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Abstract

In this paper, we introduce a class Mz(a, b, a, B, v; A), defined by a

generalised Ruscheweyh derivative operator introduced by authors in
[1]. Further, we defined this class using the notion of operator on Hilbert

space. Some properties related to the aforementioned class are obtained.

1. Introduction

Let A be denote the class of functions of the form:

o0

f(z)=z+ Zakzk, (1.1)

k=2

which are analytic and univalent in the unit disk U = {z : | z| < 1}.
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Definition 1.1 [1]. We define the operator Dj by:
DVf(z) = (1 -2 f(2)+ rzf'(z) = D, f(z), % >0,

Dif(z) = (L= 1)zf'(z) + 22(zf(2))’
DI(z) = DX[Z(Z"_;—’;(Z))’L} (n e Ny = NU {0},
If fis given by (1.1), then we can write
DM(z) =z + i [1+ Ak - 1)]C(n, k)azz",
k=2

where

Definition 1.2, Let 0 <a <1, 0<B<1, -1<a<b<l b>0,
0<y<b/(b-a), ne Ny and A > 0 we say that a function f € A is in

the class M7 (a, b, a, B, y) if and only if

ADE)

n
D}f(z) , <B, zeU. (12
b a){Z(D%f(Z)) _ a} ) b{Z(D{Lf(Z)) ) 1}
D;'f(z) Dif(2)

Further, let 7 be denote the subclass of A consisting functions of the

form
f(z)=2- Z(lkzk, ap > 0. (1.3)

k=2

Let us define

MT(a, b, o, B, v) = Mj(a, b, o, B, )N T.
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Perhaps, Silverman [5] was the responsible person to introduce the class
7.

Note that the class ./\/lT(?(—l, 1, 0,1,1/2) reduces to the class of
functions f € A that satisfies | zf'(z)/f(z) —1| < 1, namely the functions
are starlike (see [5]). In [2], it was proven that MTy(a, b, a, B, v)
c .MT(g)(—l, 1, 0,1, 1/2), namely all function in MT}(a, b, a, B, y) are
starlike.

Let H be a Hilbert space on the complex field. Let A be an operator on

H. For a complex analytic function f on the unit disc U, we denote by

f(A), the operator on H defined by Riesz-Dunford integral [3]
-1 _ At
flA) = 5z [ @G- A" dz,

where I is the identity operator on H, C is a positively oriented simple
closed rectifiable contour lying in U and containing the spectrum of A in

its interior domain [4].

Let us begin with our definition which shall be used throughout the
paper.

Definition 1.3. Let 0 <a <1, 0<B<1, -1<a<b<l1l b>0,
0<y<b/(b-a), neNy A20 and for all operator A with |A| <1
and A # © (O is the zero operator on H) we say that a function f e T

is in the class MT}'(a, b, a, B, y; A) if it satisfies the condition:
| AD;f(A)) = DIF(A)] < Bl (0 - a)y[A(DIf(A)) ~ aD}f(A)]
- b[A(D]f(A)) - D f(A)]-
2. Coefficient Estimates

Now we begin with our first result concerning the necessary

and sufficient condition for functions f, to be in the class

MT)(a, b, a, B, 1; A).
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Theorem 2.1. Let the function f be defined by (1.3). Then f e

MT)(a, b, o, B, v; A) for all proper contraction A with A # © if and
only if

Zq);f(k’ a, b’ a, [39 Y)ak < BY(b - a)(]- - OL), (21)
k=2

where
(D;\.l(k’ a, b; a, B9 Y)

={k-1+Bbk+1)-(b-a)y(k+a)}[1+rk-1)]C(n, k),

for 0<a <1 0<B<1l, -1<a<b<l, b>0, 0<y<b/(b-a), ne Ny,
A > 0.

Proof. Assume that the inequality (2.1) holds. Then we have
| A(DTF(A)) - DIfF(A)|
< B (b~ a)y[ADf(A)) — aD]f(A)] - BIA(DT(A)) - DEF(A)]|
= [ A(DIf(A)) - DIf(A)|
- Bl - a)y - bJA(DIf(A)) +[b - (b - a)ya] Dif(A)]

i 1 - k)1 + Mk - 1)]C(n, k)a,A"
k=2

[(6-a)y-blA-[b-a)y- b]Zk[l + Mk - 1)]C(n, k)a;A*
k=2

-

+[b-(b-a)ya]d-[b-(-a)yal Z [+ Ak - 1)]C(n, k)a, A"
k=2

<> Ak =1) + Bb — (b - @)yl + Bb - (b~ @)yal} [L + (k= 1]C(n, k)ay,
k=2

-By(b-a)(l-a)<o0.

Hence fis in the class MT}'(a, b, a, B, v; A).
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Conversely, suppose that
| ADIf(A)) = DEf(A)]| < Bl (6 - a)y[A(D]f(A)) - oD} f(A)]

- B[A(D}f(A)) - DX f(A)|
so that

o0

—(k-1)[1 + Mk -1)]C(n, k)a,A*
=2

k

<BlB-a)yl-a)A-[b-a)y- b]ik[l + Mk -1)]C(n, k)a,A"
k=2

[ - (®-a)ya] Y [t + 1k - 1]C(r, k)a A"
k=2

Selecting A = el (0 < e < 1) in above inequality, we have

i(k—l)[1+k(k—1)]C(n,k)akek
k=2

<B.

(b-a)i-a)ye-Y_{b-(b-a)yk+[b-(b-a)yali[t+1(k-D]C(n, k)aye"
k=2
(2.2)

Upon clearing denominator in (2.2) and letting e — 1 (0 < e < 1), we get

Z(k ~D)[1 + Mk - 1)]C(n, k)ay,
k=2
<P -a)1-a)y

~BY b~ -a)lk+[b- (- a)ali [l + (k- 1)]C(r, B)ay

k=2

which implies that

Z {k—1+Bbk+1)-(b-a)y(k+a)l}[l+Ark-1)]C(n, k)ay
k=2

<By(b-a)l-a).
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Finally, the result is sharp for the function

)=z PO=AA=Y ks g
@7 (k, a, b, a, B, 7)
Thus the theorem is complete. [

Corollary 2.2. Let the function f defined by (1.3) be in the class
MT)(a, b, a, B, v; A). Then we have

ay < B -a)(1 - a)y (k> 2).
@} (k, a, b, a, B, y),

3. Distortion Theorem
A distortion property for function f to be in the class
MT](a, b, a, B, v; A) is given as follows.

Theorem 3.1. Let the function [ defined by (1.3) be in the class
MT(a, b, o, B, v; A). Then for | A| <1 and A # ©, we have

Bo-a)L-a)y | o
Al - A < A
41 e Al < )]
b- 1-
<pafs Le-al-or \,p
(DK(27 Qa, b7 a, Bv Y)

The result is sharp for function f given by

Bb-a)-a)y o
(2, a, b, a, B, )

fz) =z -
Proof. In view of Theorem 2.1, we have

@Y (2, a, b, a, B, y)Zak < Z(D;f(k, a, b, a, B, y)ag
k=2 k=2

<P -a)1-a)y,

which gives

S pb-a)(-a)y

ap = .
®3(2, a, b, 0, B, 1)
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Hence we have
2
I =]A[-]A] Zak
k=2

>|af--PO-dU=ar e
(2, a, b, a, B, )

’

and
2
I <[ Al+]A] Zak
k=2

b— 1-
<lafs L-al-or \,p
(DX(2’ a, b; a, Ba Y)

4. Closure Theorems

In this section we prove the following closure theorems for the

MT](a, b, a, B, 7; A).
First, let the function f;(z) will be defined for j =1, 2, ..., m, by

0

fi(z) =z - Zak,jak’ zelU, (aj20). (4.1)
k=2

Theorem 4.1 Let the functions f;(z) defined by (4.1) be in the class

MT)(a, b, o, B, v; A) for every j=1,2, .., m. Then the functions h(z)
defined by

m

h(z) = )" cifi(2) (cj = 0) (4.2)
=1
m
is also in the class MTy'(a, b, o, B, y; A), where Y ¢ =1.
Jj=1

Proof. According to the definition of A, we can write
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]’L(Z) =z - i[i CjakijZk. (43)

k=2\ j=1

Further, since functions f;(z) are in MT](a, b, a, B, v; A) for every

j=12,.. m we get

Z(D?(k’ a, b, a, B, Y)ak,j < B(b - a) (1 - (X)'Y

k=2
for every j =1, 2, ..., m. We can see that
o0 m
= Z(D;rf(k, a, b, a, B, y) chakyj
k=2 =)

m o0
= Za[ 3 (k @, b, 0, B, 1)a,
=1 k=2

< [Z cj]sa) ~a)(l-a)y =Bl -a)l-a)y.

j=1
Hence the theorem follows.

Corollary 4.2. The class MT)(a, b, a, B, v; A) is close under convex

linear combination.
Proof. Let the functions f;(2) (j =1, 2) defined by (4.1) be in the

class MT)"(a, b, a, B, y; A). Then the function A(z) defined by
h(z) = pfi(z) + 1 - fa(z) (0<p<1)

is in the class MT}'(a, b, a, B, y; A). Also, by taking m =2, ¢; = u and

¢g = (1 — u) in Theorem 4.1, we have the corollary.

As a consequence of Corollary 4.2, there exist the extreme points of

the class MT) (a, b, a, B, v; A).
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Theorem 4.3. Let f1(z) = z and

- > B(b_a)(l_(x)y k k 2: =1.2.8
fr(z) =z Ol (e a. b, o B, y)z, (k>22n=123,..).

Then f is in the class MTy'(a, b, a, B, v; A) if and only if it can be

expressed in the form

@)= mifile),
k=1

where u, 20 (k21) and D py =1.
k=1

Proof. Assume that

f@)= ) wrfi(@)
k=1

= wAE)+ Y ()
k=2

R N I et
e ,;“k{z DLk, @, b, o, B, 1) }

:u12+zuk2_zuk B(b_a)(l_a)y Zk
k=2

k=2 (D;\‘L(k7 a’ b7 (X, Bv Y)

- Bb-a)l-o)y
=z- 5 z".
kz_; "ok, a, b, o, B, 1)

Thus

DTN
@} (k, a, b, o, B, 7)

k=2

@7 (k, a, b, a, B, 7)
Bb-a)1 - a)y
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o0

M =Zuk—u1=1—u1ﬁl-
k=1

Il
L0

So by Theorem 2.1, fis in the class MT}'(a, b, a, B, v; A).

Conversely, we suppose f is in the class MT}'(a, b, a, B, y; A). Since

< B -a) - a)y (k = 2).
@3} (k, a, b, a, B, y)’

We may set
@3 (k, a, b, a, B, 7)
= ap, (F>2

M= B —a) -y e 2P

and
mp=1- Z Hp-
k=2

Then

oo

fiz)=2z- Zakzk

k=2

- b-a)l-a
-=- Y, E( a)d -y _k
= PNk, a b apy)

oYl A - Y e s Y )
k=2 k=2 k=2

- [1 - iuk} + Z‘O:kak(z) = Wz + iukfk(z)
k=2 k=2

k=2
= > ki) = mAR) + D urfil2).
k=1 k=2

Thus the proof is complete.
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Corollary 4.4. The extreme points of MTy'(a, b, a, B, y; A) are the

functions fi(z) = z and

L Bb-a)-ay i
W =2 e abapn
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