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Abstract

This paper extends the discrete-time Chandrasekhar recursions due to
Morf et al. [22] to the case of periodic time-varying state-space models.
Exploiting the S-periodicity of the model parameters, we show that the
S-lagged increments of the Riccati variable satisfy certain recursions,
from which we derive some algorithms for linear least squares
estimation. The proposed methods may have potential computational
advantages over the Kalman filter and, in particular, the periodic
Riccati difference equation. Application of the proposed periodic
Chandrasekhar recursions to the likelihood evaluation of periodic
ARMA models is given.

1. Introduction

A considerable attention has been paid in the three recent decades to
the Chandrasekhar type recursions since they represent attractive
alternatives to the Kalman filter for time-invariant state-space
models [8], [11], [13], [21], [22], [24] and [25]. At present, there exist

several useful applications of the Chandrasekhar filter in improving
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computational aspects related to the building of linear time-invariant
models. We mention non exhaustively the likelihood evaluation (see [16],
[19], [23], for ARMA models and [26] for vector ARMA models), the
calculation of the exact Fisher information matrix (see [20] for the ARMA
case and [15] for general dynamic time-invariant models), and the
development of fast variants of the recursive least squares algorithm [10],
[24]. As is well known, the Chandrasekhar equations are restricted to the
case of time-invariant state-space models because of their particular time
invariance structure and it seems that there is no result tied to the class
of all nonstationarity, except in very special cases [24]. A particular class
of nonstationarity whose importance has no need to be proven is the one
of periodic linear models. Important progress has been made recently
in the building and analysis of periodic ARMA (PARMA) and periodic
state-space characterizations. The objective was to develop extensions
of similar methods for standard time-invariant models to their
periodic counterparts, without transforming periodic systems to their
corresponding multivariate time-invariant representations in order to
simplify the computational burden. Despite the current abundance of
computational methods for periodic state-space models (see [1], [17], [28]
and the references therein) it seems that there is no result concerning
extensions of the Chandrasekhar recursions to the periodic case. This
paper proposes some algorithms for linear least squares estimation of
periodic state-space models. Our methods extend the Chandrasekhar
algorithms proposed by Morf et al. [22] to the periodic time-varying
case and retain their desirable features. As a result, the periodic
Chandrasekhar recursions are used through the innovation approach to
efficiently evaluate the likelihood of periodic ARMA models.

The rest of this paper is organized as follows. Section 2 briefly
recalls some preliminary definitions and facts about periodic state-space
models and their corresponding Kalman filter. In Section 3 we develop
some Chandrasekhar-type algorithms that substitute the Kalman filter
for periodic state-space models. Application of the proposed periodic
Chandrasekhar recursions to the PARMA likelihood evaluation is given
in Section 4.
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2. Preliminary Definitions and Notations

The basic model dealt with by this paper is the following periodic

state-space form

{Xt+1 = Fix; + Gygy te7 @2.1)

ye = Hix; + e
where {x;},{y;},{e;} and {g,} are random processes of dimensions r x 1,
mx1, mx1, and d x 1, respectively, with

E(e;) = E(e;) =0

E(eelp) = 8p 0@,
E(ece;.p) = 8p, 01,

and
E(Stxi_ ) =0
’ k Vi,h e Z
E(e;y;_r) =0, )
vk >0
E(x;x;) =W,

(6 stands for the Kronecker function). The nonrandom matrix coefficients

F,, G;, and H; and the covariance matrices @;, R;, and W, are periodic

in time with period S. To simplify the exposition we suppose without loss

of generality that
E(e;e)) =0 Vi, 1l e Z.
Let %x; and y; be the linear least squares forecasts of x, and yy,

respectively, based on xy, Xg, ..., X;_;. Then as is well known, x; and y;

may be uniquely obtained from the Kalman filter [14] which is given by

the following recursions:

y; = Hix,, (2.2¢)
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Sia = I F - K9] + GRG, (2.20)
with starting values
f(l = E(Xl) =0, (22f)

%y = E(xx1) = W, (2.2g)
where €, =y, -y, is the y,-residuals with covariance matrix Q;, >; =

E[(x;, — x;)(x; — x4 )’] is interpreted as the covariance matrix of the one-
step state prediction errors, and K, = E(x;,;€;) is known as the Kalman
gain. The notation A > 0 means that the matrix A is nonnegative definite.

Recursion (2.2e) based on the starting equation (2.2f) is usually called
the periodic Riccati difference equation (PRDE). If ¥, g, converges as
k—> o for all ¢te{l,.. S}, then the S-periodic limiting solution

P = k}im Yi+gr will satisfy the following discrete-time matrix periodic
—>0

Riccati equation (DPRE)
! ! _1 ! !
P = F,RF) - F,PH,(HPH, + R)) " HP,F|

+G,QG,, tefl, .. S (2.3)

which has been extensively studied (see for example [3] for some

theoretical aspects and [9] for a numerical resolution). As is well-known,
the resolution of (2.2¢) requires O(r®) operations per iteration. This can
be significantly reduced taking into account the periodic invariance
property of the model parameters. Furthermore, the solution >; must
be nonnegative definite, a property that is not easy to preserve in a
numerical resolution of (2.2e). The following section proposes some

recursions that avoid these drawbacks and have further advantages over
the Kalman filter (2.2).
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3. Periodic Chandrasekhar-type Equations

For the time-invariant coefficient case, Morf et al. [22] proposed
recursions that substitute the Kalman filter (2.2) with a simpler
computational complexity. The new algorithms have been called
Chandrasekhar-type recursions because they are analog of certain
differential equations encountered in continuous-time models [13]. The
recursions proposed in this section and which are aimed to generalize
Morf et al.’s algorithms [22] to the periodic case will be called analogously
periodic Chandrasekhar-type equations. This, of course, will not mean
that there is an analog of our recursions in the periodic continuous-time

case.
A. Periodic Chandrasekhar factorization

The derivation of our recursions is similar to its classical counterpart

and is based on the factorization result given below (see Proposition 3.1).

Let AS 2 = 2445 — 2 denote the S-lagged increment of the Riccati
variable, for given X, X9, ..., 2g = 0. Then, one can prove the following

result.

Proposition 3.1. The S-lagged increment AS Y satisfies the following

difference equations

A8 Y = (F — Kt+SQZJ}SH£)[AS X+ A8 2 HtQZIHiAS %]
(F, - Kp, Q7 lsH7) (3.1)
= (F; - KtQt_lHt,)[AS 2+ A® 2 HtQthHt,AS 2]
(F, - K Hy) (3.2)
Proof. (i) From (2.2e) we have

S S ! > ~, > N’
N2y = BN S F - Ky 59, 5Ky g + KK, (3.3)
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where IZ't = K,Q;! and from (2.2a) the covariance matrix Q, satisfies the

following recursion:
Qg =0, + HASY, H,

Yo, a5, (3.4)

On the other hand, f{’t may be written in the following backward recursive

form:
Izt = (Fi X5 Hy - l[?tASZth)Q{1
= (KpasQs - EA S H Q!
= [l?t+S(Ht'ASZth +HiY Hy + Ry) - F}ASZth]Q;1
= Kis —(F, - Ky s H)A T HOp

def = ~

Using (3.4) and (3.5) into (3.3) we obtain

S S ' a S >
ATy = BN 2 F) - Ky g(Q + Q) K, g

+ (I?HS - ASEt)Qt(kns - Askt) . (3.6)

Expansion of terms in the right hand-side of (3.6) with some

straightforward manipulations gives (3.1).

(11) A similar argument can be used to derive (3.2). It suffices to show

that
Kig =K +(F - KtHf)AS ZthQ;}S
= Kt + Askt,

and replacing this latter relation with (3.4) into (3.3) we obtain (3.2).
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Proposition 3.1 shows that A’ 2; may be factorized as follows:

ASY, = Y,M,Y}, (3.7)
where M; is a square symmetric matrix, non necessarily nonnegative

definite, of dimension rank (A% >1), which is at least equal to rank (a8 >t

Indeed, from (3.1) we have
S S S
rank(A” Y, ;) < rank(A°Y,;) < --- < rank(A°X;) < 7.

This can be exploited to derive some recursions with the best

computational complexity than the filter (2.2).
B. Algorithms

Thanks to the factorization result given by Proposition 3.1, the
matrices Y; and M; can be obtained recursively. The following algorithm

shows that the periodic Riccati difference equation (2.2e) may be replaced

by a set of recursions on Q;, K;,Y; and M; with a reduction in

computational efforts, especially when the state dimension r is much

larger than m, the dimension of y;.

Algorithm 3.1. The Kalman filter (2.2) can be replaced by (2.2¢),

(2.2d) and the following recursions:

Q5 = Q + HiY,M,Y/H,, (3.8a)
Ky s = (K, + KY,M,Y{H,), (3.8b)
Y1 = (F, - K, 59,1 sH})Y,, (3.8¢)
My, = My + MY{H,Q; H{Y, M, (3.8d)

with initialization given by
Q, =H.>,H,, s=1,..,8, (3.8¢e)

K, = F,X,H,, s=1,..85, (3.8f)
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where 2, s =1, ..., S are found from (2.2e) and (2.2g), while Y¥; and M;

are obtained by factorizing nonuniquely
MY =g,
= FgXg F§ - KgQg'K§ + GsQsGl -3y, (3.8g)
as
Y| M,Y].

Derivation (3.8a) is just (3.4) when using (3.7), while (3.8b) follows from
(3.7) and the relation

Kis = (F,X Hy + FtAStht)-

On the other hand, (3.8¢c) and (3.8d) follow from (3.1) which we rewrite
using (3.7) as

Aszul = (F, - Kt+SQ;J}SH£)Yt(Mt + Mth'HtQt_lHt,YtMt)

Y/(F; - Ky, 59 sHj)
=Y MY,

Note that the PRDE (2.2e) must be executed for s =1, ..., S to start the
recursions (3.8). However, for ¢ > S the recursive calculation of ¥; is not

dealt with by the above algorithm but can be deduced from it through the
following equation:

k-1
XrS+s = Zs +Z YisisMjsisYjssss s=1,.., S.
=0

Similarly to the time-invariant case [22], other forms of Algorithm 3.1
can be derived from Proposition 3.1. The following variant is particularly

well adapted when M; < 0, in which case we have M, <0 for any ¢.

This case is encountered whenever the periodic state-space model (2.1) is

periodically stationary as we can see in the following subsection.
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Algorithm 3.2. The following set of recursions in which (3.8a), (3.8b)
and (3.8e)-(3.8g) are unchanged while (3.8¢c) and (3.8d) are replaced by

Y = (F, - K9 HYY,, (3.92)
My = M, - M,Y{H,Q;[sH]Y,M,, (3.9b)

provides the same results as Algorithm 3.1.

Derivation. The derivation is similar to that of Algorithm 3.1, but is
based on the factorization (3.2) rather than (3.1).

It is still possible to derive other forms similarly to the standard
time-invariant case. The homogenous periodic Riccati difference equation

(3.8d) can be linearized using the matrix inversion lemma [22] through

which, we obtain a recursion on M; ! rather than on M ; as follows:
My = M - Y{H,Q s H}Y,. (3.10)

The periodic Chandrasekhar recursions given above will be preferred to

the Kalman filter (2.2) whenever the dimension of Y, and/or M; are

significantly less than that of X;. These dimensions are conditioned on

the good choice of the factorization AS 21 = Y M Y] in the initialization

step which will be studied in the following subsection.
C. The initialization problem

As is well known, the most important step in the development of a
Chandrasekhar algorithm is the initialization step because it modulates
the computational complexity and hence the lack of numerical advantage
over the Kalman filter. In our periodic case, this step depends on the
relation between the period S, the output dimension m, and the state

dimension r. First of all, suppose the process {x,} given by (2.1) is

S
periodically stationary, that is, the monodromy matrix HF s_; has its
1=0

eingenvalues less than unity in modulus. Let us consider two cases.

(1) Case where Sm < r
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As pointed out in (3.8g) the start up values Y; and M; are determined

by factorizing AS Yi1as Yy M Y]. Iterating (3.8g) S times and invoking the
fact that under the periodic stationarity assumption, »; satisfies the

following discrete-time periodic Lyapunov equation (DPLE) (e.g., [27])

S-1 S-1 '
o[ i
J= J=

’

S-1( k-1 k-1
+ { FSj}GSkQSkGék{HFSj}’

Jj=0

we obtain

’

S-1( k-1 k-1
ASY, = —Z[ FSj}KSkgglegk{H FS]} (3.11a)

J=0
=1 i . L, (3.11b)

where L is given by

S-1
L =1Kg, FsKg 1, FsFs 1Kg 3, ..., HFS—jKl : (3.12)
J=0

Clearly, when S is fairly less than r, the nonhomogeneous PRDE (2.2¢)
may be replaced by the homogenous PRDE (3.9b) which is of lower

dimension. For example, for m =1, the complexity of solving (3.8d) or

(3.9b) when using (3.11) as an initialization step is of order O(SS) which

1s computationally simple to solve compared to the PRDE (2.2e). It 1s
still possible to improve the computation of (3.11) by alleviating the
formation of the sums of products in (3.12) by using the periodic Schur

decomposition [4], [9].



CHANDRASEKHAR-TYPE RECURSIONS FOR PERIODIC ... 75
(1) Case where Sm > r

From the fact that
2 = FsWyFg + GgQgsGg,
we have

ASY, = FgYgF4 - KgQg'Kl — FsWyF4

= F5[Zs - Wo - Zs HsQ5 Hs Ts] Fs.
This identifies Y} and M, as

Yl = FS,

M; =Yg -Wy - XgHgQg H Y. (3.13)

With such an initialization, the PRDE (3.9b) has the same dimension
as that of the PRDE (2.2e), and it seems that there is no reduction in
the computational cost compared to the Kalman filter. However, the

difference from (2.2e) is that, unlike the >;, the M; are not required to

be nonnegative-definite (see [22] for the particular time-invariant case).

This helps alleviate the computational complexity of (3.9b).
4. Application to the PARMA Likelihood Evaluation

This section develops an algorithm for the exact likelihood evaluation
for Gaussian PARMA models by means of the innovation approach (e.g.
[18]) which generally gives the likelihood with a number of operations
proportional to the sample size. The innovation approach has been
previously used in the literature for the PARMA likelihood, where the
sample innovations are evaluated either by the Kalman filter [12], [6], or
the innovation algorithm [18]. Here, the sample innovations will be
efficiently obtained through the Chandrasekhar recursion given in
Section 3, whenever the underlying PARMA model is written in a state-

space form.
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Consider the time-invariant orders PARMA model of orders (p, q)
and period S

b q
Ys+nS — Z¢s,jys+nS—j =& - Zes,jgs+nS—j’ neZl<s<§, (41
j=1 J=1

where {¢,, t € Z} is a periodic white noise with variance 2. Let o = (o3,

!
63,...,0%) be the vector of variance parameter and B’ = (¢}, 0}, d%, 05,

., 0'g, 0g) denote the (p +q)S x1 vector of autoregressive and moving

average parameters where ¢g = (51, 059, -, 05 ) and 65 = (851, 65 9,

e O, q),, 1 < s < 8. Suppose the model (4.1) is causal and invertible and

the innovation process {g;, t € Z} is Gaussian. Let y, be the best linear

predictor of y, based on y;, y9, ..., ¥;; and & = y; — y;, be the sample
innovation at time ¢, with mean square error Q, = E(y, — ¥ )2. For a

given realization y = (y1, Y9, ---» YNS )' of the PARMA process given by

(4.1), the likelihood of B and o can be expressed in the innovation form

S N-1 S N-1
L(ﬁ,G y) (27[) 2 HH(Qs+nS) /2 eXp{ ZZ Qs+nS£s+nS}r (4.2)

s=1 n= sln

in which we need to evaluate Qg,,g, Ys:ns and hence é&g,,g for

1<s< S and 0 <n < N —1. This can be recursively achieved using the
Chandrasekhar filter (3.9) instead of the Kalman one [12], [6] or the
innovation algorithm [5], [18], provided that model (4.1) is expressed
in a state-space form. Among several state-space forms that can be used
to represent a PARMA model [12], [2], we choose the well-known

max(p, ¢ +1) representation [7], which involves fewer operations. Let

r = max(p, ¢ + 1) and define the r-variate process {x,, ¢t € Z} as follows:

r
Xs+nS (i) = Z ¢s+nS+i—1,jys+nS+i—j71
Jj=i

= O51nS4i-1,j18s+nS+i-j» L =1 T (4.3)
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Then model (4.1) can be represented in the following state-space form
[12], [2]

{Xs+nS = FXgipns 1 + Gs£s+nS, (4.4)
Ys+ns = HXgipg
where
b1 1 = 0 1 1
F - (I)s+:1,2 0 ' 1 G, - —93:+1,1 "
bsip1,r O - O —Os1r-1,r1 0

From (4.4), the orthogonal projection y,,,s can be expressed as follows:
5’s+nS = HXgps, (4.5)
where X, g 1s the best linear predictor of x, ,g based on y;, ..., ¥s1ns-1,
with mean square error covariance matrix
Zsins = E(Xgins — Xeins) (Xsins = Xoins )"

The projection X,,,g can be obtained recursively from (2.2d), where
Q;, K;, Y, and M; are found from Algorithm 3.2 which we rewrite for
convenience

Qs = + HiY,M,Y/H,,

K5 = (K, + FY,M,Y{H,),

Yo = (F, - KQ H)Y,,

My = M, - MyY{H,Q;[gH[Y, M, (4.6)
with start-up values Qg = H,>  H,, K, = F 2 Hg, s =1, ..., S, where

2s, S =2, .., S are found from (2.2e) and (2.2g), while Y; and M; are

obtained either from (3.11) or (3.12) according to whether S < r or not.
On the other hand >; is given from the DPLE

Y, =W, = EWF +o2G,G, (4.7)

which may be solved for W, (e.g., [27]).
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Thus, adopting (4.2)-(4.6), the PARMA likelihood is evaluated with
a computational complexity proportional to the sample size, with

O(min(S, r)®) per iteration.
5. Conclusion

In this paper the discrete-time Chandrasekhar recursions have been
generalized to the periodic time-varying state-space case through several
forms. These recursions allow in a large range of cases to solve the
periodic Riccati difference equation with a considerable reduction in the
computational complexity. Along similar lines to the standard case [21], a
square root version of these recursions can be easily derived in order to
improve the numerical stability of the proposed algorithms. On the other
hand, we have shown how the Chandrasekhar filter can be applied to
efficiently evaluate the PARMA likelihood as an attractive alternative to
the existing methods. Other useful applications for time series analysis
as well as for the periodic system theory can be given, in particular, we
mention the calculation of exact Fisher information matrix for PARMA

models and the development of fast RLS algorithms for periodic systems.
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