
www.p
phm

j.c
om

Far East J. Dynamical Systems 9(2) (2007), 295-306 
This paper is available online at http://www.pphmj.com 

:tionClassifica jectSub sMathematic 2000 35Q51, 37K40, 35L05.
 Keywords and phrases: (1+1)-dimensional nonlinear evolution equation, extended mapping 

approach, exact solution, soliton motions. 

The project was supported by Natural Science Foundation of Zhejiang Province (Grant No. 
Y604106 and Y606181), the Foundation of New Century “151 Talent Engineering” of 
Zhejiang Province, the Scientific Research Foundations of Key Discipline of Zhejiang 
Province. 

Received April 3, 2007 
 2007 Pushpa Publishing House 

SOLITON MOTIONS AND INTERACTIONS IN A 

( )11 + -DIMENSIONAL NONLINEAR EVOLUTION 

EQUATION 

ZHU HAI-PINGa and ZHENG CHUN-LONGa,b 

aCollege of Mathematics and Physics 
Lishui University, Lishui, Zhejiang 323000, P. R. China 
e-mail: zhp63521@163.com 

bShanghai Institute of Applied Mathematics and Mechanics 
Shanghai University, Shanghai 200072, P. R. China 

Abstract 

By means of an extended mapping approach and a linear variable 
separation method, a new family of variable separation solution with 

arbitrary functions of the ( )11 + -dimensional nonlinear evolution 

equation is derived. Then, based on the derived exact solution, some 
special evolution properties of solitons such as soliton motions, fusion, 
fission and annihilation for the potential field are found by considering 
appropriable boundary conditions and/or initial qualifications. 

1. Introduction 

In modern nonlinear science, soliton theory plays an important role 
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and has been widely applied in many natural sciences such as chemistry, 
biology, mathematics, communication, and particularly in almost all 
branches of physics like the fluid dynamics, plasma physics, field theory, 
condensed matter physics, and so on [4]-[7], [12]. In recent years, some 
special properties of soliton motions and interactions among solitons have 
been observed in many nonlinear systems such as organic membrane and 
macromolecular material [9], and many physical fields like plasma 
physics, nuclear physics, and hydrodynamics [8], [10]. Recently, Zhang 

[13], Lin [3] and Wang et al. [11] studied some ( )11 + -dimensional 

models, and found soliton fission and soliton fusion phenomena. Now an 
important and interesting problem is: whether we can obtain some soliton 
motions with variable velocity, soliton oscillation, soliton fusion, soliton 
fission and annihilate in other physical models? In this paper, we 
consider these issues in the following sixth-order (1+1)-dimensions 
evolution equation [1], [2], [14] 

xtxxxxxttxxxxxxxxtxxxxxt uuuuuuuuu 3915210 ++++  

.01616 2 =++ txxxxxt uuuuu  (1) 

Eq. (1) is a special case in the following nonlinear equation with 0=q  

xtxxxxxttxxxxxxxxtxxxxxt uuuuuuuuu 3915210 ++++  

,1616 2 quuuuu txxxxxt =++  (2) 

where ( )tqq =  is an arbitrary function of t. Eq. (2) arises as a 

subequation of the ( )12 + -dimensional extension of the seventh-order 

Kaup-Kupershmidt (KK) equation presented in [1]. This completely 
integrable partial differential equation is presented in [2], together with 
the Lax pairs, Darboux transformation, and Bäcklund transformation. 
Because a detailed physical background of the sixth-order ( )11 + -

dimensions evolution equation has been given in [14], we neglect the 
corresponding description. In the following part, using an extended 
mapping approach and a linear variable separation method, we find new 
type of ( )11 + -dimensions soliton motions for a potential field, which is 

illustrated both analytically and graphically. To the best of our 
knowledge, these soliton motions and interaction behaviors obtained by 
an extended mapping approach were not reported in previous literature. 
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2. New Exact Solutions to the ( )11 + -dimensional 

Nonlinear Evolution Equation 

In this section, we give out a quite general solution to Eq. (1). By a 
balancing procedure similar to [15]-[19], we suppose an ansatz for Eq. (1) 

 ( ) ( ),1 wkwgfu −φ+φ+=  (3) 

where f, g, k and w are functions of { }tx,  to be determined ( ) φ≡φ w  is a 

function of w admitting Riccati equation: ( ),2 w
dw
d φ+σ=φ  here σ is an 

arbitrary constant. Substituting Eq. (3) together with the Riccati 

equation into Eq. (1) and collecting coefficients of polynomials of φ, then 

setting each coefficient to zero, yields a set of partial differential 

equations of f, g, k, and w. After careful calculation with aid of Maple, we 
obtain an exact solution as follows: 

,
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xxxxxxx kgdxf σχ=χ−=
χ

χ+χχ−σχ
= ∫  

( ) ( ).txw τ+χ=  (4) 

where ( ),xχ≡χ  ( )tτ≡τ  are two arbitrary variable separated functions of 

x and t respectively. Substituting the derived results (4) and the known 
solutions [18]-[19] of Riccati equation into the above ansatz (3), yields 

new families of exact solution for the ( )11 + -dimensional nonlinear 

evolution equation (1). 

Case 1. For ,0<σ  we can derive the following solitary wave 

solutions of the ( )11 + -dimensional nonlinear evolution equation (1) 

( ( ))τ+χσ−σ−χ+
χ

χ+χχ−σχ
= ∫ tanh

2
33416

8
1

2

24

1 x
x

xxxxxxx dxu  

( ( ))
,

tanh2
3

τ+χσ−

χσ−
+ x  (5) 

where ( ),xχ≡χ  ( )tτ≡τ  are two arbitrary functions of the indicated 

variables. 
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Case 2. For ,0>σ  we can obtain the following periodic wave 

solutions of the ( )11 + -dimensional nonlinear evolution equation (1) 

( ( ))τ+χσσχ−
χ

χ+χχ−σχ
= ∫ tan

2
33416

8
1

2

24

2 x
x

xxxxxxx dxu  

( ( ))
,

tan2
3

τ+χσ

χσ
+ x  (6) 

with two arbitrary functions ( )xχ  and ( ).tτ  

Case 3. For ,0=σ  we can derive the following variable separation 

solution of the ( )11 + -dimensional nonlinear evolution equation (1) 

 ( ) ,
2
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3 τ+χ
χ

+
χ

χ+χχ−
= ∫ x

x

xxxxxx dxu  (7) 

also with two arbitrary functions ( )xχ  and ( ).tτ  

3. Soliton Motion and Interaction in the ( )11 + -dimensional 

Nonlinear Evolution Equation 

In this part, we discuss soliton motions and interaction for the ( )11 + -

dimensional nonlinear evolution equation. For brevity in following 
discussion, we mainly discuss the potential field for the variable 

separation solution expressed by ,3u  namely 

( ) ( ) ( )
( )

.
8

121234
22

422222
3

τ+χχ

χ−τ+χχχ+τ+χχ+τ+χχχ−
=

∂
∂

≡
x

xxxxxxxxxx
x
u

U  (8) 

Certainly, one can also discuss the solitary wave solution expressed 

by 1u and 2u  similar to [18]-[19]. Since the arbitrariness of functions 

( )xχ  and ( )tτ  included in the above solution, the potential field U may 

possess rich localized structures. 

3.1. Special soliton motions in the ( )11 + -dimensional nonlinear 

evolution equation 

Let us pay our attention to the potential field U expressed by (8) and 



www.p
phm

j.c
om

SOLITON MOTIONS AND INTERACTIONS … 299

discuss its solitons motion. When the functions ( )xχ  and ( )tτ  are chosen 

to be suitable functions 

 ( ) ( ).6exp,exp 2txx =τ−=χ  (9) 

Then we can obtain a soliton with variable velocity presented in Figure 1. 

 

 

Figure 1. (a) The time evolution a soliton with the variable velocity for 

the potential field U expressed by (8) with condition (9). (b) The contour 
plot related to (a). 

Interestingly, when choosing 

 ( ) ( )( ),sin3exp,4.0exp tx =τ=χ  (10) 

for the potential U, then we can obtain a soliton with oscillation property 
shown by Figure 2. 
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Figure 2. The time evolution for the soliton oscillation for the potential 

field U expressed by (8) with condition (10). (b) A contour view related to 
(a). 

Similarly, if taking the arbitrary functions ( )xχ  and ( ),tτ  

 ( ) ( )( ),sin3exp,4.0exp tx =τ=χ  (11) 

then we can find another new type of solitary excitation, a M-like 
excitation shown by Figure 3. From Figure 3, one can find that the M-like 
excitation with periodic evolution behavior. 
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Figure 3. The time evolution of a M-like soliton for potential field U 
expressed by (8) under the condition (11). (b) A sectional view related to 
(a) at .10−=t  (c) A contour view related to (a). 
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3.2. Interaction among solitons in the nonlinear system 

If taking the arbitrary functions ( )xχ  and ( ),tτ  

 ( ) ( ) ( ),exp,exp2.0exp txx =τ−+−=χ  (12) 

for the potential U (8), then we can find a soliton hitting another soliton. 
The behavior is an elastic reflection just like some classical particles. See 
Figure 4. 

 

 

Figure 4. The time evolution of the soliton hitting another soliton for 

potential field U expressed by (8) under the condition (12). (b) A contour 
view related to (a). 

If ( )xχ  and ( )tτ  are chosen 

 ( ),2sech3 x=χ   ( ),4exp t=τ  (13) 
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then we can obtain solitons fusion depicted in Figure 5. From Figure 5, 
one can find that the three solitons fuse to one soliton, which is a 
nonelastic interaction. 

Along with this line, as we consider ( )xχ  and ( )tτ  to be 

 ( ) ( ),8exp,6sech15 tx −=τ=χ  (14) 

then we can obtain a soliton fission shown by Figure 6. From Figure 6, 
one can find that one soliton fission into three solitons. 

 

 

Figure 5. The time evolution of the fusion of the three solitons for 

potential field U expressed by (8) under the condition (13). (b) A contour 
view related to (a). 
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Figure 6. The time evolution of the fission of the three solitons for 

potential field U expressed by (8) under the condition (14). (b) A contour 
view related to (a). 

Furthermore, if taking the functions ( )xχ  and ( ),tτ  

 ( ) ( ),8exp,6sech15 tx −=τ=χ  (15) 

then we can find an annihilate phenomena of soliton. From Figure 7, one 
can find that the soliton is annihilating finally after two solitons fuse into 
a soliton. 
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Figure 7. The time evolution of a soliton annihilate after solitons 

collision for the potential field U expressed by (8) under the condition 
(15). (b) A contour view related to (a). 

4. Summary and Discussion 

In summary, by means of an extended mapping approach and a linear 

variable separation method, the ( )11 + -dimensional nonlinear evolution 

equation is successfully solved. Based on the derived variable separation 
solution with arbitrary functions, we reveal some special soliton motions 

and soliton interactions for the potential field U by selecting appropriate 
functions. The results show that the motion of soliton may be with 
variable velocity, periodic behavior, oscillation property, while the 
interactions between solitons may be elastic, nonelastic, even 
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annihilation after nonlinear collisions. We expect the results obtained 
here can be useful in future studies on the intricate natural world, as well 
as hope the approach applied in the present work may be further 
extended to other nonlinear physical systems. 
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