Far East J. Math. Sci. (FJIMS) 26(3) (2007), 769-778
This paper is available online at http:/www.pphmj.com

A NOTE ON THE ALGORITHM OF RESOLUTION OF
A CAPACITATED TRANSPORTATION PROBLEM
WITH FOUR SUBSCRIPTS

RACHID ZITOUNI and ABDELKRIM KERAGHEL

Département de Mathématiques
Faculté des Sciences

Université Ferhat Abbas

Sétif, 19000, Algeria

Abstract
We present some modifications of the algorithm proposed in [3], by us in
kybernetes review. The degeneracy problem is successfully treated and

the presentation is considerably improved.

1. Introduction

As in [3], we consider the following capacitated transportation

problem with four subscripts which we denote (7()
m n p g
Minimize Z = Z Z Z Z Cijki%ijkl (@)
i=1 =1 k=1 1=1

subject to the constraints:

n b 9
Zzzxijkl = 0y for all i = ]_, ., m (2)

J=1 k=1 1=1
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Z Xijp = Y forall k =1, ..., p 4)
i=1 j=1 I=1
m n p
ZZinjkl =% foralll=1,..q (5)
i=1 j=1 k=1
0< Xkl < dijkl for all (l, J, R, l) (6)

In this problem, o;, Bj, v, &, d;j and ¢ are given and are
such that for all i, j, &, [, we have a; > 0, Bj >0, v, >0, & >0,

dijkl >0 and Cijkl > 0.

Recall that a program x = (x;j;) of problem (7) is degenerate if the
number of columns corresponding to variables x;;; satisfying 0 < x;j

< djjp is strictly less than rank(A).

It is useful to present the data of the problem thanks to the following
transportation table. It consists of an array of M rows and N columns,
three additional rows and an additional column. The entries of these N
columns of the first, second, and third additional rows are reserved for

the data of the quantities dj;, c¢;jp, and xjjp;, respectively. The
additional column is for the data of quantities o;, B i Tk and 9,

respectively. Finally, the entry of the array on the line corresponding to

o; and the column Py, is 1if i =i’ and 0 otherwise. Same things for

Bj» vr, and 8y. We give an example below.

dii11 di211 npq

C1111 €1211 Cmnpq
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X111 X1211 Xmnpq
1 1 O (11
0 0 1 O,
1 0 0 By
0 1 0 By
0 0 1 B,
1 1 0 n
0 0 1 Yp
1 1 0 &
0 0 1 3

The algorithm described in [3, Section 5], is not immunized against
degenerateness. This aim is confirmed by our numerical
experimentations. We propose here some modifications (essentially in
Step 1 of Phase 1 and in a/ and b/ of Phase 2) to overcome this
inconvenient. Furthermore, this new presentation is more convenient to
apprehend and to implement. Note that the squares (i, j, k, [) are
arranged in a similar way as variables x;;;,; (see Section 4 of [3]) and the
subscript r which indicate the iteration number is replaced by the

superscript (r). In Section 2, we describe the new version of our

algorithm.
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2. Algorithm

Phase 1 (It finds a basic program or says that (T) is not solvable)
Step 1.

Initialization. For all (i, j, k, 1), &; = a;, Bj =Bjs Y& = V& 8 = 9,
and b;jp; = 0, (;j5; 1s a Boolean variable equal to 1 if x;,; has already

been determined and 0 if not yet),

E = {(l, ja k, l), such that bl]kl = 0}

Iteration.

While E # ¢ do

e Choose a 4-tuple (i, j, k, {) € E, such that Rl = i 11}161?) 5 Ciikl>
i,J,k,1)e
(see Remark 1, below)
e Take XRT = min(a;, B V%> 67, dlf]flgj), and blf]flgj =1,

G.e., XiTRT 1s determined),

e Update a;, [3;, 7, and SZ as follows:

if &; = 0, then take x7;,, = 0 for all (j, k, ) # (j, k, [) and by, =1
for all (j, &, 1),

@ B; = Bj - x; 577>

if fijf = 0, then take x5, = 0 for all (i, &, [) # @G, k, 1) and bisp =1
for all (i, &, 1),

() g =% ~ %50

if 37 =0, then take Xjp =0 for all (i, j, 1) # (i, j, 1) and bijl?l =1
for all (i, j, 1),
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() 6 =& — i
if SZ = 0, then take Xipg =0 for all (i, j, k) # (i, j, k) and bijki =1

for all (i, j, k).

Step 2.
(a) Take
m n p q
SIZ(liZ bj:Zek: fl,
i=1 =1 k=1 =1
such that:

n b g

Q =a; - ZZZ&CUM with i =1, ..., m,
m P 9

b] IB] _Zzzxijkl with ] I]_, ey 1,
m n q

er =Yp — Zzlejkl with & = 1, ey D,

p
f=8 - Dy with 1=1, .., p.

Note that the numbers a;, b;, e, and f; are nonnegative.

If ¢ =0, then x = (x;;) is an initial basic program for the
problem (7), we denote it by x©. Go to Phase 2.

Else, Construct a problem 7 (M) by the procedure described in (P1)

below, and find an initial basic program x© for the problem TC(]VI ), as

in Step 1.
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x0 = (fi(]%)l), with i=1,.,m+1, j=1,..n+1, k=1,..,p+1
and [ =1, .., q+1).

%0)

Then, according to Remark 1 below, X1, n+l, p+lg+l = 0.

it @ is optimal, then the problem (7) is not solvable. Stop.

(b) Improvement of a basic program for TC(M ).

Initialization. r =1, ¢ > 0 is known,

(1) Determine ™ asin Phase 2.

@ 1t 7 =¢ then x) = () with i=1..m,

m+1,n+1, p+1,q+1
j=1..,n k=1,..,p, and [ =1, .., q, is an initial basic program

for the problem (7). Go to Phase 2.

3) If ) s optimal (Phase 2), then the problem (7y) is not
solvable. Stop.

(4) Do r = r +1 and repeat (1), to (3).
Next, we describe the second phase.

Phase 2 (Research of an optimal program for (7))

When Phase 2 starts, we know an initial basic program x© . Take
r=0.

(a) Determine the set 1™ of the interesting 4-tuples (i, j, &, 1),
(see Remark 2 below).
(b) For all (i, j, k, 1) e I(r), solve the linear system

ul(r) + Ug-r) + wg) + tl(r) = Cijkl'
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() For all G, j, k, ) I"), determine

AL = e — @) + o) + w4 1f),

Take I‘ér) and Fc(lr) as two tables such that

r) = (4 o that <, <)

F((ir) = {A(igl)el such that xl(]r]gl = dijp1}»
and elements A(i;zel are represented as variables x;j; in the

transportation table.

By going from the left to the right in F(()r ), choose

AP as the first element A") < 0 found,
lojokolo l]kl

if all elements of F(gr) are nonnegative, then choose in F((ir) similarly,

A
7

) as the first element A(.r.) > 0 found.
0Jokolo ij

kl
If all elements of Fg) are nonpositive, then the program x) is
optimal. Stop.

(d) Construct via the procedure described in (P2) below, a cycle u(r )

containing some interesting 4-tuples (i, j, k2, I) and the uninteresting

4-tuple (o, Jjo, ko, lo) corresponding to (i’(;)J'okolo'
Take
o = {(i, j, k, 1) such that (i, j, k, I) is a 4-tuple forming the cycle “(r)}

ol = {(G, j, k, 1) such that (i, j, k, 1) € o\"), with ajy < O}

o™ = G, j, k, 1) such that (i, j, k, 1) e o\"), with oyj > O}.
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If A(i:)) € F(()r ), then determine

Jokolo
o) = min () /o),
1 ik l)ec(r% ikl 1]
0f) = min  ((dy — =) i),
@, J,k, l)ecs(r)Jr "

o) = min(egr), 6(2r)).
Next, take

2 = i)+ g0, gk D) e U D) G gk D) e o).

Else (A") € FC([)), determine

inJjokolo
ol = min (x(r) J%ik1)s
(i ik, l)ec(r)+ ykl! 2y
of) = min (A~ x)/- ogm)
2 min (r)- ijkl xl]kl Aijkl )

@7,k l)ec
o) = min(egr), O(Qr)).
Next, take
2 = ) 000, (0 ok 1) e 6P U ), G g R 1) € o),
(e) Do r =r +1 and repeat (a) to (d) until the optimality condition

holds.

In the description of the Algorithm, we have made reference to the

two following remarks:

Remark 1. If there are several elements corresponding to the

minimum of ¢;jz;, then we choose one, for instance the first found in the

transportation table by going from the left to the right.
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Remark 2. If the program is degenerate (i.e., the number of columns

of A, is strictly less than rank(A), then we complete A, with additional

columns so that we obtain a matrix having rank(A) linearly independent
columns. Next I can be determined.

Also, the algorithm makes appeal to the two following procedures:

(P1)-construction of a problem T (M):

The problem 7 (M) is obtained from problem (T) by adding four
fictitious points with indices m +1, n+1, p +1, and q +1 such that:
Cm+1,n+1, p+1,q+1 = 0
and

Cml, jkl = Cin+1,kl = Cij, p+1,1 = Cijk,q+1 = M,

where M is a very large number and there are no limitation on
the capacities for the paths involving a fictitious point.

(P2)-determination of cycles:

A cycle u(r ) is determined by solving the linear system

Z UikiBPikt = =Py jokolo -
(i, b, DI

The non-null solutions o, are called coefficients of the cycle p.(r ),
Appendix

(1) Notations.

Let:

e E; : The set of vectors corresponding to variables xi(jrk)l verifying

(r) .
0< xijkl < dl]kl’
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e Nj : The number of elements of Ey.

e E; : The set of vectors corresponding to variables xlg’}f)l verifying

xl(jrk)l =0 or xl(;]gl = dijkl'
e N;, : The number of elements of E;, N; = mnpqg — Np.
e E. : The set of first s elements in E; by going from the left to the
right, such that s = rank(A)— Np.

(2) A procedure for determining 1)

When this procedure starts, we know a set E,
(i) If E, UE, is free, then a base I?) is determined Stop.

(ii) Replace the first (the second, ..., or the s°¢) element in E, by
the (s +1)°™ one in Ej, or take an another unspecified subset of Ej,

and repeat (i) until determining a base 1) Stop.
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