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Abstract

In this paper, we study continuous deformations from CD—algebras to
their diagonals by some examples. Furthermore, we obtain existence
theorems of certain types of continuous deformation -concerning

CD-algebras.

Introduction

It is customary that CD-algebras (with operator norm topology) are
viewed as noncommutative (topological) spaces since commutative ones
Co(X) correspond to locally compact Hausdorff spaces X, where Cy(X) is

the CD-algebra of continuous functions on X vanishing at infinity. Also,

continuous fields of C"-algebras are assumed as a noncommutative

analogue to complex vector bundles over spaces. Especially, a continuous

deformation from a CD-algebra 2 to another 9B is a continuous field
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C"-algebra on the closed interval [0, 1] with fibers 2, given by 2, = A
for 0 <t <1and Ay =B at ¢t =0 (cf. [1]).

In this paper, we study continuous deformations from CD-algebras to

their diagonals (that are commutative CD-algebras) by some examples.

Furthermore, we obtain existence theorems of certain types of continuous
deformation concerning CD-algebras. We also obtain their consequences
related with K-theory of CD-algebras (see [1, 2, 3], for K-theory of

continuous deformations of CD-algebras).

1. Continuous Deformations of CD-algebras

Let M,(C) be the CM-algebra of all nxn matrices over C of

complex numbers.

Theorem 1.1. There exists a continuous deformation from M, (C) to
c”.

Proof. Define an M,,(C) -valued function on [0, 1] :

Han taro tary B
X = [(Fag1 Qo2 : O_ D +IN
t 0 : : tan—l,tD ’

@an,l tan,n—l Ann ﬁ

for any X 0 M, (C) and ¢ 0[0, 1], where D is the diagonal matrix (or

part) of X and N = X — D 1is the off-diagonal matrix (or part) of X. It is
clear that X; = X and X, = D. We identify X; = D with the element

a;; Oagy O---0a,, O0C". The C-algebra generated by the functions

X, for X 0 M,,(C) gives a continuous deformation from M, (C) to C".
Indeed, note that

X =1 X I < 11X = X | =[¢-s||N],
for ¢, s D[O, 1], and

ID]= max|a;| = oy O o 0Dy |
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where M, (C) has the operator norm and C" has the maximum norm.
Also, for X =D;+N; and Y =Dy+ Ny in M,(C) the same

decomposition as above,

Xy +Y, = Dy + Dy +t(Ny + Ny),

X,Y, = (D, +tN;)(Dy +tNy) = DDy + t(D;Ny + N; Dy +tN;N,),
from which addition and multiplication (and involution) are well defined.

Let K(H) be the CD-algebra of all compact operators on a separable

infinite dimensional Hilbert space H and Cj(N) be the CP-algebra of all

functions on the set N of all natural numbers vanishing at infinity
(where Cy(N) = c(N) by another notation).

Theorem 1.2. There exists a continuous deformation from K(H) to
Co ().
Proof. The similar proof as that of Theorem 1.1 is valid in this case.

For a compact operator 7T OK(H), we have the decomposition

T = D+ N into its diagonal operator D and off-diagonal part N with
respect to an orthogonal basis of H. Since 7T is compact, D can be
identified with an element of Cy(N) by spectral theory.

Let B(H) be the C™-algebra of all bounded operators on a separable
infinite dimensional Hilbert space H, and c? (N) be the C"-algebra of all
bounded functions on the set N (where C®(N)=!®(N) by another
notation).

Theorem 1.3. There exists a continuous deformation from B(H) to

CP(N).

Proof. The similar proof as that of Theorem 1.1 is also valid in this
case. For a bounded operator 7 0B(H), we have the decomposition

T = D+ N into its diagonal operator D and off-diagonal part N with
respect to an orthogonal basis of H. Since T is bounded, D can be

identified with an element of C?(N) by spectral theory.
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Remark. Note that the centers of M, (C), K(H) and B(H) are all
trivial.

In a general situation, we obtain

Theorem 1.4. Let 2 be a CD-algebra. Suppose that 2 has a sequence
of mutually orthogonal projections p; such that either their finite sums

form an approximate identity for 2 nonunital, or their sum is the identity

element of A unital. Then there exists a continuous deformation from

either to the direct sum Dj'o:1 pjUp; (vanishing at infinity), or to the direct
product rl;ozl pjAUp;, respectively.

Proof. It is standard that such mutually orthogonal projections give
the decomposition of 20 (nonunital or unital) into an (infinite) matrix
algebra with its diagonal given by the direct sum or the direct product as
in the statement.

In other words,

Corollary 1.5. A partition of unity (or non-unity) for a CD-algebra

gives rise to its continuous deformation.
As for K-theory of C Ij-algebms,

Corollary 1.6. Continuous deformations of CD-algebras do not
induce continuity with respect to K -groups of their fibers.

Proof. Indeed, Ky(M,(C))0Z OKy(K) but Ky(C")OZ" and
Ky(Cy(N)) = ®”Z (while Kj-groups of them are all trivial). Also,
Ko(B(H)) 00 but Ky(C°(N)) = Ko((*(N)) 0 N®Z the direct product over
R since the cardinality of R is 2N (while Kj -groups of them are trivial
since they are Von Neumann algebras).

On the other hand, the data in the proof above also says

Proposition 1.7. A partition of unity (or non-unity) for a CD-algebra

can be represented by (or viewed as) K -groups of fibers coming from its

continuous deformation obtained by us.
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