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Abstract

In 1970, Kobayashi [6] has asked whether generic enough degree

hypersurfaces in P™(C) are hyperbolic. This problem is still open.
Shirosaki [10] and Fujimoto [4] constructed a hyperbolic hypersurface in

P3(C) of degrees 10 and 8, respectively. That is the best result at
present in P3(C). In this paper we construct a family of hyperbolic
hypersurfaces in P2(C) of degree d>3eZ", and a family of

hyperbolic hypersurfaces in P3(C) of degree d >7 e Z*.

1. Introduction

In [6], Kobayashi asked whether a generic hypersurface in the
complex projective space P"*(C) of large degree is hyperbolic or not. This

problem 1is still open, but some papers were devoted to giving various
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examples of hyperbolic hypersurfaces. In 1997, Brody and Green [1] gave
an example of hyperbolic hypersurface in PS(C) of even degree > 50.
Afterwards, Nadel, Goul and Demailly obtained hyperbolic hypersurfaces
in P3(C) of degree > 21, of arbitrary degree > 14 and of arbitrary
degree > 11 in their papers [8], [5] and [3], respectively. Shirosaki [10]
and Fujimoto [4] constructed a hyperbolic hypersurface in P3(C) of

degree 10 and 8, respectively. On the other hand, Masuda and Noguchi
[7] proved that there exists a smooth hyperbolic hypersurface of every

degree d > d(n) for a positive integer d(n) depending only on n and some

concrete examples of hyperbolic hypersurfaces in P3(C) for n < 5.

The purpose of this paper is to give some new examples of hyperbolic

hypersurfaces in the complex projective space. We construct a family

of hyperbolic hypersurfaces in P3(C) of degree d > 6.

2. Lemmas

We use the terminology in [9]. Let f, ..., f,, be entire functions on C
such that f; # 0 for at least one j (0 < j <n). Then f = (fos - fn)

becomes a representation of a holomorphic mapping f of C into P"*(C). If

f(z)=(co:-:¢,) forall ze C=f10), where ¢, ..., ¢, are constants
at least one of which are not 0, then we say that for (fy:---:f,) is
constant.

We shall need the following:

Lemma 1 [9, p. 291]. Let f be a nonconstant meromorphic function on
Cand aj (1 < j < q) distinct points in C U {wo}. If all the zeros of f - a;
have the multiplicities at least m; for each j, where m; are arbitrarily
fixed positive integers (1 < j < q) and f — means 1/f, then

i(h%} <2

=1 J

~.
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Remark. If f - a; has no zero, then we may consider 1 — 1/mj as 1.

Let f be a holomorphic curve and H be a hyperplane of P"(C) which
does not contain the image of f. We denote by deg, f*H the degree
of the pull-backed divisor f*H at z € C. We say that f ramifies at least
d(> 0) over Hif deg, f*"H >d forall ze f'H. In case f'H =0, we
set d = oo,

Lemma 2 [2]. Assume that f is linearly non-degenerate and ramifies
at least d over Hj, 1< j<gq, where the hyperplanes H; are in general

position in P"(C). Then

i@-%} <(n+1).

J=1 J

Lemma 3. Every compact Riemann surface of genus greater than one

is hyperbolic.

For a projective algebraic curve V in P2(C) we can take the

normalization u : V > V, namely, a compact Riemann surface V and a
holomorphic map p onto V which is injective outside the inverse image of

the singular locus of V. By definition, the genus of V is the genus of V.

Since each holomorphic map f of C into V can be lifted to a holomorphic
map 7 of Cinto V with f=un- f, by Lemma 3, every holomorphic map
of Cinto Vis a constant if the genus of V is greater than one. Therefore,
Lemma 3 remains valid for an algebraic curve in PZ(C) possibly with
singularities.

Next, we explain Pliucker’s formula on the genus of an algebraic

curve in P%(C).

Let Q(ug, uy, ug) be an irreducible homogeneous polynomial of

degree d(> 1) and consider the algebraic curve
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Vo= {(ug : uy : ug) € P2(C);, Qug : 1y : ug) = 0},

where (ug : u; : ug) denotes homogeneous coordinates in P%(C). A point

p = (pg: P : py)€ V is a singular point of Vif and only if
Quo(pO> D1 p2) = Qul(p07 D1 pZ) = Quz(p07 D1 p2) = 0.

For a singular point p € V, we say that p is a node of V if the

complex Hessian

%Q o%Q
0= ov2 ovow
o%Q o%Q
Owov ow?

does not vanish at p, where v, w denote a system of inhomogeneous

coordinates in a neighborhood of p.
Plicker’s genus formula is stated as follows:

Lemma 4. Let V be an algebraic curve of degree d which is given as
the above and assume that V has no singularities than k nodes. Then the

genus g of Vis given by

g:(d—l)z(d—z)_k'

3. A Family of Hyperbolic Hypersurface
of Degree d(> 6) in P3(C)
Theorem. Define the hypersurface X in P3(C) by
A¢ L Buch 4+ D22 EP2 — o,

where d(>6), a;, PB; are integers, and a; +B; =d, a; >3, B; >3,

=1, 2
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If the coefficients satisfy the following conditions:
(1) rank(b, ¢, d) = rank(b, c, e) = rank(e, ¢, d) = rank(b, e, d) = 3, where
b= (br. by, by)":
(2) rank(b-mc,d—ne)=2, where m = det(b, e, d)/det(e, ¢, d), n =
det(b, ¢, d)/det(d, ¢, e).

Then there exists no nonconstant holomorphic mapping f of C into PS(C)
such that f(C) c X, i.e., X is hyperbolic.

Proof. Assume that a holomorphic mapping f of C into P3(C) with

reduced representation (fi, fo, f3, f4) satisfies f(C) c X, we denote

4 3 3 3 3
Af :Zaifi,Bf :Zbifi’ Cf :Zcifi’Df :Zdifi’Ef :Zeifi,
i=1 i=1 =1 1=1 =1
then
A} + BPC + DPER = 0. (1)

Now we proof (f; : fo : f3 : fs) = constant.

1. Assume Af #0, Bf £ 0, Cf # 0, Df #0, Ef # 0;
Consider a holomorphic curve g in P1(C) defined by
. d po Py 1
g:zeCw (Af, B1CH) € PY(O).

Take the following hypersurfaces in general position:
Hy ={z =0}, Hy = {z3 = 0}, H3 = {z; + 23 = 0}.

By the conditions of Theorem we see that g ramifies at least 6, 3, 3 over

H,, H,, Hj respectively. It follows from Lemma 2 that

3D

But it is impossible, a contradiction. So g is linearly degenerate, on the
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other hand, Af #0, Bf #0, Cf £ 0, Df #0, Ef #0. Hence there

exists ¢ # 0, —1 such that

Af = cBHCP. ©)

Combination with (1) we get

(c+1)BHCH + DI2ER = 0. (3)
We denote
Q(x1, x9, x3) = (c + 1)B°‘10[31 + D*2EP2 4)

obviously (2) is a hypersurface of degree d(> 6) in PZ(C), we can

compute its genus by Lemma 4. According to
Qxl(xl’ X925 x3) = sz(xl’ X2, X3) = Qx;g(xl’ X2, x3) =0
we get

(¢ +1)oyby B1ICP 4 By BICPI 4 aodi D*2 7 EP2 4 ooy D*2EP27Y = 0

6))

(C + 1)a1sza1_1CB1 + B1C2Balcﬁl_1 + O(,zdzDa2_1EB2 + BzezDquBZ_l =0
(6)

(¢ + 1)abgBICPL 4 By BUCPIT 4 aydy D*2 T EP2 4 Boes D*2 P27 — 0,
(7)

Since det(b, ¢, d) # 0, we get

BU7IcPr = gy D*2 EP271 det (e, ¢, d)/(c + 1)ay det(b, ¢, d) (8)
BUch = gy D*2 EP27L det (b, e, d)/(c + 1)y det(b, ¢, d) )

D2 EP2 — By D*2 EP271 det (b, ¢, e)/(c + 1)ay det(b, ¢, d).  (10)

Solve this equations we get

D=0 D=0 E=0 E=0 B =mC
or or or or
B=0 C=0 C=0 B=0 D = nkE.
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Combine with this results and the conditions (1) and (2) of Theorem,

obviously

Q(x1, %9, x3) = (¢ + 1)BUCP1 + D2 EP2 — o
at most five singularities. By Lemma 4 its genus:

g-dDE=D) ,, 6-16-2) o 5

By Lemma 3 it is hyperbolic. So (f; : f5 : f3) = const. by the equation
(2) again we get (f; : fo : f3 : f4) = const.
2. () If A; =0, then

P2 — 0.

o1 B o
Bflel +Df2Ef

It is easy to get this equation when we take ¢ = 0 in the equation (3),

from the above proof we know (f; : fo : f3) = const., according to Af =0
again, (f; : fo : f3 : fs) = const.

(11) If there is one equal to zero among Bf, Cf, Ef, Df, then we can

always get the following equation:
(Mg + asfy)” + PFQY =0, (11)

where a, B are positive integers and a+p =d; a >3, B > 3. Mf, Pf,
@y is three linear combinations of the arbitrary two of {f, fs, f3}, and

Py #0, @ # 0 (because of the condition (2) of Theorem).
The corresponding homogeneous polynomial of the equation (11) is:
Qxy, %9, x4) = (M + ayxy)? + PUQP, (12)

where M = myxy + moxg; P = p1x; + poxg; @ = q1%1 + @9x9. We can compute

its singularities by Lemma 4:

Q, = dmy(M + ayxy)' ™" + ap P*QP + pg, P*QP! = 0 (13)

Qy, = dmo(M + agx,) 7+ oapePOTIQP + BgoPOQP ! = 0 (14)
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Qy, = day(M +agx,)* " =0 (15)
oap1@ + PP =0
P=0 Q=0
= or or 5 apo@ +PgoP =0
M+a4x4=0 M+CL4.’X34=0

M + agxy = 0.

By the conditions (1) and (2) of the Theorem, obviously Q(x;, x9, x4)

=0 has at most three singularities, so its genus > 1, thus it is hyperbolic,

so (fi : fo : f3 : fs) = const. The proof is completed.
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