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Abstract

In this paper, we introduce a new class Z‘p(n, o) of meromorphic
starlike functions with negative and missing coefficients in the
punctured unit disk U* = {z:0 < |z] <1}. We obtaine among others

results, coefficient inequalities, distortion theorem, closure theorem and
class preserving integral operator.

1. Introduction

Let A » denote the class of functions of the form

o0

f(z) = az;l + Zap+kzp+k (a; #0,pe N=1{,2,..}) (1.1)
k=0

which are regular in the punctured unit disk U" = {z : 0 < |z| < 1}.
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Define

D°f(2) = f(2), (1.2)
Df(z) = D'f(z) = -+ kZ(p +k+ 2)ay, p2P
=0
_E)
= T, (13)

D*f(z) = D(D*f(2)), (1.4)

andfor n =1, 2, 3, ...
z

D'f(e) = D(D" () = “H+ D (p+ kv 2)'ap g
k=0

z

(1.5)

Let B,,(a) denote the class consisting functions in A » satisfying

n+1
RQ{DDT}(?_z}<_a (zeU",0<a<l,ne Ny=NU{0}). (1.6)

Let A » be the subclass of Ap which consisting of functions of the

form

f(z) = az;l— Zap+kzp+k (ay >0;app, 20, peN). 1.7
k=0
Further let
Y ,(n, a) = By(a) N A, (1.8)

We note that, in [3] Uralegaddi and Somanatha defined a class

B,,(0) which consists functions of the form

oo}

@)=+ Dt (a2 0)

k=0
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which are analytic in U" and obtained inclusion relation, the class
preserving integral. Further, recently in [2] Darwish consider
meromorphic p-valent starlike functions with negative coefficients and
obtained coefficient inequalities, distortion theorem, closure theorems
and integral operators. We in the present paper, have considered
functions of the forms (1.7) and obtained basic properties which include,
e.g., coefficient inequalities, distortion theorem, closure theorems and
integral operators. Finally, the class preserving integral operators of the
form

1
F.q(z)=(c+ 1)I uNfwz)du (0<u<1,0<c<x») (1.9
0

is considered. Techniques used are similar to those of Aouf and Hossen
[1].

2. Coefficient Inequalities

Theorem 1. Let the function f(z) be defined by (1.1). If

Z(p+k+2)n(p+k+a)|ap+k|£(1—0L)|a_1|, 2.1)
k=0

then f(z) € B,(a).
Proof. It suffices to show that

Dn+1f(2) ~
D"f(z)
w — (3 — 2(x)
D*f(2)

1

<1, |z]<1 (2.2)

we have

Dn+1f(z) .
D*f(z)
Dn+1f<2)
D"f(2)

- (8 -2a)
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Z(p +k+2)"(p+k+ l)ap+kzp+k
k=0

o0
(2-20)a_q - Z(p +R+2)"(p+k+ 20— l)ap+kzp+k
k=0

Z(p +k+2)"(p+k +1)|ap+k|
k=0

2=y~ (p+k+2/'(p+k+20-1)ay]
k=0

IA

The last expression is bounded by 1 if

Z(p +k+ 2)n(p +k +1)|ap+k|
k=0

< 2(1—0c)|a_1|—Z(p+k+2)n(p+k+2(x—1)|ap+k|
k=0

which reduces to

D p+k+2)'(p+k+a)ay,]<0-a)ay] 2.3)
k=0

but (2.3) is true by hypothesis. Hence the result follows.

Theorem 2. Let the function f[(z) be defined by (1.7). Then
f(z) € £,(n, o) if and only if

Z(p+k+2)”(p+k+a)ap+k <(1l-a)ay. (2.4)
k=0

Proof. In view of Theorem 1, it is sufficient to prove the “only if” part.
Let us assume that f(z) defined by (1.7) is in Z,(n, o). Then

Re{DrHlf(z) B 2}
D"f(z)
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_ RQ{D”HI‘(Z) - 2D”f(2)}
D"f(2)

a_j - Z(p +k+2)(p+ k)ap+kzp+k
= Re k=0 <-a, |z|<1l. (2.5)

o0
—a_q - Z(p +k+ 2)"ap+kzp+k
k=0

Dn+1f(2)
D"f(2)

clearing the denominator in (2.5) and letting z — 1 through real values,

Choose values of z on the real axis so that — 2 1is real. Upon

we obtain

a_y —Z(p+k+2)”(p+k)ap+k >laq + Z(p+k+2)nap+k a.
k=0 k=0

Thus
Z(p +h+2)" (D +k+a)ay., <1 -a)as.
k=0

Hence the result follows.

Corollary 1. Let the function f(z) defined by (1.7) be in the class
2,(n, o). Then

Apip S - ooy . (2.6)
(p+k+2)(p+k+a)
The result is sharp for the function
flz) = 2L - 1-a)ay PtE (R 21). @.7)

2 (p+k+2)' (p+k+a)
3. Distortion Theorem

Theorem 3. Let the function f(z) defined by (1.7) be in the class

2,(n, a). Thenfor 0 <|z|=r <1, we have
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o (-day gy <, O-dag gy
" (p+3)(p+ta+1) " (p+3)'(p+a+1)
where equality holds for the function
f(z) = 9 (I -a)ay 2P (z=1ir, 1), (3.2)
2 (p+3)'(p+a+1)
and
& _ (1 - oc)a_l (1 — O()a_]_

(3.3)

' a1
r? (p+3)”(p+oc+1)Slf(Z)IS 2 "

(p+3)(p+a+1)
where equality holds for the function f(z) given by (3.2) at z = Fir, F 1.

Proof. In view of Theorem 2, we have

- (1-a)ay
o < : 3.4
];apk (p+k+2)(p+k+a) G-

Thus, for 0 < |z|=r <1,

o0

@< S+ r) ap
k=0

o U-day (3.5)

" (p+3)(p+ta+l)

—t

and

a_q (1 - OL) a_q

- . (3.6)
" (p+3)(p+a+1)

Thus (3.1) follows.

Since

(p+3)n(p+a+n)2(p+k)|ap+k| < Z(p+k+2)n(p+k+a)|ap+k|
k=0 k=0

<@-o)|ay],
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(p+k+2)(p+k+a)
p+k

Theorem 2, it follows that

where is an increasing function of k, from

- : (3.7)

Hence

o0
' a_ -
|f'(z)] < —21 + Z(p+k)ap+k Pkl
r
k=0

0
a_
<S5+ Y (P R)ap.,
" k=0

0

E (1—0()(1_1 3.8
= +};)(p+3)n(p+ot+1) ©:9)

and

' a_ S -
|F(2)] 2 5= D (b + R)apy rPH
™ k=0

0
a
2 2" kZ:(P +R)a,.p
=0

[ee)

SN (1-a)a, (3.9)

2= (p+3)'(pra+l)

r

Thus (3.3) follows. It can be easily seen that the function f(z) defined by

(3.2) 1s extremal for the theorem.
4. Closure Theorems

Let the function fj(z) be defined for j € {1, 2, 3, ..., m}, by

a_

fj(z) =

o0

Lj 2 +k

z ap+k,jzp > (a—l,j >0, Ap+k,j 2 O) (4.1)
k=0

for ze U™,
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Now, we shall prove the following result for the closure of function in
the class X ,(n, o).

Theorem 4. Let the functions f;(z) defined by (4.1) be in the class
2,(n, a) forevery j € {1, 2, 3, ..., m}. Then the function F(z) defined by

0

b
F(z)= =L - D bperz® (b >0 by 20, peN).  (42)
k=0

is a member of the class X ,(n, a), where

m

m
1 Z 1 Z
b71 = E : la,l,]— and prrk = % ap+k,j (k = ]., 2, ) (43)
J= j=1

Proof. Since f;(z) € X ,(n, a), it follows from Theorem 2 that

Z(p+k+2)n(p+k+(x)ap+k,j <(l-a)ay; (4.4)
k=0

for every j € {1, 2, 3, ..., m}. Hence

NgE

(p+E+2)"(p+Ek+a)b,,p

T

0

[Ms

(p+k+2(p+h+ a)[%Zamk,J}

k=0 j=1
m o0
1
= EZ(Z(erk+2)n(p+k+a)ap+k’jJ
Jj=1 \k=0
1 m
<(1-a) Eza,l,j = (1-a)bq,
j=1

which (in view of Theorem 2) implies that F(z) € X ,(n, o).

Theorem 5. The class X,(n, a) is closed under convex linear

combination.
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Proof. Let the function fj(z) (j =1,2) defined by (4.1) be in the

class % ,(n, a), it is sufficient to prove that the function
H(z)=M@E)+1-0f(z) 0<r<]) (4.5)

is also in the class 2 ,(n, o). Since, for 0 <A <1,

ha_yq+(@1-1)a s

H(z) 2

©
- z {}"ap+k,1 + (1 - 7\')ap-#k,Z}Zp-'—k, (4.6)
k=0

we observe that

D p+k+2)' (p+k+a)hayp + 0 -2)app}
k=0

= kZ(p +hk+2)(p+k+ )1
k=0

F1=1)) P+ k+2)" (p+k+a)aps
k=0

<@l-o){rayq +1Q-A)a o} 4.7
with the aid of Theorem 2. Hence H(z) € Z,(n, a). This completes the
proof of Theorem 5.

Theorem 6. Let
fo@) = - 4.8)

and

_ag (1 -a)ay Pk (p > 4.9
(@) = G- Bt e

Then f(z) € Z,(n, o) if and only if it can be expressed in the form

f@= D hpinfon@), (4.10)

k=0
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where

hpek 20 (k=2 0) and Y hy =1,

k=0
Proof. Let
f@) = Y hparpar(2);
k=0

where

hpih =0 (k> 0) and mek =1

k=0
Then
f(z) = Z }\’p+kfp+k(2)
k=0
= %0fo(@) + D kprkfper(?)
k=1
- a_
- (1 -2 ”p#ej?l
k=0
= a_ 1-o)a_
+Z7»p+k{7l_ ( n) 1 szrk}
= (p+k+2)"(p+Ek+a)

z k:O(p+k+2)"(p+k+oc)

Since

(1-a) a_1hpik
(p+k+2)(p+Ek+a)

Z(p+k+2)n(p+k+a)~
k=0

= (- a)ay ) hpup = (1= a)as(l-2o)
k=0

<(1-a)a, (4.12)
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by Theorem 2, f(z) € Z,(n, a). Conversely, we suppose that f(z) defined
by (1.7) is in the class % ,(n, a). Then by using (2.6), we get

1-a)ay

ayp < (k > 1). (4.13)
P (p+k+2)(p+k+a)
Setting
+h+2)'(p+k+a
hpik = (p a _)a()‘; : )amk (k>1) (4.14)
and
o =1 Apek (4.15)
k=0

we have (4.10). This completes the proof of Theorem 6.
5. Integral Operators

In this section we consider integral transforms of functions in the

class X, (n, ).

Theorem 7. Let the function f(z) defined by (1.7) be in the class

2,(n, a). Then the integral transforms
! 1
F..1(z)=(c+ 1)J uTfwz)du (0<u<1,0<c <o), (5.1)
0

arein ¥,(n, a), where

(prc+3)pra+D)-(p+1)A-o)(c+l) ;o

8(a, ¢, p) = p+rc+3)(pra+l)+(c+1)(1-a)

The result is sharp for the function

fey=r__ (-ay  p (5.3)
2 (p+3)'(p+a+1)

Proof. Let

1 c+1
Fea(e) = e+ 1) ut fuz)du
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in view of Theorem 2, it 1s sufficient to show that

i(p+k+2)”(p+k+8) c+1 aois <1
~ 1-3)a_ p+k+c+2) Ptk ="

Since f(z) € 2,(n, a), we have

o (p+Ek+2)(p+Ek+a)
— ap+k <1.

Thus (5.4) will be satisfied if

(p+k+38)(c+1) < Ptk+3d

T-0)(prhkictd) - 1-o loreachk

or

5 < w+k+c+2)(p+k+a)-(p+kR)1-0)(c+1)
B p+k+c+2)(p+hk+a)+(c+1)A-a)

For each o, p and, c fixed let

(p+k+c+2)(p+k+oc)—(p+k)(1—oc)(c+1)‘

F(k) = p+k+c+2)(pthk+a)+(c+1)1-a)

Then
F(k+1)- F(k)
=(c+1)Q-a)(p+k+D)(p+k+2)[(p+hk+c+2)(p+k+a)
+c+D)A-a)[(p+k+c+3)(p+Ek+a+1)+(c+1)(1-a)
>0
for each k. Hence, F (k) is an increasing function of k.

Since

F) = (p+c+3)(p+a+1)-(p+1)1-a)(c+1)
(p+c+3)(p+ta+1)+(c+1)1-a)

The result follows.

(5.4)

(5.5)

(5.6)

(5.7)
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