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Abstract

In this paper, we study the boundedness of composition operators
between different version vector-valued weighted Bergman spaces. Some
surprising sufficient and necessary conditions for such composition
operators to be bounded are obtained, which are an extension of the
characterizations for these composition operators to be Hilbert-Schmidt
class on the corresponding scalar-valued weighted Bergman spaces.

1. Introduction

Throughout this paper, D denotes the open unit disk { }1:C <∈ zz

in the finite complex plane C. Let X be any complex Banach space and

1−>α  the vector-valued weighted Bergman space ( )XA2
α  consists of all

vector-valued analytic functions Xf →D:  such that

( ) ( ) ( ) ,
2
1

D

2
2 ∞<







= ∫ αα
zdAzff XXA
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where ( ) ( ) ( ) ( )zdAzzdA α
α −+α= 211  and dA is the normalized

2-dimensional Lebesgue area measure on the unit disk D. These classes
of vector-valued Bergman spaces have been quite intensively studied, see,
e.g., [3] for a recent survey of vector-valued Bergman spaces. The
following weak version of these spaces were considered by, e.g., Blasco [1]

and Bonet et al. [4]: the weak version Bergman spaces ( )XwA2
α  consists

of all vector-valued analytic functions Xf →D:  for which

( ) ( ) .sup C
1

22 ∞<=
α∗α

∗

≤
A

x
XwA fxf

(In fact, such weak spaces ( )XwE  can be introduced under more general

conditions on any Banach spaces E consisting of analytic functions

,CD →  see, e.g., [4]).

Let ϕ be an analytic self-map of D into itself. It is known from

Littlewood’s subordination theorem that the analytic composition
operator

ϕ→ϕ ffC :

always defines a bounded linear operator on ( )XA2
α  for any Banach

spaces X and 1−>α  see, e.g., [15]. The operator ϕC  is also bounded on

the weak spaces ( ),2 XwAα  see, e.g., [4, 15]. For the case that ,C=X

composition operators acting on spaces of scalar-valued analytic functions
in the disk D have been well understood. In particular, Smith [18] gave
some characterizations in terms of the generalized Nevanlinna counting

functions of the inducing map ϕ for ϕC  to be bounded between the

different Bergman spaces. Now it is a natural question whether it is

possible to characterize the class of analytic maps DD: →ϕ  for which

the operator ϕC  is bounded between these strong and weak Bergman

spaces. This problem is motivated by the fact that the spaces ( )XA2
β  and

( )XwA2
α  are different significantly for any infinite-dimensional Banach

space X and .1−>β≥α  In fact, ( ) ( ),22 XwAXA αβ ⊆  ( ) ( )XwAXA 22
αβ ≠  and
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the norm ( )XA2
β

⋅  is not equivalent to ( )XwA2
α

⋅  on ( ),2 XAβ  see [11, 13,

14] for more details and concrete examples. Thus the properties of ϕC

from ( )XwA2
α  to ( )XA2

β  can reflect the differences between these weak

and strong spaces. Note that ( ) ( )CC 22
αα = AwA  for any 1−>α  (for

simplification, denoted by 2
αA  the space ( )),C2

αA  so that it goes to the

classic case.

Our main results show that for 1, −>βα  and any infinite-

dimensional Banach space X, the operator ( ) ( )XAXwAC 22: βαϕ →  is

bounded if and only if

( )
( ( ) )

( ) .
1

1

D 22

2

∫ ∞<
ϕ−

−
+α

β
zdA

z

z
(1)

It is noticing that this result was given for 0=β=α  by Laitila et al.

[14]. The appearance of the condition as above is perhaps surprising. In

fact, we shall see that ϕ satisfies the condition as above if and only if

22: βαϕ → AAC  is a Hilbert-Schmidt operator (that is, ∑∞
= ϕ

β1
2

2n AneC

∞<  for all orthonormal bases { }ne  of ).2
αA  Although our main results

maybe hold for more other spaces, but they must not be a general

phenomenon as we know in [14] that ( ) ( )22: lBMOAlwBMOAC →ϕ  is

bounded if and only if ( )C: BMOAC →ϕ B  is bounded, which is not

related to the Hilbert-Schmidt conditions, where B  is the Bloch space,

( )XwBMOA  and ( )XBMOA  the weak and strong spaces of X-valued

analytic functions of bounded mean oscillation, see these definitions in
[12, 14].

2. Composition Operators between Bergman Spaces

In this section we first give the following Hilbert-Schmidt conditions
of composition operators, which does not seem to have been made explicit

in the literature. Our work uses a characterization of measures µ on D
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which satisfies ( ).d,D22 µ⊂α LA  This characterization is given using

what are called Carleson measure criteria. For D∂∈ξ  and ,20 <δ<  let

( ) { },:D, δ<ξ−∈=δξ zzS  we say a finite positive Borel measure µ on

D is η-Carleson measure if ( )( ) .,sup 20,D ∞<δδξµ η
<δ<∂∈ξ S

The following Carleson measure criteria for the inclusion ⊂α
2A

( )µd,D2L  is known.

Lemma 1 [16]. Let µ be a finite positive Borel measure µ on D and

.1−>α  Then ( )µ⊂α d,D22 LA  if and only if µ is an 2+α -Carleson

measure.

Some complicated calculation can give the following elementary
estimation that will be applied below.

Lemma 2 [14]. Let 1−>α  and .121 <≤ t  Then there is a constant

( ) 0>α= cc  such that

( )
.

11
1∑

∞

=
+α

α

−
≥

k

k

t

c
tk

Theorem 1. Let ϕ be an analytic self-map of D and .1, −>βα  Then

22: βαϕ → AAC  is Hilbert-Schmidt if and only if

( )
( ( ) )

( ) .
1

1

D 22

2

∫ ∞<
ϕ−

−
+α

β
zdA

z

z
(2)

Proof. First we notice that the condition (2) implies 22: βαϕ → AAC

is bounded. In fact,

( ) ( ) ( ) ( )∫ ∫ −
ββϕ ϕ=ϕ=

β D D

1222 ,2 wdAwfzdAzffC
A

where the last equality used a change of variables formula from measure

theory, see, e.g., [8]. So 22: βαϕ → AAC  is bounded if and only if

1−
β ϕdA  is 2+α -Carleson measure by Lemma 1, that is,
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( )
( ) ,sup

2
,

1

20,D
∞<

δ

ϕ

+α
δξ

−
β

<δ<∂∈ξ

∫S
wdA

where ( ) { }δ<ξ−∈=δξ zzS :D,  is the Carleson box. And

( )
( ) ( ) ( )( )

( ) ,
1

supsup
D 2

,

20,D
2

,

1

20,D ∫
∫

∞<
δ

ϕ
=

δ

ϕ

β+α
δξ

<δ<∂∈ξ
+α

δξ

−
β

<δ<∂∈ξ
zdA

z
wdA

SS

which is obvious from the condition (2), where ( )δξ,1S  is the

characterization function of ( )., δξS

Since ( )

∞+

=






β

0n

n

n
z  is an orthonormal basis for ,2

αA  so we have

22: βαϕ → AAC  is Hilbert-Schmidt if and only if

( )
( )
( )

( ) ( ) ( )∑ ∑∫
∞+

=

∞+

=

β
ϕ −+β

β

ϕ
=

β
>∞+

β0 0

2

D 2

22

11
2n n

n

A

n
zdAz

n

z
n

z
C

 
( )

( ) ( ) ( ) ( )∫ ∑ β
∞+

=

−+βϕ
β

=
D

2

0

2
2

11
1

zdAzz
nn

n

 ( ) ( ) ( )∫ ∑ β
∞+

=

+α −












ϕ

D

2

0

21 1~ zdAzzn
n

n

 
( )

( ( ) )
( )∫ +α

β

ϕ−

−
D 22

2
,

1

1
~ zdA

z

z

where

( ) ( ) ( ) ( )zdAzzzn n
A

n α−+α==β ∫α

2

D

222 112

( ) ( )∫ ∫
π α

π
θ−+α=

1

0

2

0

22 11 drdrrr n

( ) ( )∫ α−+α=
1

0

22 211 rdrrr n
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( ) ( )∫ α−+α=
1

0
11 dxxxn

( ) ( ) ( ),~1,11 1+α−+α++α= nnB

where ( )qpB ,  is the Beta function and the last estimate comes from

Stirling’s formula. Here and below the relation BA ~  means ≤Ac1

AcB 2≤  for some inconsequential constants .0, 21 >cc �

Now we estimate the norm of the composition operator ( )XAC 2: αϕ

( )XA2
β→  for arbitrary infinite-dimensional complex Banach space X and

.1, −>βα  We shall use the following Dvoretzky’s well-known theorem

[7]:

Lemma 3 [7]. If X is an infinite-dimensional Banach space, then

for any Nn∈  and 0>ε  there is a linear embedding operator XlT n
n →2:

so that

( )
21

1

2

1

21

1

211













≤≤














ε+ ∑∑∑

===

−
n

j
j

n

j
jnj

n

j
j aeTaa (3)

for any scalars ....,,, 21 naaa  Here { }nee ...,,1  is some fixed orthonormal

basis of .2
nl

Theorem 2. Let X be any infinite-dimensional complex Banach space,

1, −>βα  and ϕ be an analytic self-map of D. Then ( ) ( )XAXwAC 22: βαϕ →

is bounded if and only if

( )
( ( ) )

( ) .
1

1

D 22

2

∫ ∞<
ϕ−

−
+α

β
zdA

z

z

Moreover

( ) ( ) ( )
( ( ) )

( ) .
1

1
~:

21

D 22

2
22












ϕ−

−
→ ∫ +α

β

βαϕ zdA
z

z
XAXwAC (4)
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Proof. Any analytic function CD: →f  satisfies ( ) ≤2zf

( )
2

22 2
1

1

α+α− A
f

z
 for any D∈z  (see, e.g., [9]). Thus

( ) ( ) ( )
( ) ( )

,
1

1
sup 2

22
2

1

2
2 XwAx

X f
z

zfxzf
α∗ +α

∗

≤ −
≤=

for ( ).2 XwAf α∈  Consequently,

( )
( )( ) ( )∫ βϕ ϕ=

β D

22
2 zdAzffC XXA

( )
( ) ( )
( ( ) )

( ).
1

11

D 22

2
2

2 ∫ +α

β

ϕ−

−+β
≤

α
zdA

z

z
f

XwA

So that

( ) ( ) ( ) ( )
( ( ) )

( ) .
1

1
1:

D 22

2
222












ϕ−

−
+β≤→ ∫ +α

β

βαϕ zdA
z

z
XAXwAC

For the converse estimation, we let Xx ∈  with 1=x  and consider

the constant function ( ) xzg =  on D. Clearly ( ) ,12 =
α XwAg  so that

( ) ( ) ( ) .1: 2
22 ==ϕ≥→

ββαϕ xgXAXwAC XA  So that

( ) ( )
( ( ) )

( )
( )∫







 <ϕ∈ +α

β

ϕ−

−+β

2
1

:D 22

2

2 1

11

zz
zdA

z

z

( )






 <ϕ∈≤ +α

2
1

:D2 22 zz

( ) ( ) ,:22 22222 XAXwAC βαϕ
+α+α →≤≤

where ( )






 <ϕ∈

2
1

:D 2zz  is the normalized βA -area measure of

( ) .
2
1

:D 2







 <ϕ∈ zz  Consequently it will be enough to show that there

is a uniform constant 0>K  such that
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( ) ( )
( ( ) )

( )
( )

( ) ( ) .:
1

11 222

2
1

:D 22

2

2
XAXwACKzdA

z

z

zz
βαϕ







 ≥ϕ∈ +α

β
→≤

ϕ−

−+β∫ (5)

Let Nn ∈  and .0>ε  Use Dvoretzky’s theorem to fix a linear

embedding XlT n
n →2:  so that 1=nT  and ε+≤− 11

nT  as in

Lemma 3. Let ( )
kn

n
k eTx =  for ,...,,1 nk =  where { }nee ...,,1  is some

fixed orthonormal basis of .2
nl  Now consider the sequence ( )nf  of analytic

polynomials X→D  defined by

( ) ( ) .D,
1

2
1

1

2
1

∈












== ∑∑

=

+α

=

+α

zezkTxzkzf
n

k
k

k
n

n

k

n
k

k
n

Since

( )
( )1

1
log~

2D

2

1

2
1

1

2
1

2
+αΓ










α

=

+α

=

+α

∫ ∑∑
α

zdA

z
zakzak

n

k

k
k

A

n

k

k
k

,
1

21

1

2
21

1

2
1














≤





















+
= ∑∑

==

+α n

k
k

n

k
k aa

k
k

for all Nn ∈  and complex polynomials ∑ =
n
k

k
kza

1
,  here ( )sΓ  stands for

the usual Gamma function. Hence there is a constant 01 >c  so that for

,∗∈∗
X

Bx  we get from the preceding estimation that

( ( ) ) ( ( ) ) .1

21

1

2
1

1

2
1

2

2 cxxczxxkfx
n

k

n
k

A

n

k

kn
kAn ≤













≤= ∑∑

=

∗

=

∗
+α

∗

α

α

Thus

( ) 12sup cf XwAnn ≤
α

and

( ) ( ) ( ) ( )XAnn fcXAXwAC 2sup1: 1
22

β
ϕ≥→ βαϕ

for any n. In particular, by monotone convergence theorem we get that
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( ) ( ) 222: XAXwAC βαϕ →

( ) ( ) ( )zdAxzk
c

X

n

k

n
k

k

n
β

=

+α

∫ ∑ ϕ≥

2

D
1

2
1

2
1

suplim
1

( )
( ) ( )zdAezk

c nl

n

k
k

k

n
β

=

+α

∫ ∑ ϕ
ε+

≥

2

D
1

2
1

22
1

2

suplim
1

1

( )
( ) ( )zdAzk

c

n

k

k

n
β

=

+α∫ ∑ 












ϕ

ε+
=

D
1

21
22

1

suplim
1

1

( )
( ) ( ).

1

1
D

1

21
22

1

zdAzk
c k

k
β

∞

=

+α∫ ∑ 












ϕ

ε+
≥

Recall next that

( )
( ( ) )∑

∞

=
+α

+α

ϕ−
≥ϕ

1
22

221

1k

k

z

c
zk

holds for all Dz ∈  satisfying ( ) ,212 ≥ϕ z  by applying Lemma 2. By

combining these estimations we get that

( ) ( ) 222: XAXwAC βαϕ →

( )
( ) ( )

( )∫ ∑






 ≥ϕ∈

β

∞

=

+α













ϕ

ε+
≥

2
1

:D
1

21
22

1
21

1
zz

k

k zdAzk
c

( )
( )

( )
( ( ) )

( )
( )∫







 ≥ϕ∈ +α

β

ϕ−

−

ε+

+β
≥

2
1

:D 22

2

22
1

2
2

.
1

1

1

1
zz

zdA
z

z

c

c

This proves the claim with ( ) ( ) ,11 11
2

22
1

−− +βε+= ccK  which completes

the proof. �

Remark 1. From Theorems 1 and 2 we know that ( )XwAC 2: αϕ
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( )XA2
β→  is bounded for any infinite-dimensional complex Banach space

X if and only if 22: βαϕ → AAC  is a Hilbert-Schmidt operator. Moreover,

if ϕ maps D into a compact subset of D, then 22: βαϕ → AAC  is a Hilbert-

Schmidt operator. So it is easy to give some bounded ( )XwAC 2: αϕ

( ).2 XAβ→  On the other hand, there exists compact 22: ααϕ → AAC  which

is not Hilbert-Schmidt see [6], that is, in contrast to the scalar-valued

case, there are some unbounded composition operators ( ) →αϕ XwAC 2:

( ).2 XAα

Remark 2. Because the measure αdA  converges to 
π
θ

2
d  in the

weak-star topology as α goes to –1, that is, for any bounded analytic

function in D,

( ) ( ) ( )∫ ∫
π

θ
α

−→α
θ

π
=

D

2

0

2

1
.

2
1

lim defzdAzf i

So if we let ,1−=β=α  then we have ( ) ( )XHXwHC 22: →ϕ  is bounded

for any infinite-dimensional Banach spaces X if and only if

( )∫
π

θ
∞<

π
θ

ϕ−

2

0 2
.

21

1 d

ei
 Here the Hardy space ( )XH 2  is the set of

analytic functions Xf →D:  satisfying

( )
( )∫

π
θ

<< ∞<
π
θ

=
2

0

2
10

2
2

sup2
d

reff X
i

rXH

and ( )XwH 2  is the set of analytic functions Xf →D:  with

( ) ( ) .sup C1
22 ∞<= ∗

≤∗ HxXwH fxf

3. Composition Operators between Other Spaces

Let ( )EE ⋅,  be a Banach space consisting of analytic functions

CD: →f  such that
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 (i) E contains the constant functions,

(ii) the unit ball EB  of E is kτ -compact, where kτ  is the topology of

uniform convergence on compact subsets of D.

In this case one may define corresponding weak vector-valued spaces

( )XwE  for any complex Banach space X, where the analytic function

Xf →D:  belongs to ( )XwE  if

( ) .sup ∞<= ∗

∈ ∗
∗ E

Bx
XwE fxf

X

The space ( )XwE  is a Banach space which is isometrically isomorphic to

( ),, XVL ∗  where ∗V  is a certain predual of E, see [4].

Composition operators on such weak spaces of analytic functions were

studied in [4, 11, 13]. It is easy to check that ϕC  is bounded ( )XwE

( )XwE→  if and only if EEC →ϕ :  is bounded. This fact suggests the

general problem of characterizing the bounded operator ( ) →ϕ XwEC :

( ),XE  provided ( )XE  has some fixed definition.

Remark 3. Careful examination of the proof of our main results can
give a more general result (see Theorem 3 below), whose proof is similar
to those of Theorems 1 and 2, we omit its details to the reader.

Theorem 3. Let ,1H  2H  be two weighted Hardy spaces defined in the

disk D, and DD: →ϕ  is analytic. Then ( ) ( )XHXwHC 21: →ϕ  is

bounded if and only if 21: HHC →ϕ  is Hilbert-Schmidt, where ( ),1 XwH

( )XH2  are the corresponding weak and strong vector-valued spaces of 1H

and 2H  for any infinite-dimensional Banach space X for some fixed

definitions.

Remark 4. But Theorem 3 is not a special case for more general
phenomenon. In fact, a counter-example about the characterization of

analytic self-maps ϕ of D for which ( ) ( )22: lBMOAlwBMOAC →ϕ  to be

bounded are given in [14], where the resulting condition turns out to be

unrelated to the Hilbert-Schmidt conditions. Recall that ( )XBMOA
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consists of the analytic functions Xf →D:  for which

( ) ( ) ( ) ( ) .sup0 2
D

∞<−σ+=
∈

XHa
a

XXBMOA affff

Here ( )
za
zaza −

−=σ
1

 is a Möbius transformation related to .D∈a  It is

known that the weak space ( )XwBMOA  differs from ( )XBMOA  for any

infinite-dimensional X, see [11, 12].

Example [14]. ( ) ( )22: lBMOAlwBMOAC →ϕ  is bounded if and only

if

( ) ( ( ) )
( ( ) )

( )∫ ∞<
ϕ−

σ−ϕ′

∈ D 22

22

D 1

1
sup zdA

z

zz a

a
(6)

if and only if BMOAC →ϕ B:  is bounded, where B  is the Bloch space.
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