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Abstract

In this paper using the theory of large deviations, many hypotheses
testing for a model consisting of three or more independent objects are
studied (this problem has been proposed by Ahlswede and Haroutunian).
We assume that M probability distributions are given and objects
independent of each other follow to one among them. Through Sanov’s
theorem and its applications in hypotheses testing, we expand this
procedure for the calculation of the matrix of all possible pairs of the
error probability exponents in optimal testing.

1. Introduction

The approach to statistical problems based on considering
probabilities of large deviations has been in use to statistical inference
since the paper by Bahadur [3] where considering the problem of
discrimination between two simple hypotheses he showed that, if the
hypotheses are fixed, then the error probabilities decrease exponentially

as the sample size tends to infinity; the corresponding optimal exponent
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is specified by what is now known as Chernoff’s function.

Recently Ahlswede and Haroutunian formulated an ensemble of new
problems on multiple hypotheses testing for many objects on
identification of hypotheses. The problem of hypotheses testing for the
model consisting of two independent objects with two possible
hypothetical distributions was investigated in [1, 2] (without usage of the
theory of large deviations).

Our aim in the present paper is to obtain the solution of the problem
proposed by Ahlswede and Haroutunian that generalizes those
investigated in [11] via the theory of large deviations for testing of many
hypotheses concerning one object. In fact, we study the model consisting
of K(> 3) objects which independently follow to one of the given M(> 2)

probability distributions. Recently, Tuncel [12] also published an
interesting consideration of the problem of multiple hypotheses optimal
testing, which differs from the approach provided in [1, 2], [11].

In the next section we recall main definitions, notations, basic
concepts, theorems for the case of one object and theory of large deviation
techniques and in Section 3 we formulate and prove the results on three

independent objects testing.
2. Preliminaries

The large deviation principle (LDP) characterizes the limiting
behavior, as 8 — 0, of a family of probability measures {Ps} on (X, B) in
terms of a rate function. For any set A, ‘A denotes the closure of A, A°
the interior of 4 and A° the complement of A.

Definition 1. A rate function I is a lower semicontinuous mapping
I:X -0, ).

Define the level set M(y) 2 {x:I(x) <y}, Vy=0. It is a closed
subset of X.

A good rate function is a rate function for which all the level sets

M (y) are compact subsets of X.
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The effective domain of I, denoted by Dy, is the set of points in X of
finite rate, that is, D; 2 {x 1 I(x) < oo}.
Definition 2. {P,} satisfies the LDP with a rate function I if, for all
A e B,

— inf I(x) < lim inf §log P5(A) < lim supdlog P5(A) < — inf I(x). (1)
xeA 50 50 xeA

Let A € B and Pj satisfy the LDP and also,

inf I(x)= inf I(x)2 1. )
xeAY xeA
Then
lim log Ps(A) = -1 4. (3)
5—0

The set A that satisfies (2) is called an I continuity set. In general,

the LDP implies a precise limit in (3) only for I continuity sets.

Before paying attention to Sanov’s theorem it is necessary to describe
the concept of empirical distribution.

Let X ={1, 2, ..., K} be a finite set of size K. Then the set of all
probability distributions (PDs) on X is denoted by P(X). For PDs, P and
@, H(P) denotes entropy and D(P|®) denotes the information
divergence (or the Kullback-Leibler distance):

H(P)2 - ZP(x)log P(x), D(P| Q) = ZP(x)Iog ggg

xeX xeX

The type of a vector x = (x1, X9, ..., x5 )€ XY is the empirical
distribution given by @(x) A N? - N(x|x) for all x € X, where N(x|x)
denotes the number of occurrences of x in x.

The subset of P(X) consisting of all possible types of sequences
x € XV is denoted by Py (X). For @ € Pn(X) the set of sequences of

type class @ will be denoted by Tg(X)
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Notice that by the definition of @(x) we can show that I(x) is equal

with Kullback-Leibler distance, for more details see [7].

Theorem 1 (Sanov’s theorem) [6, 11]. Let A be a set of distributions
from P such that its closure is equal to the closure of its interior. Then for

the empirical distribution Qy of a vector x from a strictly positive

distribution Pon X:
lim (—i log PN (x : Q, < A)) — inf D(Qy|P).
N> N x QxecA x

Let X ={1,2,.., K} be the finite set such that M incompatible
hypotheses Hy, H, ..., Hy; consist in that the random variable X taking
values on X has one of M distributions P, Py, ..., Py;. For decision

making N independent experiences are carried out.

By means of non-randomized test ¢ (x) on the basis of a sample x of
length N we must accept one of the hypotheses. To this aim we can divide

the sample space X N into M disjoint subsets

A _
AN S ix i on(x)=m), m=1, M.
The probability of the erroneous acceptance of the hypothesis H;

provided that the hypothesis H,, is true, for m # [ is denoted as follows:

A
amulon) = P (AN = D B (x).
xeAfv

For m =1 we denote by o, ,(py) the probability to reject H,,

when 1t 1s true and we have

o (@) X Z%IX\I@N)- (4)

l#m

The matrix A(py) 2 {(x%l((pN)} is called the power of the test. We

consider the rates of exponential decrease of the error probabilities and

call them reliabilities
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A—7- 1
Ep (o) = Aim —7log % (N )- (5)
From (4) and (5), we derive
Em|m = IlnlnEm” (6)
m

Definition 3. The test sequence ¢" = (¢1, 9g, ...) is called LAO if for

given values of the elements Ejj, ..., Ep_qjpy—; it provides maximal
values for all other elements of E(¢").

Consider for given positive and finite numbers Ey, ..., E M-1M-1

the following family of regions:

R 2{Q:DQ|P)< Ey) 1=1, M -1, (Ta)
Ry 21Q:DQ|P)> Eyy), 1=1, M1, (7h)
RN SR NPy(X), 1=1, M (70)

and the following numbers:

* * A I a7 &
Ej = Ej(Ey) = Epgs 1=1, M =1, (8a)

* * A, — —
Em\l = Em\l(Elﬂ) = Qlélél(D(Q" Pm))? m = 1, M, m # l, [ = ]., M —1, (8b)
* * A . I ar 4
Enim = Emm By, oy EM—llM—l):ngg (D] By,)), m =1,M -1, (8c)
[

* * A .
Eyiivr = Epvpy(Bvjrs oo Epypogypi—1) = i Epp ;- (8d)

With assumption A = R;, P = P, in Sanov’s theorem for conditions

(7), (8) we have (see Figure 1)
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Figure 1. Interpretation of the construction of the test.
. 1 N * . 1 N .
1\17131OO N log o, (0 ) = ]\lflglw N log P, (R;) = ngt;l D] P,). ()

We use the notation y ~ y3', when g(» )= g(yY)+ ey, where

ey — 0, for N - . Now, using (9) we write
En(¢") = inf D@Q|P,). 10
m\l((P ) QISRZ (Q" m) (10)
Therefore the value of a,, /(o) is equal to
on|i(oN) = exp(-N inf D@ Ey)) = exp(-NEy (o). (1)

In fact the error probability o, (o) still goes to zero with

exponential rate Q1n7f3 D(Q| P,,) for P, notin the set of R;.
€Ry

Theorem 2. For a fixed family of distributions P, ..., P, on a finite

set X the following two statements hold. If positive finite numbers

Ey1, .y Eppo1) M1 satisfy conditions:

Eyp < min_D(F} || ),
1=2,M

Eyim < min{ min _E,, ;(E;;), min_ D(F | Pm)}, m=2 M-1, (12)
1=1,m-1 I=m+1, M
then:

(@) There exists a LAO sequence of tests ¢y, the reliability matrix
E" = {En,1(0")} of which is defined in (8), and all the elements Ey,,, of

it are positive.
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(b) Even if one of conditions in (12) is violated, then the reliability
matrix of an arbitrary test necessarily has an element equal to zero (the

corresponding error probability does not tend exponentially to zero).
Proof. See [10].

Remark 1. From definitions (8) and (12), it follows that

Epim =Emy, m=1,M-1, and Ey,|,, = Ep,;, 1#m, M. (13)

Remark 2. If one preliminary given element Epim:» m=1, M, of the

reliability matrix of an object is equal to zero, then the corresponding

element of the matrix determined as functions of E,,,,, is defined as in

the case of Stain’s lemma [6]:

Ej, =D, ||B), 1=1, M, l+m,
and the remaining elements of the matrix are defined by E;; > 0, [ # m,

l =1, M -1, as follows from Theorem 2.

3. LAO Testing of Hypotheses for
Three Independent Objects

Let x;, x9 and x3 be independent RV taking values in some finite
set X with one of M PDs, which are characteristics of the corresponding
independent objects, the random vector (X;, X9, X3) assume values

(xl,x2,x3)e XxXxX.

1.2 .3 1.2 .3 1.2 .3 '
Let (x1,X9,x5)=((21, %1, %7 )5 eves (X3, X3y, X33 )5 ens (X775 X775 X37)), X° € X,

1=1,2,3, n= 1,_N, be a sequence of results of N independent
observations of the vector (X7, X5, X3). We must define unknown PDs of
the objects on the base of observed data. The selection for each object is
denoted by @ . The objects independence test @ may be considered to
be the tests (p}v, (p%v and (p?v for the respective separate objects. We

denote the whole compound test sequence by ®.
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ASSUME Oy g gl ly,ls (P) to be the probability of the erroneous

I3
acceptance by the test ®p of the hypotheses (H s Hy,, H 13) provided
that (Hp, , Hy,, Hpy,) is true, where (my, mg, mg) # (4, o, I3), m;,
L; =1, M, i=1,2,3. The probability to reject a true hypothesis

(H my> Hmys H m3) in analogy with (4) is the following:

mg >

N A N
(O] = D). (14
0Lm1,rnz,7ns|m1,m2,m3( ) aml,m2,m3|l1,12,13( N)- (19
(l17127l3)¢(m13m2?m3)
We also study corresponding limits E,, 1, mg|1,1,15(Pn) of error

probability exponents of the sequence of tests @, called reliabilities:

Eml,mg,mg Ill,ZZ,lg (CD)

A — 1 T -
= ]\ljlinw —Wlog amlam27m3|11712713((DN)’ m;, li = 1, M, 1= 1, 2, 3. (15)

We denote by E((pi) the reliability matrices of the sequences of tests
(pi, i =1, 2, 3, for each of the objects.
Using (14) and (15), it follows that

Eml,m2,m3\m1,m2,m3(q)) = ( Eml,mz,m3|ll,l2,13(q))- (16)

min
b1y, l3)#(my, mg,m3)
In this section we use the following lemma.
Lemma 1. If elements Em‘l((pi), m,l=1, M, i =1,2,38, are strictly
positive, then the following equalities hold for ® = ((pl, 02, (p3) :
3 .
Eml,m2,m3|ll,l2,l3(q)) = ZEmL \li((l)l), lf mi # li’ l = 1’ 29 39 (173)
=1

Eml,mZ,mglll,lz,lg (CD)

= By (@), if my =y my # L, i # R, ik =1,2,3,  (17h)

ik
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Eml,mg,m3|ll,lz,l3 (q))
= By, (0), if mp =y, my =4, ik, ki=1,23. (17¢)

The relation (17a) also holds, if the reliabilities Em‘l((pi) =0, for
several m, [ and several i.

Proof. From the independence of the objects we can write

3
N _ D it me 2l i
0Lm1,m2,m3\11,12,13((1)]\7) B Hamili((P ), if my = b, ik, (18a)
1=
N _ k i
O e e sy (PN) = [ amklk](cpN)llamili(w),
i#
ifmy =y, iz k, om#1, i, k=1,23, (18b)

N _ i k
aml,m2’m3”1’12’13(q)N) = O, | ((PN)H[I = Oy, |1, ((PN)],
i#

if myp, Zlk, iik, m; ili, k,izl, 2, 3. (180)

In view of the definitions (14) and (15), from the equalities (18) we
obtain relations (17).

Definition 4. The test sequence ®* = (@1, @9, ...) is called LAO for
the model with three objects if for given positive values of certain
3(M - 1) elements of the reliability matrix E(®") the procedure provides
maximal values for other elements in it.

Our aim is to find LAO test from the set of compound tests ® =

(¢',9%,¢°) when strictly positive elements E o m,m| M, m,m>

EpmmmM,m: and E, o pimom M, m =1, M -1, of the reliability
matrix are given.

Remark 3. Notice that the elements E

m,m,m|M,m,m>
Epmmim,M,m: Em,mm|mm,pm> m=1 M-1, of the test for three

objects can be positive on the three subsets of tests ® = ((pl, (pz, (p3):
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>

A {CD:((pl,(pz,(p3):Em|m((pi)>O, i=1,2,8 m=1M-1},

B2 = (0!, 0% ¢%): 3m’ € [1, M ~1]: By p(o’) = 0, for two i, but
Em’|m'((Pj) >0, i# j, and for other m < M,

Epim(@') >0, i, j =1,2, 3],

¢t (@ =(¢%, 9%, ¢): Im’ e[1, M —1]: Emr‘mr((pi):O, and for other m < M,

Epim(9)>0, i=12 3}

Consider for given positive elements E,, , oM m,ms Em,m,m|m, M,m>

and E,, 0 mim,m,m>» m =1, M, the family of regions:

A A ..
Rgrlz) = {Q : D(Q" Pm) < Em,m,m|ml,m2,m3, m; = M, mj=m, 1# J}’

m=1,M-1, i=1,2,8,

A . .
Rg/} ={Q: DQ| Py) > Em,m,mlmpmmmg’ m; = M, mj=m, 1# J}’
m=1,M-1,i=1,2,3
and the following numbers:

3
Em,m,m|M,m,m

1>

Em,m,m\M,m,m’

1>

Em,m,m\m,M,m’ I=1,M-1

3
Em,m,m|m,M,m

>

(19a)

*

Em,m,m|m,m,M = Em,m,m m,m, M
*

Eml,mg,m3|ll,lz,l3

8 inf D@Q|Pn)m =l my=1l, i=k i k=123 (19b)
Q:QeRt !
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E

*
my,mg,mg|l,lp,l3

= > it DQ|Py), mi £k, m =k, i k=1,23 (19¢)
i;:k,Q:QeR;'i

>

E + K

* * *
Eml’m2’m3|ll’12’13 my, mg,mg|l, mg, mg my, mg,mg|my,lg, mg

+ E;19m2’m3|m1’m2923’ m; # li, i = 1, 2, 3. (19(1)

Theorem 3. If all distributions P,, m =1, M, are different, that is,

D(P;| P,)>0, Ll #m, m=1, M, then the following three statements are
valid:

(&) When given elements E, M, mm> E and

m,m,m|m,M,m

Ep m,m\m,m,m>» m =1, M -1, satisfy the following conditions:

max(Ey 11 m,1,15 i1, m,10 B, m) < lfn;inMD(Pz |P), (20)

0< Em,m,m\M,m,m

<min{ min_ Ey, ol m,me  Min D(PZ"Pm)}, m =2 M-1, (21)
I=L,m-1 77 l=m4, M

0< Em,m,m\m,M,m

m=2 M1, (22)

< min| min E:;me\mlm’ min _D(F|| P,,)
LI=l,m-1 7" T I=me, J

O0< E

m,m,m|m,m, M

m=2 M-1, (23)

< min| min E:,me‘mml, min _ D(F;|| P,,)
Li=tm1 I M |

then there exists a LAO test sequence ®* € A, the reliability matrix of

which E(®*) = Emy,mg,ms |1y, (@*)} is defined in (19) and all elements

lo,l3
of it are positive.
(b) Even if one of conditions (20)-(23) is violated, there exists at least

one element of the matrix E(®") equal to 0.
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(c) For given positive numbers E, p mim M,m ond Ep m m| M, m,m
Epom,mimm, M> M = 1, M -1, the reliability matrix E(®) of the tests
O ¢ B and ® € C necessarily contains elements equal to zero.

Proof. (a) Equalities (20)-(23) imply that inequalities (12) hold
simultaneously for the three objects. Using equality (13) we can rewrite
(12) for three objects as follows:

maX(El\M((Pi)) < min_ D(Pl " Pl)’ 1=12,3, (24)
=2, M

0< Em\M(‘Pi)

< min{ min E:n‘i((pl), min _D(P,| Pm)}, m=2 M-1,i=1,2, 3. (25)
l=m+1,M

I=1,m—

We shall prove, for example, inequality (25), as consequences of the
inequality (22). Consider the  test e A such  that

*
Em,m,m\m,M,m(cD) = Em,m,m\m,M,m and Em,m,m|m,l,m(q)) = Em,m,m|m,l,m’
l=1,m-1, m=1, M -1. The corresponding error probabilities
%y m, M,m(PN)  and Oy i 1 (Py)  are given as products

defined by (18b). Because ® e A,
Ep(o') 2 Tim —log(1 = ayiloly) = 0, m =2, M -1, i =1,2,3. (26)
Due to (15), (18c), (22), and (26) we obtain
Epy o m Mon(®) = Epy 3(0%), m =2, M -1, (27)
Epy momimim(®) = Epi(9?), m=2, M -1 (28)

Therefore (25) is a consequence of (19).

It follows from (13), (24) and (25) that conditions (12) of Theorem 2
hold for three objects.

According to Theorem 2, there exist LAO sequences of tests q)*’l and

(p*’2 for the first and the second objects such that the elements of the
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matrices E(¢™!), E(¢"2) and E(¢"?) are determined through (8). We
consider the sequence of tests ®*, which is composed of the three of the
sequences of tests ¢!, ¢*2 and ¢*°. We shall show that ®* is LAO
and other elements of the matrix E(®") are determined according to (24),
(25).

From (24), (25), (13) and (12), it follows that the requirements of

lemma are fulfilled. Using lemma we can deduce that the reliability
matrix E(®*) can be obtained from matrices E(¢™') and E(¢™?) as in
1.

When conditions (20)-(23) hold, we obtain (19) according to (17), (8),
(13), (27) and (28), that the elements E,, ., 3.5,(®"), m; =1,

ms_; =1ls_;, i =1,2 of the matrix E(®") are determined by relation
(19b). The equality in (19b) is a particular case of (16). From (19), it

follows that all elements of E(®") are positive.

Now, we show that the compound test ®* for two objects is LAO, that
is, it is optimal.

Suppose that for given Em,m,m|M,m,m’ E,, m,m|m, M,m and
Ep mmimm,ms m=1, M -1, there exists a test ®" € A with matrix
E(®'), such that it has at least one element exceeding the respective

element of the matrix E(®").

This contradicts the fact that LAO tests have been used for the
objects X;, Xy and X3.

(b) When one of the inequalities (20)-(23) is violated, then from (19b)
we see that some of the elements in the matrix E(®") must be equal to

Zero.

(c) When ® e B, then from (13) and (17a) it follows that

Eyy '\ m,m,m = 0. Consider d)z((pl,(pz,(pg)ec and Emr‘mr((pZ) > 0,
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then
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Em” m,m'| M, m', M = 0+ I\lllm N log(1 - am'\m'(‘P2)) +0=0.
S0
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