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Abstract

We describe the Weyl group associated to the 3-extended affine root

system BCZ(2’2’1)(2) [1], [5] in terms of the 3-extended affine diagram.

1. Introduction

In 1985, Saito [5] introduced the notion of an extended affine root
system, and especially classified (marked) 2-extended affine root systems
associated to the elliptic singularities, which are the root systems belong
to a positive semi-definite quadratic form I whose radical has rank two.
Therefore 2-extended affine root systems are also called elliptic root
systems. In 1997, Allison et al. [1] also introduced the extended affine root
systems associated to the extended affine Lie algebras and gave a
complete description of them by using the concept of a semilattice. The
generators and their relations of elliptic Weyl groups associated to the
elliptic root systems were described from the viewpoint of a generalization
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of Coxeter groups by Saito and Takebayashi [6]. In the cases of the
simply-laced extended affine root systems, Azam [3] has given a
presentation of the corresponding Weyl groups. In [7], in the cases of
simply-laced 3-extended affine root systems, and in [8-11], in the cases of

the 3-extended affine root systems Cl(l’l’l), Cl(l’l’z), Cl(1’2’2) and BCZ(Z’LI),

similarly to the cases of the elliptic root systems, we described the
3-extended affine Weyl groups in terms of the 3-extended affine diagrams.
In this paper, we describe the Weyl group of the (marked) 3-extended

affine root system BCI(2’2’1)(2) in terms of the 3-extended affine diagram.
2. The 3-extended Affine Root System BCZ(Z’Z’I)(2)

We recall the (marked) 3-extended affine root system BCZ(Z’Z’I)(2) [1],

[5], which is given as follows:
BC2Y(2) (1 > 1)
R: tg;+nb+ma+kc(1<i<l) (n,mkeZ),
2, +(2n+1)b+2ma+kc (1<i<l) (n,m,keZ),
tgitej+nb+rma+ke(1<i<j<l) (n,mkelZ).

We set;

A

og = —2&1 +b, a; =¢& —g;,1 l<i<i-1), a; = €,

af =a; +2a (0<i<l-1), oj =o;+a,0; =a; +c (0<i<]).
The elliptic diagram of BCZ(2’2)(2) (I =2 1) is given as follows [5]:

BCE(@2) (I > 1)

ag a) og 'y [ o, '
| | 2 - I
(] 1 | [ || [N
(] (I (] [ (BN L)
() 11 L) I i L)
C » oF—------
4

g 2l 2 Gy iy Q1 27

(1=1) (122

Qo
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We define the 3-extended affine diagram I'(R) by adding the vertices

a; (0 <i<l) to the elliptic diagram in the above. So, we have the

following subdiagram for all o, B s.t. (o, B¥) = —t, (a”, B) = -1.

3. The Weyl Group of the 3-extended
Affine Root System BCZ(2’2’1)(2)

The Weyl group of the 3-extended affine root system is defined as
follows [1], [5]. Let Vbe an (I + 3)-dimensional real vector space equipped

with a positive semi-definite bilinear form. Let VY be the 3-dimensional
radical of the form (,) and (V°)" be the dual space of VY. Set
V=vVeVv’ and V=vVeV®e V. Let {e, .., ¢} be the standard
basis of V satisfying (e, €j) = §; forall i, j =1, ..., L. Define the bilinear
form (,) on V so that (,) extends the form on Vand (,) is nondegenerate

on V. For o€ R, we define the reflection w, € GL(V) by wy(u) = u

(oo (e V) with @ = 2%, Set Wy = (wy |0 € R) € GL(V).

(@, o)
Then WR is the Weyl group of the 3-extended affine root system R. We
set X; = wo, Wy, 4p (1 <0 <1), Y =wg Wy, 190 QSi<1-1), V] = wy,1q,
Z; = wgWy, . (1 <1 <), then we have the following.
Proposition 3.1. The Weyl group of the 3-extended affine root system
BCZ(Z’Z’I)(2) is described as follows.
Generators: w; = wy,, X;, Y;, Z; (1 <i < 1), and the central elements

N1, M2, Ms-
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Relations:
Xin = Xin
(a) YiY; =YY,
ZiZJ- = ZjZi,

VX, =miX)Y; Q<i<l)
YX; = n*X,Y;

(b) G=j+1,(,i)=(1-11)
Y, X =mt XY

YiX; = X,Y; (i #j,j+1),

Z.X; =m3X;Z; 1<i<l-1)
ZiX; =3X,Z,

Z;X; =my'X,Z; 1<i, j<1-1)
71X =3 X117,

Z11 X =2’ X,Z

Z]Xl = XLZJ (l * j,jil),

(©

ZY; =m3%Z; 1 <i<l)
Z;Y; = n3'Y,Z;

(d) =71, )= 1-1)
ZY = 3747

Z)Y, =Y,Z; (i = j,jt1),

wX; =X w; 1<i<l)
w;X; = X; Xw;

(e) (J=ix1, @ j)=1I-11)
w1 X; = Xiq Xpwy
wiX; =Xw; (j=i,i+1),

w;Y; = Y w; (1<i<1)
w;Y; =Y Yw;

() (G=i+1, (@, j)= (1 1-1))
wY;y = Y1V w,

w;Y; = Yw; (j #1,i+1),

Z; and w; satisfy the same relations as the relations of X; and w;.
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Proof. We define n;, ng and ns as follows:
mw) = u+ (u, a)b —(u, b)a,
Ne () = u + (u, ¢)b - {(u, b)c,
ns(w) = u + (u, 2¢)a - (u, 2a)c.
Then, using the following formula;
for
Xi = wqWo;sp,  Yj = WoWa4q, @ = DA,
Yinijlel(u) =u+ (o, oc]Y) (~(u, pbya + (u, pa)d),
they are similarly checked as the cases of [8-11].

From Proposition 3.1, we obtain the following.

Theorem 3.2. The Weyl group of the 3-extended affine root system
BCl(Q’z’l)(Z) is described as follows.

Generators: for each o € T'(R), we attach a generator a, = w,. For
simplicity, we shall write a, a*, @, b, b*, b, ... instead of ay, a s G

ag, aﬁ*, afs e

Relations:
o] - = a2 =1
T t=0 = (ab)? =1
a L3 t=1 = (ab)’ =1
t=2 = (ab)* =1
irn a*
SRS 2 ¢ N2 ¢~
% = (ada”)’ = (@a"a)’ = (a"ad)
(S

t=1 = (ABAB)’ =1
i t =21 = (ABAB)’ =1
,'2‘1\ B _ _ _
H o t =4 = (AABY = (ABA)? = (BAA),

where A # A € {o, o, 3}
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= (AaAB)’ =1, where A =8, B =p",
or A = OL*, B = E
t=1 = ABA = BAB

t=2 o =o+2qp =p+2a¢ = ABA = ABA

= aa’bb” = a"bb*a = bb*aa” = b aa’b
aba =aba
= (aBaBcB)’ =1, (aBaBcB) =1,
where B # B € {8, B*, B}

t=2 a"=a+2a B =Bp+a

o =o+c, E =B+c
= bab'd = b*dba*, ba*db* = a*ab*b
a’bb*d = b*da’b

bb*aa
t =4, aa*bb*d = daa’bb”,

aa*bb*b = baa*bb*
= (a@)?bba”* =a*(ad)’bb,
(a@)?bbb* = b*(ad)?bb

a* @b’ = ba*ab*.
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Proof. In the case of V.4, we check the above relations, since the 4

others are similarly checked as the cases of [8-11]

(V.4) a*(ad@)?bb(u) = u - <u,%oc +a- C>OL —(u, —2¢)B — (u, o + 2B)c

—(u, o+ 2a)a = (a@)?bba*(u).

aabb*a(u) = u - <u, %a + %c - a>a —(u, —2a)B - (u, a + 2B)a
1 1 ~ * &
—<u, Eoc+§c>c = aaa bb" (u).
a*ab*b(u) = u - <u, a —%c>oc —(u, 2a)B — (u, —a. — 2c — 2B)a

1 1 T sy ok
—<u, §0L+§c+2a>c =ba ab (u).

The others are similarly checked.

Next, we show that the relations in Theorem 3.2 are the defining
relations of Wg. We denote by W(I'(R)) the group defined by the

generators and relations in Theorem 3.2. Let N(R) be the smallest

normal subgroup of W(I'(R)) containing ayd, Vo € I'(R). Then one has

a natural isomorphism
W(L(R))/N(R) = W(Ry).

The left hand side is a group obtained from W(F(R)) by substituting @, b,

etc. by a, b, etc. Therefore, it is isomorphic to the central extension

W(Rel) of the elliptic Weyl group associated to the elliptic root system
R,; [6]. For the proof of Theorem 3.2, we prepare the following.

Lemma 3.3. We set y5 = wliowowoowowog. Then

() y3 is a central element in W(T'(R)).
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(11) When [ =1,
Y3 = Wl WoowWWoly,
and
2 _ * ~ * ~
Y3 = Wolow W Wolow W
_ ~ * ~ * _ * ~ K~
= Wy W0y w1 w1 1wy Wy W1 (= Wy 10wy w; Wy ).

(i) N(R) is an abelian group generated by T, = a,d, Vo e I'(R)
and vs.

Proof.

(1) When [ = 1, noting that
~ * ~ *
Y3 = WolbpWoWoWoWoWplg
_ * ~ * ~
= WolpWoWoloWq
b ~ #\2 *~ N2 * ~ 2
(by (wowowo) = (wowowo) = (wowowo) ),

* ~ X ~
W1Y3 = W1WoloWol ool

W Wb Wolp

Lﬁowoﬁlwswowowé
(by wigwy = Wowoivy)
~ * ~ * * *
= Wy Wy Wl
~ * ~ * ~ * *
(by Wywyivy = wolbgw,wyw; )
o~ * ~ * _
= WolWoWoWoWoWwpW = Y3y

b * * * *
(by wywywowy = wywewow ).
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* =1 _ * ~ * ~ *
W1Y3 = WWoWoWoWoWoWq

= wlwmowS@woﬁowawo
* ~ * * ~ * ~
(by wiibgwy = wyw; Wowgidy )
¥~ * ~ £
= W WolpW oo Wollg
(by @ywoiby = wolbow, )
* o~ Ed ~ ES ES ES
= W WolgW ool Wl Wy
_ * ~ * ~ * =1 =
= WolpWoWoWoploy = Y3 Wy
b * k ~ o~ * *
(by wowoww Wy = Wowowowiwy ).
The others and the case of [ > 2 are similarly checked.

(i)  wiw wylbowiw; oWy

WL W] Wil Wy oWy

wotbowowoWolo

(by wowwiwgy = woywowwy , WeWew Wiy = WolbgWoiW; )

= WoWoWoWoWoWpy = Y3-
2 #* o~ # o~ N2
Y5 = (wowolbowowily )
* o~ ~ ko~ ~
= WolhoWoWoWoWoWo ooy,

here wowoﬁowowgwowowo

w@lwlwlﬁowowowowgwowowo

= w@wéﬁowlwl

N e 2~ e 9
(by woibyw (Wowo )~ = Wywy (Dowo )~ wp )

13
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2 3 ~ % ~
S0, Y3 = WoloWwWwoloy -
2 # o~ # o~ D
Y5 = (wowpibowwoity )
= wowéwowowowowgwowowo
_ * * * ~ ~ * ~ ~
= wlwlwlwlwowowowowowowowowowo
= wfwlwowowowowwfwowowowo
b * * ~ o~ * EY
(by wywywowoiy = Wowwywow )
= wfwlwlw@owowowowlwfwowowowo
by @ ~ 2k ke~ ~ 2
(by Wyw; (@Wowg )" wy = wyivw; (Wowy )™ )
_ o~ o~ _ ko~ ko~
= Wiy = Wi iy
o~ 2 *~ \2
(by (wy1w, )" = (wywyivy )7).

(iii)) We show that the subgroup generated by 7, (Vo € I'(R)) and y3
is closed under the adjoint action Ad, Vo e I'(R). When [ =1,

Ady, (T, ) = wow 01w
= WollHWoWoloW W1 Wiy
= WolWolWoWwoWoW; W1woly

=T*T

wo Wr°

Adwf—} (Tw,) = w1 Wy

wOwOwswlﬁlwswowlwlwlwle

2 ~ 274
vswowitwo = V5T, Ty, -
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Adg, (T,,) = Dow W@

~ 4
Wol1 W Wy = TwOTw1‘
Adwf (Twl ) = Wiy

wlwlwf wlwlwik w1 Wy W1 w1 Wy Wy

T |
vgwwy =v37 T,

Ady, (Tyy,) = wiwoibow,

wiwwowy = Ty, Ty, -

Adwf (T ) = W1 wolow;

wlwlwfwowowi*w@owowowow

Yawiwolow, = Y37, T, -

Adg (T, ) = Wywoiboiv,

wowowwy = Ty, Ty, -

Aalw8 (T ) = WOy

wOwOwaoﬁ)Owaowowowoﬁowo
R S P |
= Y3 Wowo = Y3 T}, -

The case of [ > 2 is similarly checked.
The proof of Theorem 3.2

Let N be a subgroup generated by Z; (1 <i <), ng and ns. Then N
is a normal subgroup of WR and there is an isomorphism WR /N = W(Rel),

where W(R,;) = (w;, X;, Y; (1 <i<1),m). So we have the commutative
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diagram:

1 > NR - WrR) - WR, - 1
l l I
1 — N —> WR rd W(‘Rel ) —> 1

By the same argument in the case of the elliptic Weyl group [6],

noting that ny is generated by Y; (1 < i < [), we see that the first arrow

1s an isomorphism. Therefore the middle arrow is also an isomorphism.

Let us denote w, be the reflection in GL(V') such that w, |y = w,,

and set Wp = (w, |0 € R). Then, from the same argument in the elliptic

case [6] and Proposition 3.1, we see the following.

Proposition 3.4. (i) The central elements y; and vy € W(I'(R))

corresponding to My and Mg are given as follows:

(1]

(2]

(3]

(4]

(5]

(6]

(7

* * Ed
Y1 = Wolwgwiy -+ Wiy,

~ ~ ~ 9~
(wolow Wy -+ wy_110;_1 )" wyid;.

Yo

(ii) We have an isomorphism W(T(R))/(v1, Vs, V3) = Wg.

Proof. (i) is directly checked and (i1) is trivial.
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