

X+y+z x
A=| 1+x l+x+u+w w
1+y 1+w y+v+uw

and y = Zy-rank of A. Then H; has exactly 3—y cyclic factors of order
greater than 2. Also Hg has order 2 exactly when v = 1. When both H;
and Hjy are elementary then A = 8 and m = 3 or 4,s0 H = Zy x Zg x Zg
or Zg x Z4. The following table gives the values of m in the cases when

both H; and Hj are elementary.

= H B 2 2 H O O O O O O-
_ H R O O O +H B H O O Of&8
— = O H OO H R H O O OoOR
O O H O H H = O O +H H O«
_ o O O+ O = = O = O H|N
AR R W R R R R W R W w3
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When m =2, so rgy =4, H; has either 1 or 2 cyclic factors of order
greater than 2 according as v = 1 or 0. Thus h = 16k or 64k, where k > 1
is a power of 2. When v = k =1, H is elementary of rank 4. When v = 0

it is easily seen that

S Namb/S N ker
has order 2 and that S2 N ker has order 4 or less. Thus H has between 1
and 3 cyclic factors of order 2.

Now we are ready to describe a method for computing the structure of
H for any imaginary bicyclic biquadratic field K. The following
proposition will be helpful.

Proposition 1. Let b = 27 for some j >1, where b|h; for some
i=1,2 3. Also, let T = S>. If (Cf/2, 03/2, C§/2) is in TY2 N amb, then

(€%,1,1), 0, ¢5f%, 1) and (1,1, €5%) are in T N amb,

Proof. Let (Cy, Cy, C3)% = (C¥2, Y2, C¥?)be in T2 N amb. Then
Cf)/ 2 s ambiguous for each i. Since C12 is in the principal genus of %,
C2,1,1) isin T, s0 (C¥%,1,1) = (€2, 1, 1)”* isin T?* N amb. A similar

1 1 1

argument is true for (1, CS/Z, 1) and (1, 1, Cg/z ).

4. Examples and Statement of Algorithm

Now we would like to compute H for a variety of cases in order to get
a feel for the algorithm. The first is straight-forward, while the others will
demonstrate some of the slightly more complicated scenarios.

Example. Let d; = —406, dy =182 and d3 = -377. Here H; = Hq
=Zgx Zy and Hy = Z,. The keris {(1,1, 1), (1,1, 13), (1, 2, 2), (1, 2, 26),

(2,1,2),(2,1,26),(2,2,1), (2, 2,13),(7, 1, 2), (7,1, 26), (7, 2, 1), (7, 2, 13),
(14, 1,1), (14,1, 13), (14, 2, 2), (14, 2, 26)}.
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The table of consistent characters is

2 7 29]-2.7 13|-1 13 29
+ o+ 4+ + + |+ o+

- - 4+ + + |+ o+ 4+
+ - - + + - o+ -
-+ - + + |- o+ -
+ - - - -+ - -
-+ - _ -+ - -
+ o+ o+ - - |- - +
- - 4+ - - - - +

Note that we have normalized the characters of the real field and that in

ks the —1 denotes the character (_—1) determined by the ramified prime
n

2. In % we find that 2 has the character values — + — and that 7 is in the

principal genus. Thus the character values — + — represent a genus with
elements of order two and the other non-principal genera contain only
classes with elements of order eight. In these latter genera, the fourth
power of any element is in the principal genus and is ambiguous, so it can
be represented by 7. In k3, the character of 2 has values + — — and 13 is

in the principal genus. Thus + — — represent a genus with elements of
order two and the other non-principal genera contain only classes with
elements of order eight. In these latter genera, the fourth power of any
element in the principal genus and is ambiguous and so can be
represented by 13. The following table reflects this information.

~2.7-29 [ 2.7-13 | -1-13-29
1, 1) 1, 1) 1, 1)
(4, 7) 1,1 1,1
(4, 7) 1, 1) (4, 13)
(1, 1) 1, 1) (4,13)
(4,7) 1) 1 1)
1, 1) 1 1) 1, 1)
1, 1) 1, 1) (4,13)
4, 7) 1, 1) (4,13)
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In this table each (a, b) with @ >1 means that in the corresponding

genus there is an element of order 2a whose ath power is in the class
represented by a divisor of b. This is also true when a = 1 except in the
case of the principal genus and the principal genus contains no class of
order 2. In this exceptional case the principal genus has a class of order 1
whose square is the identity class. Thus, in this example, we see that

S* N amb is given by ((7,1,1), (1, 1, 13)) and that S* N ker is (1,1, 13)).

SS4ﬂamb: HS

Thu Zg and - Zq. Hence there is a factor of Z;4 in H.
H

S* N ker
Now we see that for the square everything remains the same. So s?n
2
amb = {((7,1,1), (1,1,13)) and S% N ker = (1,1, 13)). Thus, w
S° N ker

4
= Zy, so Theorem 3 shows H—8 =Zy x Zy. One Zy is determined by the
H
factor of Z;5 that we already have, but the other one indicates there is a

factor of Zg in H.

Using the methods already described, we can determine that the rank

of H is three and the order is 2%, Thus we have one more factor of order
2. Clearly then, H = Z1g x Zg x Z.

Things worked out in a very straight-forward manner in this example
because each H; had at most one non-elementary factor. This meant

that, once we identified the genera that contained the ambiguous classes,
we knew the order of the classes of the other genera. If there are two or
more non-elementary factors of unequal order in some H;, then this will

not be the case. To determine S™ N amb for any m = 2j, where j is a

whole number, we must know not only the minimum order of a class in
each genus but also the ambiguous class in the principal genus which it
generates.

Let q be an unramified prime whose character values place its prime
divisors in a genus that does not contain ambiguous classes. Say q, a

prime divisor of ¢ in k;, belongs to a class of order m. Then qm/ 2 pelongs

to an ambiguous class in the principal genus. Assume that p is an
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ambiguous ideal in this class (this is always the case when k; is

imaginary). Then qm/2p ~ (1) is a principal ideal of &;. If qm/2p = (x +/d;y),

where x and y are both integers or half of integers then x? - d; y2 = qm/ 2 p.

Conversely, assume x2 —diy2 = 2lqm/2p, where [ =0, unless d; =
1 (mod 4) and then [ =0 or 2 and ged(x, gp) = 1. If p ramifies in the
field %; and if the prime divisor p in k; is not principal then the prime
divisors of q in k; belong to classes of order m.

For each ramified (p) in the principal genus the key to solving such

problems will be to find an x and y in Z and a prime g in a non-principal

m/2

genus such that x? - d; y2 = pq""“. The genus which contains the divisors

of q contains the classes of order m.

A slight complication occurs if the class group k; contains one or more
factors of odd order. In this case the right-hand side of the equation may

be g™, where g is an odd divisor of the class number ;.

Example. For our next problem let d; = -18761, dy = 2482 and
dy = -8738. Here H; =Zs9 xZy, Hy =ZyxZy and Hg =ZgxZy.
First note that the ker is {(1,1,1), (1, 2, 2), (1,17, 17), (1, 34, 34), (2,1, 2),
(2,2,1), (2,17, 34), (2, 34, 17), (73,1, 34), (73, 2, 17), (73, 17, 2), (73, 34, 1),
(146, 1, 34), (146, 2, 34), (146,17, 1), (146, 34, 2)};. The table of consistent

characters 1s

-1 73 257 |2 17 73|-2 17 257
+ o+ + o+ o+ o+ |+ 4+ +
- - |+ 4+ -+ -
+ - -+ - -1+ - -
- - + |+ - - - - +
+ - - |-+ -1 -+ -
- - + |- o+ = |+ 4+ +
+ o+ + |- - + |- - +
-+ - - - + |+ - -

Note that in this case the characters of the real field did not have to be

normalized. Finding the ambiguous classes in the principal genus, we see
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that in %; the divisors of 2 and of 73 are both in the principal genus, in
kg it is the divisors of 2 and, in kg, the divisors of 2 and of 17. In kg, 17

is in the genus with character values + — —.

It is necessary in this case, for both of the imaginary fields, to find the
quadratic representations of a prime in the non-principal genera. It will
be sufficient to find two such primes (perhaps even in the same genus)
where some power of each is in the same ambiguous class as the divisors
of 2,73, or 146in k; and as 2, 17 or 34 in k3. For k; we get

(73 - 4)® +18761 - 3% = 73 - 592
1412 +18761 = 2 -1392

Since we find that both 59 and 139 have characters — — +, we know this
genus contains classes of order four which square to an ambiguous class
containing divisors of 2 (and 73). The other non-principal genera must
have classes of order thirty-two whose sixteenth power is an ambiguous
class containing divisors of 146 (since 73 was also seen to be a square).

For kg we get
108% + 8738 = 21017
512 + 8738 - 2% = 17472
Here 101 and 47 have characters — + — and so we know this genus
contains classes of order four which square to an ambiguous class
containing divisors of 2 (and 17). So the other non-principal genera must
have classes of order sixteen whose eighth power is in an ambiguous class

containing divisors of 34. Thus, using the quadratic representations, we
get the following table

~1-73-257 | 2-17-73 | -2-17 - 257
(1, 1) (1, 1) 1 1)
(16, 146) (1, 1) 2, 2)
(16, 146) 1,1) (8, 34)
2, 2) (1, 1) (8, 34)
(16, 146) 2, 2) 2, 2)
(2, 2) (2, 2) 1,1
(1, 1) 2, 2) (8, 34)
(16, 146) 2, 2) (8, 34)
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Again, in this table each (a, ) means that in that genus there is an
element of order 2a whose ath power is in the class represented by a

divisor of b. Thus, in this example, we see that S N amb is given by

16

(146, 1, 1)) and that S'® N ker is ((1, 1, 1)). Thus w = Zy and
S*° N ker

H32

—1 = Z2- Hence there is a factor of Zg, in H. Now we see that for the

H

eighth power we have S® N amb = ((146,1,1), (1,1, 34)) and S8 N ker

S8 N amb . H'
={((1,1,1)). And so, =—————==Zy x Zg making —— = Zy x Zy. One
( ) S5 (Y her 2N e R

Zg 1s determined by the factor of Zg, that we already have, but the

other one indicates there is a factor of Z35 in H. Clearly, since there are
no terms (a, b) in the above table with @ = 4, $* Namb =S® Namb so
we move on to S2. Since S% N amb = ((146,1,1), (1, 1, 34), (2, 2, 1)) and

2 ' 4
S_Namb' . g, w2y and E_= 2, x 2,
S N ker H

Both of these are accounted for by the factors of H already obtained. So

S% N ker = (2, 2, 1)) we have

all other factors of H are of order 2 or 4. Since it can be determined by
previous methods that H has rank 5 and A = 2!° we see that H = A
><Z32 XZ4 XZ2 XZ2.

In our next example we will examine a special case for the real field:
weak ambiguous classes. While these do not happen very often, they do
occur and so must be dealt with. If in the real field the character values of
—1 are all positive and the norm of the fundamental unit is +1, then there
exists at least one ambiguous class which does not contain an ambiguous
ideal. Such a class is referred to as a weak ambiguous class. The number
of such classes occurring is the same as the number of classes generated
by taking the product of all strong ambiguous classes with any one of the
weak ambiguous classes. In other words, half of the ambiguous classes
will be weak. When this occurs we know that for some w; in H, the

divisors of wiz are in the principal genus. It is not always necessary to

know exactly what w; is, only that it exists.
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Example. For our next problem let d; = -1326, dy = 14722 and
d3 = —16887. Here H]_ = Z2 X Z2 X Z2, H2 = Z4 X Z4 and H3 = Z4 X ZS’
where the class numbers of k; and ks have odd factors of 5 and 3,

respectively. These can put a slight twist on the calculations for the
quadratic representations. Next note that the ker is {(1, 1, 1), (1, 17, 39),

(2,1, 1), (2,17, 39), (3, 1, 3), (3, 17, 13), (6, 1, 3), (6, 17, 13), (13, 1, 13),
(13,17, 3), (17,1, 39), (17,17,1), (26,1,13), (26,17, 3), (34, 1, 39), (34, 17, 1)}.

The table of consistent characters is

2 3 13 17| 2 17 433 |3 13 433
+ + o+ |+ +
+ - -+ |+ - -
+ + - - |+ - - |+ - -
+ - + - |+ - - |- 4+ -
-+ - o+ |- o+ - |+ - -
- - + 4+ |- 4 - |- + -
-+ + - |- - + o+

Observe that again in this case the characters of the real field did not
have to be normalized. Finding the ambiguous classes in the principal

genus, we see that in k; all genera contain ambiguous classes, and in &y

all discriminantal divisors are in the principal genus. However,
3642 — 32 .14722 = -2,

so the divisors of 2 and 17 -433 are in the principal class. Hence the
divisor of 17 is the only nonprincipal strong ambiguous divisor. Since
the norm of the fundamental unit here is +1 and the characters of —1

are all positive, there are two weak ambiguous classes. We find that
15172 —14722-2% =17-192. The characters for 19 in kg are —+ — . Thus

the divisor of (17) is a square of a class in this genus. Now there must be

two weak ambiguous classes. Let w; and wy be their representatives

whose divisors are in the principal genus. Then 17w; ~ wy. Now, in kg
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the all ambiguous divisors are in the principal genus. Using the quadratic

representations for k3 we get

1862 + 16887 = 31312
377% + 16887 - 22 = 13-1272

Here 131 and 127 give the character values — + — and + + +. Hence we get
the following table

-2.3-13-17 | 2-17-433 | -3-13-433
(1, 1) (1, 1) (1, 1)
1, 1) 1, 1) (4, 13)
1,1) (2, 17w;) (4, 13)
1, 1) (2, 17wy ) 2, 3)
1,1) (2, 17) (4, 13)
1, 1) (2, 17) 2, 3)
(1’ 1) (2’ wl) (]—’ 1)
L 1) @uw) | (413

Again, in this table each (a, b) means that in that class there is an
element of order 2a whose ath power is in the class represented by a

divisor of b. Thus, in this example, we see that S* Namb is given by

4
((1,1,18)) and that S* N ker is (1, 1,1)). Thus S Namb . Zy and
4
S* N ker
H8
—5 = Zg. Hence there is a factor of Z;5 in H. Now we see that for
H

the second power we have S2 ) amb = (1, 1,13), @, wy, 1), @, 17wy, 3),
(1,17, 3)) = (1,1, 13), (1, wy, 1), (1,17, 3)) and S2 N ker = ((1, 17, 39)). And

so, M = Z9 x Z9 making H—4 = Zy x Zy. One Zg is determined
S2 N ker H?

by the factor of Z; that we already have, but the other one indicates

there is one factor of Zg in H. So all other factors of H are of order 2 or 4.

Since it can be determined by previous methods that H has rank 4 and

h =2 we see that H =716 X ZgxZy xZy.
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Example. For our final problem let d; = —-388841, dy = 31897 and
dg = —6497. Here H, = Z, x Z, x Z1¢4 (the class group also has an odd
factor of order 3), Hy = Zy x Z, and Hg = Zg x Zg. Next note that the ker
is {(1,1,1),(1,17,73),(2,1,2),(2,17,146), (17,1, 73), (17,17,1), (34, 1, 146),
(34, 17, 2), (89, 1, 73), (89, 17, 1), (178, 1, 146), (178, 17, 2), (257, 1, 1),
(257, 17, 73), (514, 1, 2), (514, 17, 146)}.

The table of consistent characters is

-1 17 89 257 |17 173 257 | -1 73 89
+ 0+ o+ + + o+ + + o+ o+
+ o+ - - + - - + - -
+ -+ - -+ - + o+ o+
+ - - + - - + + - -
-+ o+ - + - - - -+
- -+ + - - + - -+
-+ - + + o+ + -+ -
- - _ -+ _ -+ -

Note that again in this case the characters of the real field did not have to
be normalized. Finding the ambiguous classes in the principal genus, we

see that in & and k5 all ambiguous classes are in the principal genus. In
kg the divisors of 17 are in the genus with character values — — + and the

divisors of 257 are principal. Since the norm of the fundamental unit here
is +1 and the characters of —1 are all positive, there must be a weak

ambiguous class in the principal genus. We find that 553012 + 38841 - 42
=17-136292. The characters for 13629 in k; are + — — +. Also 62302 +
38841 - 8% = 89 - 8462 The characters for 846 in k, are — + + —. Finally,
112 + 38841 = 2 - 21*. Since the divisors of 21 are in the principal genus,
we get 48702 + 3884142 = 21.11942 The characters for 1194 in Ry

are + + — — Thus (2) is a eighth power of elements in this genus. In k&,

there is a weak ambiguous class that is a square of elements from each of
the two genera with character values + — — and — + —. Using the quadratic
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representations for k3 we get:

978202 + 6497 - 3% = 73-107%, 1% + 6497 = 2. 572
and
22192 + 6497 - 42 = 57 - 2972,

Here 107 and 297 give the character values — — + and + — —. Hence we get
the following table

17-89 257 | 2-73-257 | ~73- 89
1) L, w) 1)
(8, 2) 2 w) (4, 2)
(8, 2) 2, w) 1)
(2, 17) 1, w) (4, 2)
(2, 89) 2, w) (4, 73)
(8, 2) 1, w) (4, 73)
8, 2) L w) | (4,146)
(2, 1513) 2 w) | (4, 146)

Thus, in this example, we see that S® N amb is given by ((2,1,1)) and

g 16
S”Namb . Zy and - Zy. Hence
S8 N ker H*

there is a factor of Z39 in H. Now we see that for the fourth power we

that S® N ker is ((1, 1, 1)). Thus

have S* Namb =((2,1,1), (1,1, 2), (1, 1, 73)) and S* Nker = (2, 1, 2)).

4 8
w =7y x Zg making H—16 = Zqg x Zg. One Zy is determined
S* Nker H

by the factor of Z3, that we already have, but the other one indicate there

And so,

is a factor of Z;g in H. For the squares there is no change, but Theorem 3
shows H has a factor of Zg. Now all other factors of H are of order 2 or 4.
Since it can be determined by previous methods that H has rank 6 and

h = 216,we see that

H:ZSZ XZ16 ><Z8>(Z4 ><Z2 ><Z2
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In certain cases it may be necessary to determine which genera of the
real quadratic field contain the weak ambiguous classes. To do this one
needs to know an ideal that is contained in a weak ambiguous class. A
simple method for doing this is described in [10, p. 19]. Let A denote the

discriminant of this field and write A = 4a2 + b%. Then the ideal I with Z

basis [a, (b + VA)/2] generates a weak ambiguous class and has norm a.

We now state our algorithm:

1. Compute ker. The generators of ker are of the form (I, [, 1), (I, 1, 1),
1, 7,1) and (m, 1, 1), (1, 1, m), where [ is a common prime divisor of the
discriminants of the two quadratic fields with subscripts corresponding to

the position of the I’s. The terms involving m (not necessarily prime) are
defined similarly, but it is a principal divisor of ky. Set H = (1).

2. Make a table of the consistent characters for K. This will be
referred to as the genus table for K. In our examples we made a separate

(a, b) table corresponding to the genus table. Here it will be easier to

describe if we instead think of this as a labeling of the genus table. Label
the principal genus of each field as (1, 1).

3. For each of the three quadratic subfields, determine in which genus
each ambiguous class is contained. For the real quadratic this may
include weak ambiguous classes denoted by w. Label the corresponding

entry in the genus table as (1, 1).

4. If none of the H;’s has more than one cyclic factor of order greater

than 2, label the remaining entries (if any) for the field k; as (2j , D),

where the largest cyclic factor of H; has order 27+l and p is in the
nonprincipal ambiguous class that is the principal genus. If this is a weak
ambiguous class set p = w. Let 27 be the maximum first coordinate of

any entry in the table. Go to step 8. Otherwise set j = 1.

5. For each H; with two or more cyclic factors of order greater than 2,

determine a basis for the ambiguous classes that are in the principal
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genus. Here, if necessary, a weak ambiguous class will be denoted by c,
where ¢ is the norm of the ideal described above. The other weak classes

by p-c, where a divisor of p is a strong ambiguous class in the principal
genus. For each such ambiguous class let m denote the norm of an ideal
in this class. Solve the equation x2 + d; - y?% = +m - 2%, where the first
sign is negative exactly when i = 2 and the second sign is always positive

when i =1 or i = 3. A method of Lagrange as explained by Hasse in [6]

can be used for this purpose.

6. Determine the generic characters for each z. If this is not all +1°’s
label the corresponding genus of the quadratic subfield as (2j , m), where
m appears in the equation giving z or m = my when j > 1. If a product
of some 2z’s for a particular field belongs to the principal genus, let
zy denote the product of these z’s and my denote the product of the
corresponding m’s solve the equation x% +d; - y* = +z; - z%. Do this for
all such products and all three fields. Increase j by 1.

7. Repeat step 6 until no product of z’s are in the principal genus for

any of the three quadratic subfields. There may still be unlabeled genera.

In this case there should be labeled genera whose product is this genus.

Let 2/ denote the maximum of the first coordinates in this product and m
the product of the second coordinates of all terms where this maximum

value of the first coordinate occurs with square factors deleted. Label the

genus as (2j , m). A short cut is possible when an H; has a unique cyclic
factor of maximum order 2°. When half of the genera of k; have been

labeled, the other half can be labeled as (2(3_1), b), where b has a divisor

that is ambiguous and does not correspond to a genera containing classes
of smaller order. This can substantially reduce the number of quadratic
equations that must be solved. When all ramified primes divide the

discriminant of one of the quadratic subfields k; and 2 is not totally
ramified only half of the genera for k; occur in S. Ifa genus for k; that

would normally be labeled (2j , m) with j > 2 does not occur in S, then
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the principal genus of k; needs to be labeled as (2j_1, m). Set 27 equal

to the maximum of all the first coordinates of all labels in the genus table.

J J
8. Use the genus table to compute S Namb and S? () ker. Let

2J+1

the quotient of the groups have order 2. Then has f; + f9 cyclic

HJ+2

J+1
factors of Z,, where 2% is the order of S2 N ker. Let f; denote the
number of cyclic factors already in H (Initially both f; and f;3 will be 0).

Then f; + fo — f3 will be the number of cyclic factors of order 272 that

are now added to H. Decrease JJ by 1.
9. While J > 0 repeat step 8.

10. Compute the rank and order of H. The remaining factors all have

order 4 or 2 and the number of each is now easily determined.

We would like to close this section with two examples with much larger
class groups that have been done both by hand and by computer. If
dy = —6411481, dy = 14722, ds = -94389823282, then

Hy =7y x Z513,

Hy =7, xZy,

Hy =79 xZyxZyxZgy
and

H =Zg19 x Z19g x Zg x Zg X Zig X Zg.
If

d; = -5776272669249131925508687
= —179424673 - 17942911 - 179424929,

do = 14722,

dg = —85038286236685720207338890014,
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then

Hy =7y x Zy56,

Hy =7, xZ,,

Hy = Zy x Zg x Zg x Zy x Zyg
and

5. Fields With Class Numbers 8 and 16

Complete lists of all imaginary, bicyclic, biquadratic fields of class
numbers 1 and 2 have already been given in [2] and [5]. Moreover, in our
recent article [9] we gave an essentially complete list of all such fields
with class number 4 and determined the structure of the 2-class group of
each field. Here, we give an essentially complete list of all such fields with
class numbers 8 and 16 as well as determine the structure of the

2-class group of each field. In order to determine all such fields of class

number 2", we use the well-known class number formula
h= q70h1h2h3,

where o =1 or 2 is a unit index. Hence if h = 2", then h; <2"% To
accomplish our goal here we need complete lists of all imaginary
quadratic fields of class number 2" for n <5. Stark [12, 13] has given
such lists for n =0 and 1 and Arno [1] a list for n=2. While complete
lists of imaginary quadratic fields of class numbers 8, 16 and 32 are
unknown, Buell [3, 4] has computed the class number of all such fields
with discriminant greater than 2.2 million. Moreover, Hoffstein’s [7]
bounds on the L-series show that there is at most one more imaginary
quadratic field of class numbers 8,16 or 32 with discriminant less than

2.2 million. Therefore, Buell’s lists are essentially complete.

When A =8, the rank of the 2-class group determines its structure.

But when h =16 there are two possible structures of rank 2. Here we
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apply the methods of this article to distinguish between the two
possibilities. The structure of the class group of the quadratic subfields
was usually obtained from Oriat’s [11] tables. A summary of these results
appear in the following table.

structure no. least conductor greatest conductor

ZigxZoxZy 132 168, 21, 2, 42 233905, 163, 233905, 1435

ZoxZy 469 120, 6, 15, 10 297005, 955, 59401, 1555
Zg 585 195, 15, 65, 39 930241, 163, 930241, 5707
ZoxZoxZgxZy 26 1320, 2,330, 165 18204, 37, 4551, 123

ZyxZyxZ, 423 552,46,3,138 626665, 403, 626665, 1555
Z,xZ, 281 420, 5,105,21 602497, 427, 602497, 1411
Zyx Zg 1152  264,33,2,66 1304645, 1555, 260929, 4195

Zig 719 555,555,5,111 3844681, 163, 3844681, 23587

Since there are only 26 fields with class number 16 and class group of

rank 4, the complete table is given below.

Fields where H = Zy x Zg x Zo x Zg

f —d; do —d3 f —d; do —d3
1320 2 330 165 5187 3 1729 5187
1848 42 11 462 5208 6 217 1302
1848 21 22 462 5304 13 1326 102
1848 2 231 462 6105 11 6105 555




104 CHARLES J. PARRY and RAMONA R. RANALLI
2652 13 663 51 6460 19 1615 85
2760 30 46 345 7315 19 385 7315
2856 2 714 357 7755 11 705 7755
3080 70 22 385 8835 15 589 8835
3795 11 345 3795 8932 7 319 2233

4420 13 1105 85 11305 19 11305 595

4488 2 561 1122 11715 11 1065 11715
5016 2 1254 627 14763 3 4921 14763
5115 11 465 5115 18204 37 4551 123
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