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Abstract

In this paper, we introduce a class ( ),;,,,, Aban γβαλM  defined by a

generalised Ruscheweyh derivative operator introduced by authors in
[1]. Further, we defined this class using the notion of operator on Hilbert
space. Some properties related to the aforementioned class are obtained.

1. Introduction

Let A  be denote the class of functions of the form:

( ) ∑
∞

=

+=
2

,
k

k
kzazzf (1.1)

which are analytic and univalent in the unit disk { }.1: <= zzU



www.p
phm

j.c
om

K. AL-SHAQSI and M. DARUS738

Definition 1.1 [1]. We define the operator nDλ  by:

( ) ( ) ( ) ( ) ( ) ,0,10 ≥λ=′λ+λ−= λλ zfDzfzzfzfD

( ) ( ) ( ) ( )( ) ,11 ′′λ+′λ−=λ zfzzzfzzfD

( ) ( ( )) { }( ).0,
! 0

1
∪NN =∈
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zfzz
DzfD
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If f is given by (1.1), then we can write

( ) ( )[ ] ( )∑
∞

=
λ −λ++=

2

,,11
k

k
k

n zaknCkzzfD

where
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Definition 1.2. Let ,10 <α≤  ,10 ≤β<  ,11 ≤<≤− ba  ,0>b

( ),0 abb −≤γ<  0N∈n  and 0≥λ  we say that a function A∈f  is in

the class ( )γβαλ ,,,, banM  if and only if

( ( ))
( )

( ) ( ( ))
( )

( ( ))
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(1.2)

Further, let T  be denote the subclass of A  consisting functions of the

form

( ) .0,
2

≥−= ∑
∞

=
k

k

k
k azazzf (1.3)

Let us define

( ) ( ) .,,,,,,,, TMM ∩γβα=γβα λλ babaT nn
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Perhaps, Silverman [5] was the responsible person to introduce the class

.T

Note that the class ( )21,1,0,1,10
0 −TM  reduces to the class of

functions A∈f  that satisfies ( ) ( ) ,11 <−′ zfzfz  namely the functions

are starlike (see [5]). In [2], it was proven that ( )γβαλ ,,,, baT nM

( ),21,1,0,1,10
0 −⊂ TM  namely all function in ( )γβαλ ,,,, baT nM  are

starlike.

Let H be a Hilbert space on the complex field. Let A be an operator on

H. For a complex analytic function f on the unit disc ,U  we denote by

( ),Af  the operator on H defined by Riesz-Dunford integral [3]

( ) ( ) ( )∫ −−
π

=
C

dzAzIzf
i

Af ,
2
1 1

where I is the identity operator on H, C is a positively oriented simple

closed rectifiable contour lying in U  and containing the spectrum of A in
its interior domain [4].

Let us begin with our definition which shall be used throughout the
paper.

Definition 1.3. Let ,10 <α≤  ,10 ≤β<  ,11 ≤<≤− ba  ,0>b

( ),0 abb −≤γ<  ,0N∈n  0≥λ  and for all operator A with 1<A

and Θ≠A  Θ(  is the zero operator on H) we say that a function T∈f

is in the class ( )AbaT n ;,,,, γβαλM  if it satisfies the condition:

( ( )) ( ) ( ) [ ( ( )) ( )]AfDAfDAabAfDAfDA nnnn
λλλλ α−′γ−β<−′

[ ( ( )) ( )] .AfDAfDAb nn
λλ −′−

2. Coefficient Estimates

Now we begin with our first result concerning the necessary

and sufficient condition for functions f, to be in the class

( ).;,,,, AbaT n γβαλM
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Theorem 2.1. Let the function f be defined by (1.3). Then ∈f

( )AbaT n ;,,,, γβαλM  for all proper contraction A with Θ≠A  if and

only if

( ) ( ) ( )∑
∞

=
λ α−−βγ≤γβαΦ

2

,1,,,,,
k

k
n ababak (2.1)

where

( )γβαΦλ ,,,,, bakn

( ) ( ) ( )[ ]{ } ( )[ ] ( ),,1111 knCkkabkbk −λ+α+γ−−+β+−=

for ,10 <α≤  ,10 ≤β<  ,11 ≤<≤− ba  ,0>b  ( ),0 abb −≤γ<  ,0N∈n

.0≥λ

Proof. Assume that the inequality (2.1) holds. Then we have

( ( )) ( )AfDAfDA nn
λλ −′

( ) [ ( ( )) ( )] [ ( ( )) ( )]AfDAfDAbAfDAfDAab nnnn
λλλλ −′−α−′γ−β<

( ( )) ( )AfDAfDA nn
λλ −′=

( )[ ] ( ( )) ( )[ ] ( )AfDabbAfDAbab nn
λλ γα−−+′−γ−β−

( ) ( )[ ] ( )∑
∞

=

−λ+−=
2

,111
k

k
kAaknCkk

( )[ ] ( )[ ] ( )[ ] ( )∑
∞

=

−λ+−γ−−−γ−β−
2

,11
k

k
kAaknCkkbabAbab

( )[ ] ( )[ ] ( )[ ] ( )∑
∞

=

−λ+γα−−−γα−−+
2

,11
k

k
kAaknCkabbAabb

( ) ( )[ ] ( )[ ]{ } ( )[ ] ( ) k
k

aknCkabbkabbk ,111
2

−λ+γα−−β+γ−−β+−≤ ∑
∞

=

( ) ( ) .01 ≤α−−βγ− ab

Hence f is in the class ( ).;,,,, AbaT n γβαλM
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Conversely, suppose that

( ( )) ( ) ( ) [ ( ( )) ( )]AfDAfDAabAfDAfDA nnnn
λλλλ α−′γ−β<−′

[ ( ( )) ( )]AfDAfDAb nn
λλ −′−

so that

 ( ) ( )[ ] ( )∑
∞

=

−λ+−−
2

,111
k

k
kAaknCkk

( ) ( ) ( )[ ] ( )[ ] ( )∑
∞

=

−λ+−γ−−α−γ−β<
2

,111
k

k
kAaknCkkbabAab

( )[ ] ( )[ ] ( ) .,11
2
∑
∞

=

−λ+γα−−−
k

k
kAaknCkabb

Selecting ( )10 <<= eeIA  in above inequality, we have

( ) ( )[ ] ( )

( )( ) ( )[ ] ( )[ ]{ } ( )[ ] ( )
.

,111

,111

2

2 β<

−λ+γα−−+γ−−−γα−−

−λ+−

∑

∑
∞

=

∞

=

k
k

k

k

k
k

eaknCkabbkabbeab

eaknCkk

(2.2)

Upon clearing denominator in (2.2) and letting ( ),101 <<→ ee  we get

( ) ( )[ ] ( )∑
∞

=

−λ+−
2

,111
k

kaknCkk

( ) ( )γα−−β≤ 1ab

( )[ ] ( )[ ]{ } ( )[ ] ( ) k
k

aknCkabbkabb ,11
2

−λ+γα−−+γ−−β− ∑
∞

=

which implies that

( ) ( ) ( )[ ]{ } ( )[ ] ( ) k
k

aknCkkabkbk ,1111
2

−λ+α+γ−−+β+−∑
∞

=

( ) ( ).1 α−−βγ≤ ab
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Finally, the result is sharp for the function

( ) ( ) ( )
( )

( ).2,
,,,,,

1
≥

γβαΦ

γα−−β
−=

λ
kz

bak

ab
zzf k

n

Thus the theorem is complete.

Corollary 2.2. Let the function f defined by (1.3) be in the class

( ).;,,,, AbaT n γβαλM  Then we have

( ) ( )
( )

( ).2,
,,,,,

1
≥

γβαΦ

γα−−β
≤

λ
k

bak

ab
a

nk

3. Distortion Theorem

A distortion property for function f to be in the class

( )AbaT n ;,,,, γβαλM  is given as follows.

Theorem 3.1. Let the function f defined by (1.3) be in the class

( ).;,,,, AbaT n γβαλM  Then for 1<A  and ,Θ≠A  we have

( ) ( )
( )

( )AfA
ba

ab
A

n
≤

γβαΦ

γα−−β
−

λ

2

,,,,,2

1

( ) ( )
( )

.
,,,,,2

1 2A
ba

ab
A

n γβαΦ

γα−−β
+≤

λ

The result is sharp for function f given by

( ) ( ) ( )
( )

.
,,,,,2

1 2z
ba

ab
zzf

n γβαΦ

γα−−β
−=

λ

Proof. In view of Theorem 2.1, we have

( ) ( )∑∑
∞

=
λ

∞

=
λ γβαΦ≤γβαΦ

22

,,,,,,,,,,2
k

k
n

k
k

n abakaba

( ) ( ) ,1 γα−−β≤ ab

which gives

( ) ( )
( )∑

∞

= λ γβαΦ

γα−−β
≤

2

.
,,,,,2

1

k
nk

ba

ab
a



www.p
phm

j.c
om

ON CERTAIN CLASS OF ANALYTIC FUNCTIONS … 743

Hence we have

( ) ∑
∞

=

−≥
2

2

k
kaAAAf

( ) ( )
( )

,
,,,,,2

1 2A
ba

ab
A

n γβαΦ

γα−−β
−≥

λ

and

( ) ∑
∞

=

+≤
2

2

k
kaAAAf

( ) ( )
( )

.
,,,,,2

1 2A
ba

ab
A

n γβαΦ

γα−−β
+≤

λ

4. Closure Theorems

In this section we prove the following closure theorems for the

( ).;,,,, AbaT n γβαλM

First, let the function ( )zfj  will be defined for ,...,,2,1 mj =  by

( ) ( ).0,, ,
2

, ≥∈−= ∑
∞

=
jk

k
kjkj azaazzf U (4.1)

Theorem 4.1 Let the functions ( )zfj  defined by (4.1) be in the class

( )AbaT n ;,,,, γβαλM  for every ....,,2,1 mj =  Then the functions ( )zh

defined by

( ) ( ) ( )0,
1

≥= ∑
=

j

m

j
jj czfczh (4.2)

is also in the class ( ),;,,,, AbaT n γβαλM  where ∑
=

=
m

j
jc

1
.1

Proof. According to the definition of h, we can write
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( ) .
2 1

,
k

k

m

j
jkj zaczzh ∑ ∑

∞

= =













−= (4.3)

Further, since functions ( )zfj  are in ( )AbaT n ;,,,, γβαλM  for every

mj ...,,2,1=  we get

( ) ( ) ( )∑
∞

=
λ γα−−β≤γβαΦ

2
, 1,,,,,

k
jk

n ababak

for every ....,,2,1 mj =  We can see that

( )













γβαΦ⇒ ∑∑

=

∞

=
λ

m

j
jkj

k

n acbak
1

,
2

,,,,,

( )













γβαΦ⇒ ∑∑

∞

=
λ

=
jk

k

n
m

j
j abakc ,

21

,,,,,

( ) ( ) ( ) ( ) .11
1

γα−−β=γα−−β













≤ ∑

∞

=

ababc
j

j

Hence the theorem follows.

Corollary 4.2. The class ( )AbaT n ;,,,, γβαλM  is close under convex

linear combination.

Proof. Let the functions ( ) ( )2,1=jzfj  defined by (4.1) be in the

class ( ).;,,,, AbaT n γβαλM  Then the function ( )zh  defined by

( ) ( ) ( ) ( ) ( )101 21 ≤µ≤µ−+µ= zfzfzh

is in the class ( ).;,,,, AbaT n γβαλM  Also, by taking ,2=m  µ=1c  and

( )µ−= 12c  in Theorem 4.1, we have the corollary.

As a consequence of Corollary 4.2, there exist the extreme points of

the class ( ).;,,,, AbaT n γβαλM
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Theorem 4.3. Let ( ) zzf =1  and

( ) ( ) ( )
( )

( )....,3,2,1;2,
,,,,,

1
=≥

γβαΦ

γα−−β
−=

λ
nkz

bak

ab
zzf k

nk

Then f is in the class ( )AbaT n ;,,,, γβαλM  if and only if it can be

expressed in the form

( ) ( ),
1
∑
∞

=

µ=
k

kk zfzf

where ( )10 ≥≥µ kk  and ∑
∞

=
=µ

1
.1

k
k

Proof. Assume that

( ) ( )∑
∞

=

µ=
1k

kk zfzf

( ) ( )∑
∞

=

µ+µ=
2

11
k

kk zfzf

( ) ( )
( )∑

∞

= λ 











γβαΦ

γα−−β
−µ+µ=

2
1

,,,,,

1

k

k
nk z

bak

ab
zz

( ) ( )
( )∑∑

∞

= λ

∞

= γβαΦ

γα−−β
µ−µ+µ=

22
1

,,,,,

1

k

k
nk

k
k z

bak

ab
zz

( ) ( )
( )∑

∞

= λ γβαΦ

γα−−β
µ−=

2

.
,,,,,

1

k

k
nk z

bak

ab
z

Thus

( ) ( )
( )∑

∞

= λ











γβαΦ

γα−−β
µ=

2 ,,,,,

1

k
nk

bak

ab

( )
( ) ( ) 










γα−−β
γβαΦλ

1
,,,,,

ab
bakn
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∑ ∑
∞

=

∞

=

≤µ−=µ−µ=µ=
2 1

11 .11
k k

kk

So by Theorem 2.1, f is in the class ( ).;,,,, AbaT n γβαλM

Conversely, we suppose f is in the class ( ).;,,,, AbaT n γβαλM  Since

( ) ( )
( )

( ).2,
,,,,,

1
≥

γβαΦ

γα−−β
≤

λ
k

bak

ab
a

nk

We may set

( )
( ) ( ) ( )2,

1
,,,,,

≥
γα−−β
γβαΦ

=µ λ ka
ab

bak
k

n

k

and

∑
∞

=

µ−=µ
2

1 .1
k

k

Then

( ) ∑
∞

=
−=

2k

k
kzazzf

 
( ) ( )
( )∑

∞

= λ γβαΦ
γα−−βµ−=

2 ,,,,,

1

k

k
nk z

bak

ab
z

 ( )[ ] ( )∑ ∑∑
∞

=

∞

=

∞

=

µ+µ−=−µ−=
2 22k k

kk
k

kkk zfzzzfzz

 ( ) ( )∑ ∑∑
∞

=

∞

=

∞

=

µ+µ=µ+












µ−=

2 2
1

2

1
k k

kkkk
k

k zfzzfz

 ( ) ( ) ( ).
1 2

11∑ ∑
∞

=

∞

=

µ+µ=µ=
k k

kkkk zfzfzf

Thus the proof is complete.
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Corollary 4.4. The extreme points of ( )AbaT n ;,,,, γβαλM  are the

functions ( ) zzf =1  and

( ) ( ) ( )
( )

( ).2,
,,,,,

1
≥

γβαΦ

γα−−β
−=

λ
kz

bak

ab
zzf k

nk
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