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Abstract

A labeling or numbering of a graph G is an assignment f of labels to the

vertices of G that induces for each edge uv a labeling depending on the

vertex labels ( )uf  and ( ) .vf  In this paper, we study some classes of

graphs and their corresponding labelings or numbering.

1. Introduction

Unless mentioned or otherwise, a graph in this paper shall mean a
simple finite graph without isolated vertices. For all terminology and
notations in Graph Theory, we follow [3], and all terminology regarding to

labeling, we follow [4]. In [6], we suggested a new labeling known as odd

sequential labeling. Let G be a ( )qp,  graph. Let ( )., EVG =  Consider

an injective function ( ) ,: XGVf →  where { }12...,,2,1,0 −= qX  if G is

a tree and { }qX ...,,2,1,0=  otherwise. Define the function ( )GEf :∗

,N→  the set of all natural numbers such that ( )uvf ∗  ( ) ( )vfuf +=  for

all edges uv. If the set of induced edges labels of ( )uvf ∗  is of the form
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{ },12...,,5,3,1 −q  then the labeling is known as odd sequential labeling

and the corresponding graph is called odd sequential graph.

Another labeling has been suggested by Bermond [2], and named as

graceful labeling. A graph ( )EVG ,=  is numbered if each vertex v is

assigned to nonnegative integer ( )vf  and each edge uv is attributed the

absolute value of the difference of numbers of its end points, that is,

( ) ( ) .vfuf −  The numbering is called graceful if furthermore, we have

the following three conditions: (a) All the vertices are labeled with
distinct integers (i.e., f is an one-to-one). (b) The largest value of vertex

labels is equal to the number of edges, i.e., ( ) { }qvf ...,,2,1,0∈  for all

( ).GVv ∈  (c) The edges of G are distinctly labeled with the integers from

1 to q.

If a graph G admits such a numbering, then G is said to be graceful.

The notion of prime labeling of graph was defined in [4]. A graph G
with n-vertices is said to have a prime labeling if its vertices are labeled
with distinct integers n...,,2,1  such that for each edge uv the labels

assigned to u and v are relatively prime. A graph which admits prime
labeling is known as a prime graph.

2. On Ladder Graphs

Definition 2.1. The Ladder graph nL  is defined by the Cartesian

product of the path nP  with 2K  and it is denoted by .2KPL nn ×=  In

[1], it is shown that, the ladder graph nL  is graceful and in [6], found

that prime labeling of nL  and .1KLn   Now, we have the following.

Theorem 2.1. The ladder graph nL  is odd sequential for all .2≥n

Proof. Consider the ladder graph ,nL  .2≥n  Let { ,,...,,, 121 vuuu n

}nvv ...,,2  be the vertex set of .nL  Note that, nL  is a graph with 2n

vertices and 23 −n  edges.

The result is obvious for the case .2=n  Since 22 KP ×  is nothing but

4C  which is obviously odd sequential. Hence consider .3≥n
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Define a function ( ) { }qnLVf n =−→ 23...,,2,1,0:  such that

( )
2

1;6612
niiuf i ≤≤−=−  if n is even

2
11 +≤≤ ni  if n is odd,

( )
2

1;5612
niivf i ≤≤−=−  if n is even

2
11 +≤≤ ni  if n is odd,

( )
2

1;362
n

iiuf i ≤≤−=  if n is even

2
11 −≤≤ ni  if n is odd,

and

( )
2

1;262
niivf i ≤≤−=  if n is even

2
11 −≤≤ ni  if n is odd.

(a) Clearly f is injective.

(b) Also, ( ) ,23max −=
∈

nvf
Vv

 the number of edges.

Thus, ( ) { }.13...,,1,0 −∈ nvf

(c) It is obvious that the labels of the edges of nL  are all integers of

the interval [ ].23,1 −n

That is, f is an odd sequential numbering. Hence, nL  is odd

sequential.

The numbering for 10L  is exhibited in Fig. 2.1
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Figure 2.1

Theorem 2.2. The ladder graph ,1KLn +  3≥n  is prime if 12 +n  is

prime.

Proof. Consider the ladder graph ,nL  .3≥n  Let { ,,...,,, 121 vuuu n

}nvv ...,,2  be the vertex set of nL  and w be the unique vertex of .1K

Note that, 1KLn +  has 12 +n  vertices and 25 −n  edges. Define a

function

( ) { }12...,,2,1: 1 +→+ nKLVf n

such that ( ) iuf i =  and ( ) invf i −+= 12  for ni ...,,2,1=  and

( ) .12 += nwf  From the definition, it is clear that f is injective. Next, we

have to show that each f values are relatively prime. Since ( ) iuf i =  and

( ) .12 invf i −+=  It is obvious that ( ) ( )( ) ,1, =ii vfuf  ( ) ( )( ) ,1, =wfuf i

( ) ( )( ) ,1, =wfvf i  ( ) ( )( ) 1, 1 =+ii ufuf  and ( ) ( )( ) 1, 1 =+ii vfvf  for ,3,2,1=i

.1..., −n  It remains to show that ( ) ( )( ) 1, =ii vfuf  for ....,,3,2,1 ni =
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That is, to show that ( ) .112, =−+ ini

Suppose

( )inid −+= 12,

indid −+||⇒ 12and

inid −++|⇒ 12

,1|⇒ d  since 12 +n  is a prime.

Thus, f is a prime labeling. Hence, the graph 1KLn +  is prime.

3. On Grid Graphs

Definition 3.1. The planar grid is the graph obtained by the

cartesian product of two paths mP  and nP  and is denoted by .nm PP ×

In [5], it is shown that nm PP ×  has an α-valuation and nm PP ×  has

a sequential labeling if m and n are even, .2>n  Now we have the

following.

Theorem 3.1. The planar grid nm PP ×  is odd sequential for m,

.2≥n

Proof. Let .nm PPG ×=  Let iju  be the ( )ji, th vertex of G, for

;...,,2,1 mi =  ....,,2,1 nj =  Note that, G is a graph with nmmn −−2

edges. Define a function ( ) { }nmmnqGVf −−=→ 2...,,2,1,0:  such

that ( ) ( ) ( ) ( )1121 −−+−= jmiuf ij  for ....,,2,1;...,,2,1 njmi ==

Also,

( ) { ( ) ( ) ( )} ,21121maxmaxmax 1,1 nmmnjmivf njmiVv −−=−−+−= ≤≤≤≤∈

the number of edges of .nm PP ×

Thus, ( ) { }....,,2,1,0 qvf ∈  Clearly f is injective and it is easily

verified that the above defined f is an odd sequential numbering. Thus,

the graph G is odd sequential. Hence the theorem.
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The numbering for 56 PP ×  is exhibited in Fig. 3.1

Figure 3.1

4. On Cycle-Related Graphs

In [7], proved that 3PCn   is sequential for all odd n and nCK 2

is sequential for all odd n. Now, we have the following.

Theorem 4.1. Odd cycles are not odd sequential.

Theorem 4.2. nC  is odd sequential if ( ).4mod0=n

Proof. Let nvvv ...,,, 21  be the set of vertices of the cycle nC  and it is

of length n.

Define a function ( ) { }nCVf n ...,,2,1,0: →  such that ( ) ,1212 −=− ivf i

,
2

...,,2,1 ni =  and

( )
( )









=+++=

=−
=

.
244

...,,2
4

,1
4

;2

4
...,,2,1;12

2 nnnnnii

nii
vf i
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Clearly, we can see that f is injective. It is obvious that f is an odd

sequential numbering. Hence, the graph nC  is odd sequential.

The odd sequential labeling for 16C  is exhibited in Fig. 4.1

Figure 4.1

5. On Graceful Graphs

Definition 5.1. An α-valuation of a graph G is a graceful labeling f of

G such that for each edge uv of G either ( ) ( )yfkxf <≤  or ( ) kyf ≤

( )xf<  for some integer k, [4].

Definition 5.2. By ,, nnH  we mean that the graph with vertex set

( ) { }nnnn yyyxxxHV ...,,,;...,,, 2121, =  and the edge set ( ) =nnHE ,

{ }.1;1 njinniyx ii ≤≤+−≤≤|

The graph 4,4H  is as shown in Figure 5.1

Figure 5.1
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Theorem 5.1. The graph nnH ,  is graceful for all .3≥n  Furthermore

it has an α-valuation.

Proof. Let ( )YX ,  be the partition of ,, nnH  where { }nxxxX ...,,, 21=

and { }....,,, 21 nyyyY =  Note that, nnH ,  has 2n vertices and 
( )

2
1+nn

edges.

Define a function ( ) ( )






 +→

2
1

...,,2,1,0: ,
nn

HVf nn  such that

( ) ( )
in

nn
xf i +−+=

2
1

 for ni ...,,2,1=

and

( ) ( ) ( )






 −+−






 −+= i

ii
n

nn
yf i 2

1
2

1

for ....,,2,1 ni =  Clearly, the definition of f tells that f is injective. Also,

it is obvious that f is a graceful labeling. Hence, the graph nnH ,  is

graceful.

Let ( )iyfK max=  for all ....,,2,1 ni =  Then ( ) Kxf i >  for all

....,,2,1 ni =

Therefore ( ) ( )ii xfKyf <≤  for all ....,,2,1 ni =  Therefore, f is an

α-valuation.

The graceful numbering for 4,4H  is exhibited in Figure 5.2.

Figure 5.2
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